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This book presents a systematic and comprehensive introduction to ordinary differential
equations for engineering students and practitioners. Mathematical concepts and various
techniques are presented in a clear, logical, and concise manner. Various visual features
are used to highlight focus areas. Complete illustrative diagrams are used to facilitate
mathematical modeling of application problems. Readers are motivated by a focus on
the relevance of differential equations through their applications in various engineering
disciplines. Studies of various types of differential equations are determined by engi-
neering applications. Theory and techniques for solving differential equations are then
applied to solve practical engineering problems. Detailed step-by-step analysis is pre-
sented to model the engineering problems using differential equations from physical
principles and to solve the differential equations using the easiest possible method. Such
a detailed, step-by-step approach, especially when applied to practical engineering prob-
lems, helps the readers to develop problem-solving skills.

This book is suitable for use not only as a textbook on ordinary differential equa-
tions for undergraduate students in an engineering program but also as a guide to self-
study. It can also be used as a reference after students have completed learning the
subject.

Wei-Chau Xie is a Professor in the Department of Civil and Environment Engineering
and the Department of Applied Mathematics at the University of Waterloo. He is the
author of Dynamic Stability of Structures and has published numerous journal articles
on dynamic stability, structural dynamics and random vibration, nonlinear dynamics and
stochastic mechanics, reliability and safety analysis of engineering systems, and seismic
analysis and design of engineering structures. He has been teaching differential equa-
tions to engineering students for almost twenty years. He received the Teaching Excel-
lence Award in 2001 in recognition of his exemplary record of outstanding teaching,
concern for students, and commitment to the development and enrichment of engineer-
ing education at Waterloo. He is the recipient of the Distinguished Teacher Award in
2007, which is the highest formal recognition given by the University of Waterloo for a
superior record of continued excellence in teaching.






Differential Equations for Engineers

Wei-Chau Xie

University of Waterloo

B2 CAMBRIDGE
;Z; UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore,
Sao Paulo, Delhi, Dubai, Tokyo

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521194242

© Wei-Chau Xie 2010

This publication is in copyright. Subject to statutory exception and to the
provision of relevant collective licensing agreements, no reproduction of any part
may take place without the written permission of Cambridge University Press.

First published in print format 2010

ISBN-13 978-0-511-77622-9  eBook (NetLibrary)
ISBN-13 978-0-521-19424-2  Hardback

Cambridge University Press has no responsibility for the persistence or accuracy
of urls for external or third-party internet websites referred to in this publication,
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.


http://www.cambridge.org/9780521194242
http://www.cambridge.org

TO

-ty Ty






Contents

Preface . . . . . ... ... ... ...
Introduction . . .. ... ... oo
1.1 Motivating Examples
1.2 General Concepts and Definitions
First-Order and Simple Higher-Order Differential Equations .
2.1 The Method of Separation of Variables
2.2 Method of Transformation of Variables
2.2.1 Homogeneous Equations
2.2.2  Special Transformations
2.3  Exact Differential Equations and Integrating Factors
2.3.1  Exact Differential Equations
2.3.2 Integrating Factors
2.3.3 Method of Inspection
2.3.4 Integrating Factors by Groups
2.4  Linear First-Order Equations
2.4.1  Linear First-Order Equations
2.4.2  Bernoulli Differential Equations
2.5 Equations Solvable for the Independent or Dependent Variable
2.6  Simple Higher-Order Differential Equations
2.6.1  Equations Immediately Integrable
2.6.2 The Dependent Variable Absent
2.6.3 The Independent Variable Absent
2.7  Summary
Problems
Applications of First-Order and Simple Higher-Order Equations
3.1 Heating and Cooling
3.2 Motion of a Particle in a Resisting Medium
3.3 Hanging Cables

16
20
20
25
31
32
39
45
48
55
55
58
61
68
68
70
72
74
78

87
91
97

VII



VIII CONTENTS

3.3.1  The Suspension Bridge 97

3.3.2  Cable under Self-Weight 102

3.4  Electric Circuits 108
3.5  Natural Purification in a Stream 114
3.6  Various Application Problems 120
Problems 130
Linear Differential Equations . . . . . .. ... ... ... ... 140

4.1  General Linear Ordinary Differential Equations 140
4.2 Complementary Solutions 143
4.2.1  Characteristic Equation Having Real Distinct Roots 143

4.2.2  Characteristic Equation Having Complex Roots 147

4.2.3  Characteristic Equation Having Repeated Roots 151

4.3 Particular Solutions 153
4.3.1  Method of Undetermined Coefficients 153

4.3.2 Method of Operators 162

4.3.3 Method of Variation of Parameters 173

4.4  Euler Differential Equations 178
4.5 Summary 180
Problems 183
Applications of Linear Differential Equations . . . . . . . . .. 188

5.1  Vibration of a Single Degree-of-Freedom System 188
5.1.1  Formulation—Equation of Motion 188

5.1.2  Response of a Single Degree-of-Freedom System 193
5.1.2.1  Free Vibration—Complementary Solution 193

5.1.2.2  Forced Vibration—Particular Solution 200

5.2  Electric Circuits 209
5.3  Vibration of a Vehicle Passing a Speed Bump 213
5.4 Beam-Columns 218
5.5  Various Application Problems 223
Problems 232
The Laplace Transform and Its Applications . . . . . . . . . .. 244

6.1 The Laplace Transform 244



CONTENTS

6.2 The Heaviside Step Function
6.3 Impulse Functions and the Dirac Delta Function
6.4 The Inverse Laplace Transform
6.5 Solving Differential Equations Using the Laplace Transform
6.6  Applications of the Laplace Transform
6.6.1 Response of a Single Degree-of-Freedom System
6.6.2  Other Applications
6.6.3 Beams on Elastic Foundation
6.7 Summary
Problems
Systems of Linear Differential Equations . . . . . .. ..
7.1  Introduction
7.2 The Method of Operator
721  Complementary Solutions
7.2.2  Particular Solutions
7.3 The Method of Laplace Transform
7.4  The Matrix Method
7.4.1  Complementary Solutions
7.4.2  Particular Solutions
7.4.3  Response of Multiple Degrees-of-Freedom Systems
7.5  Summary
7.5.1  The Method of Operator
7.5.2  The Method of Laplace Transform
7.5.3  The Matrix Method
Problems
Applications of Systems of Linear Differential Equations
8.1  Mathematical Modeling of Mechanical Vibrations
8.2 Vibration Absorbers or Tuned Mass Dampers
8.3  An Electric Circuit
8.4 Vibration of a Two-Story Shear Building
8.4.1  Free Vibration—Complementary Solutions
8.4.2 Forced Vibration—General Solutions
Problems

IX

249
254
257
263
268
268
275
283
289

291

300
304
304
307
318
325
326
334
344
347
347
348
349

351

357
357
366
372
377
378
380
384



9.1  Review of Power Series
9.2 Series Solution about an Ordinary Point
9.3  Series Solution about a Regular Singular Point

9.3.1  Bessel’s Equation and Its Applications

9.3.1.1  Solutions of Bessel’s Equation

9.3.2  Applications of Bessel’s Equation
9.4 Summary
Problems

Numerical Solutions of Differential Equations . . . .
10.1 Numerical Solutions of First-Order Initial Value Problems

Series Solutions of Differential Equations . . . . . . .

10.1.1  The Euler Method or Constant Slope Method
10.1.2  Error Analysis

10.1.3 The Backward Euler Method

10.1.4 Improved Euler Method— Average Slope Method
10.1.5 The Runge-Kutta Methods

10.2 Numerical Solutions of Systems of Differential Equations

10.3 Stiff Differential Equations

10.4 Summary

Problems

11.1
11.2

11.3

11.4

Partial Differential Equations . . . . . . . . ... . ..

Simple Partial Differential Equations

Method of Separation of Variables
Application—Flexural Motion of Beams

11.3.1  Formulation—Equation of Motion

11.3.2 Free Vibration

11.3.3 Forced Vibration

Application—Heat Conduction

11.4.1 Formulation—Heat Equation

11.4.2 Two-Dimensional Steady-State Heat Conduction

11.4.3 One-Dimensional Transient Heat Conduction

CONTENTS

..... 431

431
432
434
436
437
440
445
449
452
454

..... 457

457
458
465
465
466
471
473
473
476
480

11.4.4 One-Dimensional Transient Heat Conduction on a Semi-Infinite

Interval

483



CONTENTS XI

11.4.5 Three-Dimensional Steady-State Heat Conduction 488

11.5 Summary 492
Problems 493
Solving Ordinary Differential Equations Using Maple . . . . . 498

12.1  Closed-Form Solutions of Differential Equations 499
12.1.1  Simple Ordinary Differential Equations 499
12.1.2 Linear Ordinary Differential Equations 506
12.1.3 The Laplace Transform 507
12.1.4 Systems of Ordinary Differential Equations 509

12.2  Series Solutions of Differential Equations 512
12.3 Numerical Solutions of Differential Equations 517
Problems 526
Appendix A Tables of Mathematical Formulas . . . . . ... ... .. 531
A.1  Table of Trigonometric Identities 531
A.2  Table of Derivatives 533
A.3 Table of Integrals 534
A.4 Table of Laplace Transforms 537
A.5 Table of Inverse Laplace Transforms 539






Preface

Background

Differential equations have wide applications in various engineering and science
disciplines. In general, modeling of the variation of a physical quantity, such as
temperature, pressure, displacement, velocity, stress, strain, current, voltage, or
concentration of a pollutant, with the change of time or location, or both would
result in differential equations. Similarly, studying the variation of some physical
quantities on other physical quantities would also lead to differential equations.
In fact, many engineering subjects, such as mechanical vibration or structural
dynamics, heat transfer, or theory of electric circuits, are founded on the theory of
differential equations. It is practically important for engineers to be able to model
physical problems using mathematical equations, and then solve these equations so
that the behavior of the systems concerned can be studied.

I have been teaching differential equations to engineering students for the past
two decades. Most, if not all, of the textbooks are written by mathematicians
with little engineering background. Based on my experience and feedback from
students, the following lists some of the gaps frequently seen in current textbooks:

@ A major focus is put on explaining mathematical concepts

For engineers, the purpose of learning the theory of differential equations is
to be able to solve practical problems where differential equations are used.
For engineering students, it is more important to know the applications and
techniques for solving application problems than to delve into the nuances of
mathematical concepts and theorems. Knowing the appropriate applications can
motivate them to study the mathematical concepts and techniques. However,
it is much more challenging to model an application problem using physical
principles and then solve the resulting differential equations than it is to merely
carry out mathematical exercises.

a Insufficient emphasis is placed on the step-by-step problem solving techniques
Engineering students do not usually have the same mathematical background
and interest as students who major in mathematics. Mathematicians are more
interested if: (1) there are solutions to a differential equation or a system of
differential equations; (2) the solutions are unique under a certain set of con-
ditions; and (3) the differential equations can be solved. On the other hand,

XIII
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engineers are more interested in mathematical modeling of a practical problem
and actually solving the equations to find the solutions using the easiest possible
method. Hence, a detailed step-by-step approach, especially applied to practical
engineering problems, helps students to develop problem solving skills.

w Presentations are usually formula-driven with little variation in visual design

It is very difficult to attract students to read boring formulas without variation
of presentation. Readers often miss the points of importance.

Objectives

This book addresses the needs of engineering students and aims to achieve the
following objectives:

« To motivate students on the relevance of differential equations in engineering
through their applications in various engineering disciplines. Studies of various
types of differential equations are motivated by engineering applications; the-
ory and techniques for solving differential equations are then applied to solve
practical engineering problems.

@ To have a balance between theory and applications. This book could be used as a
reference after students have completed learning the subject. As a reference, it has
to be reasonably comprehensive and complete. Detailed step-by-step analysis is
presented to model the engineering problems using differential equations and
to solve the differential equations.

@ To present the mathematical concepts and various techniques in a clear, logical
and concise manner. Various visual features, such as side-notes (preceded by
the 2¢ symbol), different fonts and shades, are used to highlight focus areas.
Complete illustrative diagrams are used to facilitate mathematical modeling of
application problems. This book is not only suitable as a textbook for classroom
use but also is easy for self-study. As a textbook, it has to be easy to understand.
For self-study, the presentation is detailed with all necessary steps and useful
formulas given as side-notes.

Scope

This book is primarily for engineering students and practitioners as the main
audience. It is suitable as a textbook on ordinary differential equations for under-
graduate students in an engineering program. Such a course is usually offered in
the second year after students have taken calculus and linear algebra in the first
year. Although it is assumed that students have a working knowledge of calculus
and linear algebra, some important concepts and results are reviewed when they are
first used so as to refresh their memory.
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Chapter 1 first presents some motivating examples, which will be studied in
detail later in the book, to illustrate how differential equations arise in engineer-
ing applications. Some basic general concepts of differential equations are then
introduced.

In Chapter 2, various techniques for solving first-order and simple higher-order
ordinary differential equations are presented. These methods are then applied in
Chapter 3 to study various application problems involving first-order and simple
higher-order differential equations.

Chapter 4 studies linear ordinary differential equations. Complementary solu-
tions are obtained through the characteristic equations and characteristic numbers.
Particular solutions are obtained using the method of undetermined coefficients,
the operator method, and the method of variation of parameters. Applications
involving linear ordinary differential equations are presented in Chapter 5.

Solutions of linear ordinary differential equations using the Laplace transform
are studied in Chapter 6, emphasizing functions involving Heaviside step function
and Dirac delta function.

Chapter 7 studies solutions of systems of linear ordinary differential equations.
The method of operator, the method of Laplace transform, and the matrix method
are introduced. Applications involving systems of linear ordinary differential equa-
tions are considered in Chapter 8.

In Chapter 9, solutions of ordinary differential equations in series about an
ordinary point and a regular singular point are presented. Applications of Bessel’s
equation in engineering are considered.

Some classical methods, including forward and backward Euler method, im-
proved Euler method, and Runge-Kutta methods, are presented in Chapter 10 for
numerical solutions of ordinary differential equations.

In Chapter 11, the method of separation of variables is applied to solve partial
differential equations. When the method is applicable, it converts a partial differ-
ential equation into a set of ordinary differential equations. Flexural vibration of
beams and heat conduction are studied as examples of application.

Solutions of ordinary differential equations using Maple are presented in Chapter
12. Symbolic computation software, such as Maple, is very efficient in solving
problems involving ordinary differential equations. However, it cannot replace
learning and thinking, especially mathematical modeling. It is important to develop
analytical skills and proficiency through “hand” calculations, as has been done in
previous chapters. This will also help the development of insight into the problems
and appreciation of the solution process. For this reason, solutions of ordinary
differential equations using Maple is presented in the last chapter of the book
instead of a scattering throughout the book.
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The book covers a wide range of materials on ordinary differential equations
and their engineering applications. There are more than enough materials for a
one-term (semester) undergraduate course. Instructors can select the materials
according to the curriculum. Drafts of this book were used as the textbook in a
one-term undergraduate course at the University of Waterloo.
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Introduction

1.1 Motivating Examples

Differential equations have wide applications in various engineering and science
disciplines. In general, modeling variations of a physical quantity, such as tempera-
ture, pressure, displacement, velocity, stress, strain, or concentration of a pollutant,
with the change of time ¢ or location, such as the coordinates (x, y,z), or both
would require differential equations. Similarly, studying the variation of a physi-
cal quantity on other physical quantities would lead to differential equations. For
example, the change of strain on stress for some viscoelastic materials follows a
differential equation.

It is important for engineers to be able to model physical problems using mathe-
matical equations, and then solve these equations so that the behavior of the systems
concerned can be studied.

In this section, a few examples are presented to illustrate how practical problems
are modeled mathematically and how differential equations arise in them.

Motivating Example 1

First consider the projectile of a mass m launched with initial velocity v, at angle

6, at time ¢t =0, as shown.

y V() ypmoAv0
Z == —‘\\ ! ’Xe I,
—— ~ -t el X
Vo // 0 \\
// | \\
0 | N A x Bv mg




2 1 INTRODUCTION

The atmosphere exerts a resistance force on the mass, which is proportional
to the instantaneous velocity of the mass, i.e., R=pv, where f is a constant,
and is opposite to the direction of the velocity of the mass. Set up the Cartesian
coordinate system as shown by placing the origin at the point from where the mass
m is launched.

At time t, the mass is at location (x(t), y(t)). The instantaneous velocity of the
mass in the x- and y-directions are x(¢) and y(t), respectively. Hence the velocity
of the mass is v(t) = /x%(t) + y*(t) at the angle 6(t) = tan™! [)'/(t)/ic(t)].

The mass is subjected to two forces: the vertical downward gravity mg and the
resistance force R(t) = Bv(t).

The equations of motion of the mass can be established using Newton’s Second
Law: F=) ma. The x-component of the resistance force is —R(t) cos6(t). In
the y-direction, the component of the resistance force is —R(t) sin6(¢). Hence,
applying Newton’s Second Law yields

x-direction: ma,= ) F, — mx(t) = —R(t) cos O (1),
y-direction: ma, = ZFy —— my(t) = —mg — R(t) sin6(t).
Since
0(t) = tan*I& = cosf = L sinf = bAY)

%) NeZOESZ0N NEZOESZ0N

the equations of motion become
x(1)
V() + 52 (1)
y(t
() = —mg — Bu(t): #)yz@ s M)+ B0 = —mg,

in which the initial conditions are at time t =0: x(0) =0, y(0) =0, x(0) = v, cos 6,,

mx(t) = —pv(t)- = mi(t)+ Bx(t) =0,

¥(0) =v, sin §,,. The equations of motion are two equations involving the first- and
second-order derivatives x(t), y(t), X(t), and y(t). These equations are called, as
will be defined later, a system of two second-order ordinary differential equations.

Because of the complexity of the problems, in the following examples, the prob-
lems are described and the governing equations are presented without detailed
derivation. These problems will be investigated in details in later chapters when
applications of various types of differential equations are studied.

Motivating Example 2

A tank contains a liquid of volume V(¢), which is polluted with a pollutant concen-

tration in percentage of c(t) at time . To reduce the pollutant concentration, an
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inflow of rate Q, is injected to the tank. Unfortunately, the inflow is also polluted
but to a lesser degree with a pollutant concentration ¢, . It is assumed that the
inflow is perfectly mixed with the liquid in the tank instantaneously. An outflow
of rate Q,,, is removed from the tank as shown. Suppose that, at time ¢ =0, the
volume of the liquid is V|, with a pollutant concentration of c,.

Inflow =
————

Qin’ Cin

Volume V(t)
Concentration c(t)

Outflow
Qout > C( t)

The equation governing the pollutant concentration c(t) is given by

de(t)
[Vo+ (Qn— Qout)t]T + Qpc(t) = Qi

with initial condition ¢(0) =c,. This is a first-order ordinary differential equation.

Motivating Example 3

Hanger Cable

]

i<

\
\

PTOTOTOTOTOTOTOTOT S<X

AR
Deck”

L SSS———— |

o

Consider the suspension bridge as shown, which consists of the main cable, the
hangers, and the deck. The self-weight of the deck and the loads applied on the
deck are transferred to the cable through the hangers.
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Set up the Cartesian coordinate system by placing the origin O at the lowest point
of the cable. The cable can be modeled as subjected to a distributed load w(x). The
equation governing the shape of the cable is given by

d2y _ w(x)
dx2 H '’

where H is the tension in the cable at the lowest point O. This is a second-order
ordinary differential equation.

Motivating Example 4

Reference position

0 I y() I

Consider the vibration of a single-story shear building under the excitation of
earthquake. The shear building consists of a rigid girder of mass m supported by
columns of combined stiffness k. The vibration of the girder can be described by
the horizontal displacement x(t). The earthquake is modeled by the displacement
of the ground x,(¢) as shown. When the girder vibrates, there is a damping force
due to the internal friction between various components of the building, given by
c [k(t) — X, (t)], where ¢ is the damping coefficient.

The relative displacement y(t) = x(t) —x,(t) between the girder and the ground
is governed by the equation

my(t) +cy(t) + ky(t) = —mxy(t),
which is a second-order linear ordinary differential equation.

Motivating Example 5

In many engineering applications, an equipment of mass m is usually mounted on

a supporting structure that can be modeled as a spring of stiffness k and a damper
of damping coefficient ¢ as shown in the following figure. Due to unbalanced mass
in rotating components or other excitation mechanisms, the equipment is subjected
to a harmonic force F, sin Qt. The vibration of the mass is described by the vertical
displacement x(t). When the excitation frequency €2 is close to w, = \/k/_m, which
is the natural circular frequency of the equipment and its support, vibration of large
amplitudes occurs.
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In order to reduce the vibration of the equipment, a vibration absorber is
mounted on the equipment. The vibration absorber can be modeled as a mass
m,, a spring of stiffness k,, and a damper of damping coefficient c,. The vibration
of the absorber is described by the vertical displacement x, (¢).

ma ﬂ

FysinQ2t ‘ Vibration
ka

x(t) T
Equipment m

k c Supporting
Structure

The equations of motion governing the vibration of the equipment and the

Ca Absorber

AAAAAAA
"""v

absorber are given by
mx + (c+c)x + (k+k,) x — c,x, — k,x, = F;, sin Qt,
m,X, + c,x, + k,x, — c,x — k,x =0,

which comprises a system of two coupled second-order linear ordinary differential
equations.

Motivating Example 6

P Ut ‘P
t=0'

v

&
L -

A bridge may be modeled as a simply supported beam of length L, mass density

per unitlength pA, and flexural rigidity EI as shown. A vehicle of weight P crosses
the bridge at a constant speed U. Suppose at time t =0, the vehicle is at the left end
of the bridge and the bridge is at rest. The deflection of the bridge is v(x, t), which
is a function of both location x and time t. The equation governing v(x, t) is the
partial differential equation

92v(x, t tv(x, t
pa LV | g IVt

52 Py =Pé(x—Ut),
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where §(x—a) is the Dirac delta function. The equation of motion satisfies the
initial conditions

av(x,t)
v(x,0) = 0, ‘ =0,
ot =0
and the boundary conditions
3*v(x, 1) 3*v(x, 1)
0,t) =v(L,t) =0, =——— = — =0.
V0.0 =v(L.1) 0x2  lx=0 0x2  lx=L

1.2 General Concepts and Definitions

In this section, some general concepts and definitions of ordinary and partial
differential equations are presented.

Let x be an independent variable and y be a dependent variable. An equation
that involves x, y and various derivatives of y is called a differential equation (DE).
For example,

dy : dy\s . dYy
a_2y+smx, (a) +e +2_@

are differential equations.

Definition — Ordinary Differential Equation

In general, an equation of the form
dy d"y
F(x, V> a, 0009 w) =0
is an Ordinary Differential Equation (ODE).

It is called an ordinary differential equation because there is only one independent
variable and only ordinary derivatives (not partial derivatives) are involved.

Definition — Order of a Differential Equation

The order of a differential equation is the order of the highest derivative appearing

in the differential equation.

Definition — Linear and Nonlinear Differential Equations

If y and its various derivatives y’, y”, ... appear linearly in the equation, it is a

linear differential equation; otherwise, it is nonlinear.

For example,

d? ,
d_); + a)zy =sinx, o = constant, 2% Second-order, linear
x

dy\2 _ . dy2
(a) +4y = cosx, /25 First-order, nonlinear because of the term (a)
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d’ d
x> d_x); + 5x d—i + 6y =¢€", 2% Third-order, linear

& d d
d_x)zl +y d_ic/ +2y =x. % Second-order, nonlinear because of the term y d—i

Sometimes, the roles of independent and dependent variables can be exchanged
to render a differential equation linear. For example,

d*x
d—yz—xﬁzfi

is a second-order linear equation with y being regarded as the independent variable
and x the dependent variable.

In some applications, the roles of independent and dependent variables are obvi-
ous. For example, in a differential equation governing the variation of temperature
T with time ¢, the time variable ¢ is the independent variable and the temperature T
is the dependent variable; time ¢ cannot be the dependent variable. In other appli-
cations, the roles of independent and dependent variables are interchangeable. For
example, in a differential equation governing the relationship between temperature
T and pressure p, the temperature T can be considered as the independent variable
and the pressure p the dependent variable, or vice versa.

Definition — Linear Ordinary Differential Equations

The general form of an nth-order linear ordinary differential equation is

dny dn— 1)/ d)/
a4, () 5 + 8, 1 () =2 () ==+ ay ()Y = f(0).
If ay(x), a,(x), ..., a,(x) are constants, the ordinary differential equation is said

to have constant coefficients; otherwise it is said to have variable coefficients.

For example,

d? d
d—)zl +0.1 d—y +4y =10cos2x, % Second-order linear, constant coefficients
X x
d? d
xzd—x); +xd—z + (xz—vz)y =0, x>0, v=0isaconstant.

#7 Second-order linear, variable coefficients (Bessel's equation)

Definition — Homogeneous and Nonhomogeneous Differential Equations

A differential equation is said to be homogeneous if it has zero as a solution;

otherwise, it is nonhomogeneous.
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For example,
d? d
d_x); + 0.1 d_ic/ +4y =0, #7 Homogeneous
d? d
d_x)zl +0.1 d_ic/ +4y = 2sin2x + 5cos3x. 2T Nonhomogeneous

Note that a homogeneous differential equation may have distinctively different
meanings in different situations (see Section 2.2).

Partial Differential Equations

Definition — Partial Differential Equations

If the dependent variable u is a function of more than one independent variable,

say X, Xy, ..., X,,, an equation involving the variables x,, x,, ..., x,,, u and
various partial derivatives of u with respect to x,, x,, ..., x,, is called a Partial
Differential Equation (PDE).

For example,

9%2u 1 0u . . .
— = =——, «=constant, 27 Heat equation in one-dimension
0x o ot

2u  3%u Poisson's equation in two-dimensions

Py + W = f(x, ), Laplace's equation if f(x, y) =0
0%u 42 0%u n I*u
axt T Tax2ayr | oyt

Pu  *u  9? 10

B_xLZl WZ 4 8_21; == a—?, #T Heat equation in three-dimensions
P?u  *u  u
_ — —
x> 9y*  09z2

=0, #¢ Biharmonic equation in two-dimensions

= 0. 2 Laplace's equation in three-dimensions

General and Particular Solutions

Definition — Solution of a Differential Equation

For an nth-order ordinary differential equation F (x, Yo y(”)) =0, a func-

tion y = y(x), which is n times differentiable and satisfies the differential equation
in some interval a < x < b when substituted into the equation, is called a solution

of the differential equation over the interval a < x < b.
Consider the first-order differential equation

dy
—_ =3
dx
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Integrating with respect to x yields the general solution
y=3x+C, C = constant.

The general solution of the differential equation, which includes all possible solu-
tions, is a family of straight lines with slope equal to 3. On the other hand, y =3x
is a particular solution passing through the origin, with the constant C being 0.

Consider the differential equation

d3y
@ = 48x.

Integrating both sides of the equation with respect to x gives
dy 2
@ =24x" + Cl'
Integrating with respect to x again yields

dy
== 8x° + Cyx + C,.

Integrating with respect to x once more results in the general solution
A4 1 2
y=2x"+5Cx"+ Cx+ G,

where C,, C,, C; are arbitrary constants. When the constants C,, C,, C; take specific
values, one obtains particular solutions. For example,
y=2x"+3x* +1, C,=6 C,=0, C;=1,
y=2x*+x*+3x+5  C =2, C =3 C =5,

are two particular solutions.

In general, an nth-order ordinary differential equation will contain
n arbitrary constants in its general solution. Hence, for an nth-order ordinary
differential equation, n conditions are required to determine the n constants to

yield a particular solution.

In applications, there are usually two types of conditions that can be used to deter-
mine the constants.

Hlustrative Example

Consider the motion of an object dropped vertically at time =0 from x=0 as

shown in the following figure. Suppose that there is no resistance from the medium.
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© =0,x=0

_*t,x,v

X mg
The equation of motion is given by
d’x
FTEN

and the general solution is, by integrating both sides of the equation with respect to
t twice,
x(t) = Cy+ Cyt + 3 gt%.

The following are two possible ways of specifying the conditions.

Initial Value Problem

If the object is dropped with initial velocity v,,, the conditions required are

dx

t ti t=0: 0)=0 x(0)==— = V,.
at time x(0) x(0) a7 o Yo

The constants C, and C; can be determined from these two conditions and the

solution of the differential equation is
1 2
x(t) = vyt + 5 8t"

In this case, the differential equation is required to satisfy conditions specified at

one value of t, i.e., t =0.

Definition — Initial Value Problem

If a differential equation is required to satisfy conditions on the dependent vari-
able and its derivatives specified at one value of the independent variable, these

conditions are called initial conditions and the problem is called an initial value

problem.

Boundary Value Problem
If the object is required to reach x=L attime t =T, L > % g T2, the conditions can
be specified as

attime t =0: x(0) =0; attime t=T: x(T)=L.
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The solution of the differential equation is

In this case, the differential equation is required to satisfy conditions specified at
two values of t,i.e,t=0and t=T.

Definition — Boundary Value Problem

If a differential equation is required to satisfy conditions on the dependent variable

and possibly its derivatives specified at two or more values of the independent
variable, these conditions are called boundary conditions and the problem is called

a boundary value problem.

Existence and Uniqueness of Solutions

Note that y’ is the slope of curve y=y(x) on the x-y plane. Hence, solving
differential equation y’ = f(x, y) means finding curves whose slope at any given
point (x, y) is equal to f(x, y). Solving the initial value problem y’ = f(x, y) with
y(x,) = y, means finding curves passing through point (x,, y,) whose slope at any
given point (x, y) is equal to f(x, y).

This can be better visualized using direction fields. At a given point (x, y) in
region R, one can draw a short straight line whose slope is f(x, y). A direction field
as shown in Figure 1.1 is then obtained if this is done for a large number of points.

Figure 1.1 Direction field.

Determining the general solution of y’= f(x, y) is then finding the curves that
are tangent to the short straight line at each point (x, y). Determining the solution
of the initial value problem y’= f(x, y) with y(x,) =y, means finding curves
passing through point (x,, y,) and are tangent to the short straight line at each
point (x, y).
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Theorem — Existence and Uniqueness

Consider the initial value problem

Y =fexy), y&) =y
where f(x, y) is a continuous function in the rectangular region
R: |x—x0‘ <a, ‘y—yo} <b, a>0, b>0.

Suppose f(x, y) also satisfies the Lipschitz condition with respect to y in R, i.e.,

there exists a constant L > 0 such that, for every (x, y;) and (x, y,) in R,

|f(x,y1) —f(x’)’z)| < L|)’1 _)’2|~

Then there exists a unique solution y=¢@(x), continuous on |x—x0| <h and
satisfying the initial condition ¢(x,) = y,, where

h = min(a, A—Z), M = max‘f(x,y)‘ in R.

The graphical interpretation of the Existence and Uniqueness Theorem is that, in
region R in which the specified conditions hold, passing through any given point
(x9> o) there exists one and only one curve C such that the slope of curve C at any
point (x, y) in R isequalto f(x, y).

Remarks:

@ It can be shown that if df(x, y)/dy is continuous in R, then f(x, y) satisfies
the Lipschitz condition. Because it is generally difficult to check the Lipschitz
condition, the Lipschitz condition is often replaced by the stronger condition
of continuous partial derivative df(x,y)/dy in R.

@ The Existence and Uniqueness Theorem is a sufficient condition, meaning
that the existence and uniqueness of the solution is guaranteed when the
specified conditions hold. It is not a necessary condition, implying that,
even when the specified conditions are not all satisfied, there may still exist a
unique solution.

Example 1.1

Knowing that y=Cx? satisfies xy’ =2y, discuss the existence and uniqueness of

solutions of the initial value problem
xy =2y, yx) =)o
for the following three cases

(1) x,#0; (2) xy=0, y,=0; (3) x9=0, y, #0.
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Since fx y) = 27)/ ’ fey) 2

— 5

dy X
the conditions of the Existence and Uniqueness Theorem are not satisfied in a
region including points with x =0.

With the help of the direction field as shown in the following figure, the solution

of the initial value problem can be easily obtained.

(1) x,#0

(a) If x;, >0, then, in the region R with x >0, there exists a unique solution to

the initial value problem

_ g
Xo

y , x>0.
(b) If x, <0, then, in the region R with x <0, there exists a unique solution to
the initial value problem

y= y—gxz, x<0.

X0
(c) If x, >0, then, in the region R including x =0, the solution to the initial value
problem is not unique
)/_g xz, x=0,
y=q"

ax?, x<0, aisaconstant.

(d) If x,<0, then, in the region R including x=0, the solution to the initial
value problem is not unique

ax?, x>0, aisaconstant,
V= y—gxz, x<0
X0
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(2) x4=0, y,=0
Passing through (0, 0), there are infinitely many solutions

axz, x=0,

y = b a, b are constants.
x“, x<0,
(3) x,=0, y, #0

There are no solutions passing through point (x,, y,) with y, #0.

Whether or not a given function is a solution of a differential equation
can be checked by substituting the function into the differential equation along
with the initial or boundary conditions if there are any.

Example 1.2

Show that

=C —4x x 3 :
y=Ce ™ +Che E(1351n3x+9cos3x)

is a solution of the differential equation

y" 43y — 4y = 65sin 3x.

Differentiating y successively twice yields
/ —4x X 3 :
y = —4Cie ™ + Cye” — E(” cos 3x — 27 sin 3x),
3
y" =16Ce™* + C,e* — E(—IU sin 3x — 81 cos 3x).
Substituting into the differential equation gives
" / —4x X 3 :
y +3y —4y= 16Cje + Cye —E(—117sm3x — 81 cos 3x)
—4x x 3 :
—12Ce™™ +3Cye" — E( —81 sin 3x + 117 cos 3x)

3
—4Ce™™ —4C " — E( —52sin3x — 36 cos 3x)

= 6sin 3x.

Hence

=C —4x x 3 :
y=Ce " 4+ Che E(1351n3x+9c053x)

is a solution of the differential equation.
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Example 1.3

Show that
(1) = 2si 3mx ( nzt)
u(x,t) = 2 sin =—— exp( — —
L P\ T
is a solution of the partial differential equation
10%u _ du
9 axz ot
with the initial condition
. 3mx
u(x,O):ZsmT, for 0<x<IL;

and the boundary conditions

u(0,t) =0, u(L,t) =0, for t>0.

Evaluate the partial derivatives

ou 5 i 3mrx ( 71'2) < 2 t)
—_— = 28iN =— | — =) exp( — —1),
ot L z) P\ T
ou 3 3mx 72
_—=2 (—) COS = - exp(——t),
0x L L L2
0%u 2 )<3n)2 . 3mx ( 72 t)
—_—=2-(=)(=—) sin=—-expl—=—1t).
o2 L T P T
Substitute into the differential equation
LHS 1 3%u 272 | 3mx ( w? t)
HS = =— = — —sin —exp( — —
9 o2 [ e AP
— L.H.S.=R.H.S.
ou 272 3mx 72
RHS. = — = — =—sin =— exp(— —t>
ot 12 L L?
Check the initial and boundary conditions
. 3mx w2 . 3mx .
u(x,0) = 2 sin =—— exp(— _— 0) = 2sin =——, satisfied,
L 12 L

0, 1) = 2 sin 222 < ”Zt) 0, satisfied
u(0,1) = 2sin exp(——t) =0, satisfied,
T P\ T2
2

(L, t) = 2;si n L < z t> 0, satisfied
u(L,t) = 2sin exp(——t) =0, satisfied.
L CP\T T2

Hence X

(L f) = 2si 3mx ( T t)
u(x,t) = 2sin =—— exp( — —
L P2

is a solution of the partial differential equation with the given initial and boundary
conditions.



First-Order
and Simple Higher-Order
Differential Equations

There are various techniques for solving first-order and simple higher-order ordi-
nary differential equations. The key in the application of the specific technique
hinges on the identification of the type of a given equation. The objectives of this
chapter are to introduce various types of first-order and simple higher-order dif-
ferential equations and the corresponding techniques for solving these differential
equations.

In this chapter, it is assumed that x is the independent variable and y is the
dependent variable. Solutions in the explicit form y=mn(x) or in the implicit form
u(x, y) =0 are sought.

2.1 The Method of Separation of Variables

Consider a first-order ordinary differential equation of the form

dy
— = F S .
dx *x,7)

Suppose that the right-hand side F(x, y), which is a function of x and y, can be
written as a product of a function of x and a function of y, i.e.,

F(x, ) = f(x)-9(y).
For example, the functions

e = er.e), Xy+x+2y+2=(x+2)-(y+1)

16
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can be separated into a product of a function of x and a function of y, but the
following functions cannot be separated

In(x+2y), sin(x* +y), xy® +x%.

This type of differential equation is called variable separable or separable differential
equations. The equations can be solved by the method of separation of variables.
Rewrite the equation as

dy B
Ix = f(x)- ().

Case 1. If ¢(y)#0, moving terms involving variable y to the left-hand side and
terms of variable x to the right-hand side yields
1

dy = dx, = —
§dy = fldx sV =355

function of y only  function of x only

Integrating both sides of the equation results in the general solution

/g(y)dy = /f(x)dx +C,
where C is an arbitrary constant.

When dividing a differential equation by a function, it is important
to ensure that the function is not zero. Otherwise, solutions may be lost in the
process. Hence, the case when the function is zero should be considered separately
to determine if it yields extra solutions.

Case 2. If ¢(y)=0, solve for the roots of this equation. Let y =y, be one of
the solutions of equation ¢(y)=0. Then y= y, is a solution of the differential
equation. Note that sometimes the solution y = y, may already be included in the
general solution obtained from Case 1.

It should be emphasized that, only when one side of the equation
contains only variable x and the other side of the equation contains only variable
y, the equation can be integrated to obtain the general solution.

Example 2.1
1

d
Solve d_z + 7 e}’2+3x =0, y#0.

Separating the variables yields

—ye_y2 dy = e™*dx.
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Integrating both sides to obtain the general solution leads to

—/ye_yzdyzfe3xdx+C,

%/e_yzd(—yz):%/e“d(?)x)—l-c, 25 d(—y*) = —2ydy

1 1
5 eV = 3 e 4+ C. 25 / e*dx=e* General solution

Example 2.2

Solve tanydx — cotxdy =0, cosy#0, sinx#0.

The equation can be written as

siny d cosx

X = dy.
cosy sin x 4
sin x cos
To separate the variables, multiply the differential equation by —y; it is
cos x sin y

required that sin y not be zero.
Case 1. If siny #0, separating the variables yields
sin x

dx = c?sy dy.
cos x sin y

Integrating both sides results in the general solution

/sinxdx:fcosydy_i_c,

cosx siny

1 1 . _
—/ d(cosx) = / d(siny) + C, P d(sin x) = cos xdx
cos x

sin y d(cos x) = —sinxdx

1
—In|cos x| = In|siny| + C. 25 /—dx:ln‘x‘
X
The result can be simplified as follows
ln‘cosx-siny‘ = —C, #Z5 Ina+Inb=In(a-b)
C

}cosx-siny}ze* == cosx-siny = A. Zrte C = A
Since C is an arbitrary constant, A is an arbitrary constant, which can in turn be
renamed as C. The general solution becomes

cosx-siny = C. 2% General solution

Case 2. If siny=0,onehas y=km, k=0, 1, £2,.... Itisobviousthat y=kx
or siny =0 is a solution of the differential equation. However, sin y =0 is already
included in the general solution cosx -sin y = C, with C =0, obtained in Case 1.
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Example 2.3

Solve xy’dx + (y+1)e *dy = 0.

Case 1. If y #0, separating the variables leads to
1
xetdx = — & dy.
>
Integrating both sides results in the general solution

/xe dx = — / dy—i—C

The integrals are evaluated as

/ xefdx = / xd(e¥) #Z5 d(e*) =e"dx, Integration by parts
= xe* — / e*dx = xe* — ¥,
- / 2 +yHdy

-1 -2 n+1
y y 1 1 / " x
= () = — 4 — 2 dx =
(—1 + 2> y + 2y? T

\
=
‘<w+
A
Q..
=
|

The general solution becomes

1
(x—1e* ——+—+C
y 2y?

Case 2. It is easy to verify that y =0 is a solution of the differential. This solution
cannot be obtained from the general solution for any value of the constant C.

Definition — Singular Solution

Any solutions of a differential equation that cannot be obtained from the general

solution for any values of the arbitrary constants are called singular solutions.

Hence, combining Cases 1 and 2, the solutions of the differential equation are

1 1
(x—1e* = — 7 — 2—)/2 + C, 2% General solution

y =0. 2% Singular solution
A variable separable equation is very easy to identify, and it is easy to

express the general solution in terms of integrals. However, the actual evaluation

of the integrals may sometimes be quite challenging.
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2.2 Method of Transformation of Variables

2.2.1 Homogeneous Equations

Equations of the type
=13 0
are called homogeneous differential equations. For example,
805 ) = () = f(%)
M e
¢, y) =Inx—Iny=1In (%) = —In (%) - f(%)

A homogeneous differential equation has several distinct meanings:

d
@ A first-order ordinary differential equation of the form d—y =f <Z) is of
X x
the type of homogeneous equation.

@ A homogeneous differential equation, defined in Chapter 1, means that the

differential equation has zero as a solution.

A homogeneous equation can be converted to a variable separable equation using a
transformation of variables. Let v= 2 be the new dependent variable, while x is
x

still the independent variable. Hence

dy n dv
=XV = =——=V+X=—.
4 dx dx

Substituting into differential equation (1) leads to
d d
v+xd—:=f(v) = xd—:=f(v)—v.

Case 1. f(v)—v=0. Onehas y=v,x, where v, is the solution of f(v;)—v,=0.

Case 2. f(v)—v#0. Separating the variables leads to

dv _%
f(v)—v_ x

The transformed differential equation is variable separable. Integrating both sides
gives the general solution

/ dv . dx iC
f(v)—v_ x ’
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Example 2.4

Sol Yo X0 yz0 yO0)=1
olve —_— - =0, , =1.
5 y y

The differential equation is homogeneous. Letting v = Z,
X
dy n dv
=XV = ===v+x—,
4 dx d
the differential equation becomes
dv 1 dv 1 dv (v+1)?
vHr =42 =0 — xo—=—(v+=42) —> ¥ =- .
dx v dx 4 dx v

Case 1. v=—-1 = y= —ux. Butitdoes not satisfy the condition y(0)=1.

Case 2. v # —1, separating the variables yields

v
(v+1)2

dv = —=dx.
x

Integrating both sides gives

% 1
_dv=— [ =d C.
/ (v+1)2 Y / x X+

Since

/ Ly = Mdh/{L_ 1 z}dv
(v+1) v+1) v+1  (v+1)

=/ ! d(v+1)—/;d(1/+l)
v+1 (v+1)2

:1n’v+1|+;, ,?_‘r/ldlen‘x, /izdx: —l
v+1 X X X

one obtains )
In|v+1|+ — = —In|x| + C.
v+1

Converting back to the original variables x and y results in the general solution
1
+1

ln‘%—l—l‘—l—ln‘x“— = C, ZcIna+Inb=1In(a-b)

2

X

In|y+x| + —~_ —C. 2% General solution
y+x
The constant C is determined using the initial condition y(0) =1

0
1n\1+0\+1—+0=c — C=0.
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The particular solution satisfying y(0) =1 is

In|y+x| + —~_ —0. /% Particular solution
y+x

Example 2.5

Solve x(Inx —Iny)dy —ydx=0, x>0, y>0.

Dividing both sides of the equation by x gives

)
d =
<ln£)dy—1dx=0 — X ——,
y x dx  _ 1,2
x
which is homogeneous. Putting v = Z, v>0,
X
=XV = Y _ v+ x dv
)= dx dx’
the equation becomes
N dv % dv v l1+Inv
V4 X— = = X=—=———V=—V .
dx —lInv dx Inv Inv
Case 1. For Inv# —1, the equation can be separated as
1
—— _dv=——dx.
v(1+Inv) x
Integrating both sides yields
Inv
—dx + C.
f v(1+In v) / X+

1
Since d(Inv) = —dv, one has
v

/ Inv /(1 +1Ilnv) — 1 d(nv)
v(1+lnv) 1+Inv

1
= / (1 — l—an)d(an) :1nv—ln|1+lnv|.

Hence,
= —Inx+C.

v

ln‘ ‘
1+Inv

Replacing v by the original variables results in the general solution

' J/x +Ilnx=C

n ———
14+ 1In(y/x)
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Since C is an arbitrary constant,
it is rewritten as In C.

—
l1+Iny—Inx

)

In | ———ouou
" l+Iny—Inx

=InC,

1

Case 2. If Inv=—1, one has v=e~". 1

Hence, v=y/x=e"" or ey=x isa
solution. This solution cannot be obtained from the general solution for any value

of the constant C and is therefore a singular solution.

Combining Cases 1 and 2, the solutions of the differential equations are

)

—_ —C, /2% Generalsolution
l1+Iny—Inx

ey = x. /% Singular solution

Example 2.6

Solve (y+x)dy + (x—y)dx = 0.

Since y = —x is not a solution, the equation can be written as
1-2
dy  x—y x Dividing both the numerator
dx y+x X N 1’ and denominator by x, x # 0
x

which is a homogeneous equation. Letting v= l,

X
y=xv — 2=V—i—xﬂ,
dx dx
the equation becomes
dv 1—v
V”E: v+l
dv 1—v 1—v+v(y+1) V241
T S T

Since v2+1 #0, separating the variables gives

v+1
2+ dv = —=dx.
v-+1 X

Integrating both sides yields

v 1 1
—_d dv=—- | =d C,
v241 V+/V2+1 Y / x X+

1 1 1
—/ d(v2+1)+tan v = —ln|x|—|—C, ,@rf > dx = tan"'x
2 V2+1 x“+1
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%ln’v2+1‘+tan_1v= —ln‘x‘—l—C. ,@‘r/%dx:ln‘ﬂ

Replacing v by the original variables x and y results in the general solution

alnb =1nb*

Y\? 1) _
ln‘(;) +1’+21n|x‘+2tan ;—ZC, ﬁlna—}—lnb:ln(a-b)

ln(y2+x2) + Ztan*IZ =C. 25 2C is renamed as C.
X

Example 2.7

dy 2x—y+1
Sol —_— —— —2y+1+#0.
olve A~ x—ay11 X—=2y+1#

The equation is not homogeneous because of the constant terms in both the nu-

merator and denominator. 2x—y+1=0 and x—2y+1=0 are the equations of

straight lines. The coordinates of the point of intersection are the solution of the
equations

2x —y+1=0 1 1

} x=-%3, y=73.

Xx—2y+1=0

h<
——
N2
|
[\
=
+
—
Il
=]

| L\

A

2x—y+1=0

Hence, the point of intersection is P(h, k), (h, k) = (— %, %) Shift to new axes
(X,Y) through point P(h, k). Then

1 1 dy dYy
x=X+h=X-3, y=Y+k=Y+3, and —=—

In the new variables X and Y, the constant terms are removed

dy 2(x-3)-(Y+3)+1 2x-v 2-%
dX  (x-3)-2(v+$)+1 X-2Y oY

#4% Dividing both the numerator and denominator by X, X #0
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. Y
which is now a homogeneous equation. Putting v= e

Y=Xv —> d—:v+xi,
dXx dXx
and the equation becomes
v+ 22 2
dx  1-2v’
dv _ 2-v L 2—v—(v=21%) _2v2—v+1
dx 1-2v 1-2v 1-2v

Since v> —v+1#0, separating the variables yields

1—-2v

2
—_—dv = —=dX.
vi—v+1 X

Integrating both sides leads to

1-2v 1
—_—dv=2 | =dX +C.
/vz—v+1 Y /X +

Since d(v> —v+1) = (2v—1) dv, one obtains
_/_1 d(vz—v+1)=2/ldx+c,
vz—v—i—l X
In|v—v+1| = 2In[X| + C. ,@t/%dlen|x|
Replacing v by X and Y gives

(5 -R)+|=wle

In|Y?~XY+X*|=In|C| = Y’-XY+X’=C.

ln|X2| +1n

, 25 —Ciswrittenasln‘C‘.

In terms of the original variables x and y, the general solution becomes
142 1 1 142
(=3 -@+3)0-3)+(+3) =C

2.2.2 Special Transformations

Example 2.8

dy = x—y+5
dx  2x—2y-2’

Solve x—y—1#0.

Unlike the previous example, the two lines x—y+5=0 and 2x—2y—2=0 are
parallel so that there is no finite point of intersection.
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Because both the numerator and denominator have the term x —y, take a new
dependent variable v=x—y,

dv ) dy dy ) dv
V=X — = — — — > — — —
4 dx dx dx dx

The differential equation becomes

dv v+5
B E - 2v=2’
ﬂ 1 v+5  2y—2—v—=5  v—7
dx 2v—2 2v—2 2(v=1)

Case 1. v #7, separating the variables gives

—1 1
dv = 3 dx. # Variable separable

v—7

Integrating both sides yields

7)+6
W )+d_/ —dx+C —> /1+

V+6ln|v—7| = Ex—i-C.

dv——x—i—C

Replacing v by the original variables gives the general solution
xX—y+ 6ln}x—y—7| = %x +C,
%x —y+6lnjx—y—7|=
Case 2. v=7 — x—y=7. It can be easily verified that x —y =7 is a solution

of the differential equation. This solution cannot be obtained from the general
solution for any value of the constant C and is therefore a singular solution.

Combining Cases 1 and 2, the solutions of the differential equation are
%x —y+6In|x—y—7| =C, 2% Generalsolution
x —y=7. /% Singular solution

Consider a differential equation of the form

dy ax+by+c
—_ = ————— ab#0, 0.
dx ax+By+y ab#0, af#

Case 1.

|

RIS

#
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The two straight lines ax+by+c=0 and ax+pBy+y =0 intersect at point
P(h, k), where (h, k) is the solution of

ah+bk+c=0, ah+Bk+y =0.

Letting
x=X+h, y=Y+k,

the differential equation becomes

dY X+bY
X ﬁ. 2T Homogeneous
b 1
Case2. —=—=—=—= = a=ra, B=rb
B r
Letting
dv dy dy 1/dv
veaxtby — meatbg — =g(z-a)

the differential equation becomes

1,d d b
Z(d_; — a) _re — G+o +a. 2% Variable separable

N rv+y E rv+y
Example 2.9

dy
Sol —_ = 2
olve Ix (x+y)

This equation is neither variable separable nor homogeneous. The “special” term
in the equation is x+y. Hence, letting v =x+y be the new dependent variable

dv_1+dy dy dv
dx dx dx  dx ’

the equation becomes

dv ) ) dv 24
_ 1=y = =—=y .
dx dx

Since v2+1 #0, separating the variables gives

1
v241

dv = dx. #4 Variable separable

Integrating both sides leads to

1
/2 dv=/dx+C — tan 'v=x+C.
v-+1
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Replacing v by the original variable results in the general solution
tan '(x+y) =x+C, or x+y=tan(x+C).

There are no systematic procedures to follow in applying the method
of special transformations. It is important to carefully inspect the differential
equation to uncover the "special” term and then determine the transformation
accordingly.

Example 2.10

dy y8—2x?
dx  2xy5+x2y?’

Solve x#0, y#0, 2y3—|—x#0.

The differential equation can be rewritten as

3\2
6_ 542 < < ) —2 .

dy  y’—2x" x Dividing both the numerator

dx  xy2Qy3+x) 3 '
)

2 —
22(5)+]

3
The “special” term in the equation is z. Hence, letting
X

and denominator by X%, x #0

3 d dv
v=y7 > y3=xv - 3y2d—i=v—|—xa,
the differential equation becomes
l(V—I—xﬂ> = V2_2,
3 dx 2v+1
dv  3(+*-2) 312—6—2v*—v  v:—v—6
& oo T T v v

Case 1. v —v—6=0, ie,(v—3)(v+2)=0 = v=—2 or v=3, which gives

y3 = —2x or y3 =3x.

Case 2. v> —v—6#0, separating the variables gives

2v+1

1
> dv = —dx. /45 Variable separable
Ve—v—06 x

Integrating both sides yields

2 1 1
/Ldv=/—dx+c.
v2—y—6 x
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The first integral can be evaluated using partial fractions (see pages 259-261 for a
brief review on partial fractions)

2v+1  2v+l1 A N B
—v—6 (v=3)(v+2) v—3 v+2

Using the cover-up method, the coefficients A and B can be easily determined

2v+1
A v

. 2v+1
= =05 —

A
= £, B

v=3

2v+1 1 7 3 7 3
[ =3[ (S )t = fub=al dulval

Hence

%ln}v—S‘ + %ln‘v—i—Z‘ = ln‘x‘ +C,

7ln|v—3| + 3ln|v—|—2| = 51n|x| —|—ln|C

, ,?_‘ESC:>ln|C|

ln|(v—3)7(v+2)3’ =ln|Cx5 , #ZtIna+1Inb=1In(a-b)

(v=3)(v+2)° = Cx°.

Replacing v by the original variables results in the general solution
3 7,93 3
(£-3) (5+2) =¥ — (P—307( +20° = Cx1S
x x
Note that the solutions y* = —2x and y®> =3x obtained in Case 1 are contained in
the general solution (y*—3x)7(y*+2x)> = Cx!® obtained in Case 2, with C=0.
Hence, the solution of the differential equation is

(y3 - 3x)7(y3 +2x)° = Cx!®. 2% General solution

Example 2.11

1. Show that equations of the form

x dy
—_—— = , 0,
7 ax flxy), y#

can be converted to variable separable by the transformation xy =v.

2. Using the result obtained above, solve

xdy _2py?

y dx = 2—x%y?
1. Letting xy=v,
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the differential equation becomes

x dv x dv

Case 1. f(v)+1=0.If v, isarootof f(v,)+1=0, thenasolutionis xy=v,.
Case 2. f(v)+1#0. Separating the variables gives

L dv = L dx. /# Variable separable
v [ fn)+ 1] x

Hence, the transformation xy=v converts the original differential equation to
variable separable.

2. In this case,

2+ x dv 4
= o —_—— e —
f» 2—v2 v.dx 2—?
and separating the variables gives
2—v? 2
~dv = =dx.

2v x
Integrating both sides leads to
1 1

/ (— — 1>dv = 2/ —dx+C = lnM — %vz = Zln‘x‘ + C.

v 2 x

Replacing v by the original variables gives

ln‘%| - %(xy)2 = C.

d_y _xty—x—y

Solve = — x>0, x>|y|.

dx  xty+./x—y

The differential equation is a homogeneous equation. However, it can be solved

more easily using a special transformation. The equation can be written as

dy (/x+y — /x—y)? ) —2yx2 =y + (x—y)

dx (St +/x—n(xty —Jx—y) (x+y) — (x—y)
x — /xZ_yZ

B y

The “special” term is x> — y2. In order to remove the square root, let x> —y* =2
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The differential equation becomes

x—v%:x—v e V(%—l)zo.

d
Case1. v#0 — d—v —1=0 = dv=dx. Integrating both sides yields
x

v=x+C = V*= (x+C)2.
Replacing v by the original variables results in the general solution
-y =x+C? = Y’ +2Cx+C*=0.

Case 2. v=0 — x>*—y?*=0 — y=4x. This solution cannot be obtained
from the general solution for any value of the constant C and is therefore a singular
solution.

Combining Cases 1 and 2, the solutions of the differential equation are

y2 +2Cx+C*>=0, 2% General solution

y = £x. 2% Singular solution

2.3 Exact Differential Equations and Integrating
Factors

Consider differential equations of the form

_ dy M)
M(x, y)dx + N(x, y)dy =0, or T N(x,y)’ N(x,y)#0, (1)

where e and 5 e continuous. Suppose the solution of equation (1) is
'y X
u(x, y) =C, C = constant. Taking the differential yields

3 3 5 3
du=—mdx+ —dy=dC=0 —> w—dx+—dy=0. (2
0x dy ax dy

Equation (2) should be the same as equation (1) if u(x, y) = C is the solution of (1),
except for a common factor p(x, y), i.e., the coefficients of dx and dy in equations
(1) and (2) are proportional

Ju ou
ax oy ou ou

= = s = ] M, —_— = N
Mxy) NGy wx ) ax M ay
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Substituting into equation (2) gives
uMdx + uNdy = 0. 2)
Since the left-hand side is an exact differential of some function u(x, y),
du(x,y) =0 =— u(x,y) =C.

Hence, if one could find a function u(x, y), called an integrating factor (IF) mul-
tiplying it to equation (1) yields an exact differential equation (2'), which means
that the left-hand side is the exact differential of some function. The resulting
differential equation can then be easily solved.

Motivating Example

Solve (y +2xyH)dx + 2x + 3x%y)dy = 0.

It happens that an integrating factor is y. Multiplying the differential equation by y
results in

(y* +2xy*)dx + 2xy + 3x*y*)dy = 0.
The left-hand side is the exact differential of u(x, y) =xy*+x?y>. Hence,

d(x)’z + xz)’S) =0 — xy2 + x2y3 =C. /25 General solution

2.3.1 Exact Differential Equations
If the differential equation
M(x, y)dx + N(x, y)dy =0 (1)
is exact, then there exists a function u(x, y) such that
du = M(x, y)dx + N(x, y)dy. (2)

But, by definition of differential,

ou ou
dyu = —dx + —dy. 3
! 0x * dy 4 G)
Comparing equations (2) and (3) leads to
du u oM 3*u AN  d%u
M = —_— T e— > — , — .
dx dy dy  dyox ox  dxdy
oM
If == and — are continuous, one has
y x
9%u 0%u

: (4)
dyox  0xdy
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Hence, a necessary condition for exactness is, from equations (4),

oM 9N
dy  ox’

It can be shown that this condition is also sufficient.

Exact Differential Equations

Consider the differential equation

M(x, y)dx + N(x, y)dy = 0.

If
oM IN
_— #25 Exactness condition
dy 0x

then the differential equation is exact, meaning that the left-hand side is the exact

differential of some function.

Example 2.13

Solve (6xy* +4x’y)dx + (6x*y +x* +e”)dy = 0.

The differential equation is of the form

M(x,y)dx + N(x, y)dy =0,
where
M(x,y) = 6xy2 + 4x3y, N(x, y) = 6x2y +x* e,

Test for exactness:
oM 12xy + 4x° oN 12xy + 4x°
— X X, — X X,
ay 4 ox 4

oM  ON
— = — == The differential equation is exact.
3% ox

Two methods are introduced in the following to find the general solution.

Method 1: Since the differential equation is exact, there exists a function u(x, y)
such that

0 ]
du = 8—udx+ a—udy = (6xy” +4x’y)dx + (6x%y + x* +¢7)dy,
X Y

i.e.,
u ) 3
— =6 4x3y, 1
e xy-+4x7y (1)
ou ) 4
a—=6xy+x +e”. (2)



34 2 FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

To determine u(x, y), integrate equation (1) with respect to x

When integratingw.r.t. x,
y is treated as constant or fixed.

u(x, y) = /(6xy2 +4x’y)dx + f(y) 2%

=3x%% +x'y + f(). (3)
Differentiating equation (3) with respect to y and comparing with equation (2)
yield

ou 5 +  dfy When differentiating w.r.t. y,
5 =6x7y+x"+ dy x is treated as constant or fixed.
=6x*y +x* +e; #7 Equation (2)
hence, 4
%:ey = f(y)=¢’.

Substituting into equation (3) leads to
u(x, y) = 3x%* +xty + e’
The general solution is then given by
uix,y) =C == 3x*+x'y+e’ =C.
Method 2: The Method of Grouping Terms

The essence of Method 1 is to determine function u(x, y) by

a integrating the coefficient of dx with respect to x,
a differentiating the result with respect to y and comparing with the coefficient
of dy.
This procedure can be recast to result in the method of grouping terms, which is
noticeably more succinct and is the preferred method. The method is illustrated
step-by-step as follows:

1. Pick up a term, for example 6x y*dx.

w Since the term has dx, integrate the coefficient 6x y* with respect to x
to yield 3x%y?.

a Differentiate the result with respect to y to yield the coefficient of dy
term, i.e., 6x2y.

 The two terms 6xy*dx+6x2ydy are grouped together.

6x )/2 dx + 6 xzy dy s f dx stands for integratingw.r.t. x,

/ 2 % denotes differentiating w.r.t. y.
Jax 3x%y? %
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2. Pick up one of the remaining terms, for example 4x’ydx.

@ Similarly, since the term has dx, integrate the coefficient 4x3y with
respect to x to yield x*y.

a Differentiate the result with respect to y to yield the coefficient of dy
term, i.e., x*.

 The two terms 4x’ydx+x*dy are grouped together.
4x%y dx + Hd y

N

fdx x4)/ @

3. Pick up one of the remaining terms. Since there is only one term left, e’ dy is
picked.

a Since the term has dy, integrate the coefficient e” with respect to y to
yield e”.

a Differentiate the result with respect to x to yield the coefficient of dx
term, i.e., 0.

@ The term e”dy is in a group by itself.
e/ dy + @dx

P

x

4. All the terms on the left-hand side of the equation have now been grouped.

5. Steps 1 to 3 can be combined to give a single expression as follows

(6xy*dx + |6x*y|dy) + (4x’y dx + dy) + &Y dy=0.

2,2 /31 / \\ /a fdyj}’

3x y 5 dx x4y w

6. Hence
d(3x*y* +x*y +¢”) =0,

which gives the general solution

3xtyt +xty+er =C.

@ The method of grouping terms is easier to apply. The sum of the functions in
the second row is the required function u(x, y), and the general solution can
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be readily obtained as u(x, y) = C. Hence, the method of grouping terms is the
preferred method.

- If a differential equation is exact, then all the terms on the left-hand side of the
equation will be grouped. If there are terms left that cannot be grouped, there
must be mistakes made in the calculation.

s Terms of the form

f(x)dx or g(y)dy

are in groups by themselves, because

(f(x) dx + 0-dy) or (g(» dy + 0-dx).

N N,

Jax /f(x)dx 3y Jay fg(y)dy %

Example 2.14

Solve d_y _ ysinx—exsinZy‘
dx  cosx+2e¥cos2y

The differential equation can be written in the standard form Mdx+Ndy=0:

(—ysinx 4 e*sin2y)dx + (cosx + 2e* cos2y)dy = 0.

M(x, y) N(x, y)
Test for exactness:
oM . X oN . X
— = —sinx + 2e" cos2y, — = —sinx + 2€e" cos2y,
dy 0x
oM oN
— = — —= The differential equation is exact.
dy ax

The general solution is obtained using the method of grouping terms:

(—y sinxdx 4+ COS X dy) + (ex sin2y dx + 2e* cos2y d)’) =0.

N

d cosx © &L e 9
fx Yy 5 fdx e*sin2y 3

Hence, by summing up the terms in the second row one obtains the function
u(x, y), and the general solution is given by

ycosx + e sin2y = C.
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Example 2.15

Solve 2x(3x +y—ye”‘2)dx+ (x* +3y2+e’x2)dy=0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x,y)=6x2—|—2xy—2xye_x2, N(x,y)=x2+3y2+e_x2.

Test for exactness:

oM 2 IN )
—_—=2x—2xe ", —_—=2x —2xe ",
dy 0x
oM  oN
— = — == The differential equation is exact.
dy ox

The general solution is determined using the method of grouping terms:

(2xydx + [2)ay) + (e dy + | —2xpe |dx)

el e gt
ye x

S

+  6xtdx + 3y*dy=0,
Jax} Jar|
2x3 y3
which gives
X%y + ye_x2 +2x° +y° =C. 27 General solution

In the second group of terms above, it is easier to pick up the term

2 . . . . . .
e~ dy first, integrate its coefficient with respect to y, and then differentiate the
result with respect to x to find the matching term.

Example 2.16
x 2 J

1 1 1
Solve (— sin———zcos——i—l)dx—i— (— cosz—izsinﬁ—i——Z)dy =0.
Jy oy X X X x oy Yoy

The differential equation implies that x#0 and y #0. The equation is of the
standard form M dx+Ndy=0, where

1 . x vy y 1 y x . X 1
M(x,y):—s1n———2cos—+1, N(x,y)z—cos———zsm——i-—z.
Y y X x x x )y y
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Test for exactness:

oM = —Lsinﬁ—i-icosﬁ-(—i)—icosz—é(—sinz-l>

o Yy oy oy VPR 2T x x
1 1
= ——2sinﬁ — iscosi — —zcosz—l—%sini,
y y oy y X X X X
oN 1 1 1 1
—_—= — = C0S = + —[—sml~(—l>] — —smﬁ — i(cosﬁ-—>
dx 2 x X x x2 vy y? Yy y
1 1
= ——cosi+isinZ — == sin X icosi,
x? x x> x oy oy y
oM  ON
—_—= The differential equation is exact.
dy ax
The general solution is determined using the method of grouping terms
1 X X . X 1
— sin — dx + —=sin—|dy) + ldx + =—=d
( yy T ) * 2 Y
fdxl 2 l
\ / X f 4
fdx X S 1
— COS = dy -
Y y
Yy Y cos 2 —
+ (;cos;dy + —Z s dx) =0,
\ /
Ja sin 2 0%
x

which gives

1
— cos d +x — — +ssin L C. 25 General solution
y y x

1
Note that in the fourth group of terms above, the term (— cos £ dy) is picked
x X

1
first, because it is easier to integrate the coefficient (— cos Z) with respect to y.
x

X

When applying the method of grouping terms, whether to pick a
term f(x, y)dx or g(x, y)dy first depends on whether it is easier to integrate

/ f@x, y)dx or f g(x, y)dy.



2.3 EXACT DIFFERENTIAL EQUATIONS AND INTEGRATING FACTORS 39

2.3.2 Integrating Factors

Consider the differential equation

M(x, y)dx + N(x, y)dy = 0. (1)
M N
a If e = a—, the differential equation is exact.
y  0x
oM
a If - ;é —, the differential equation can be rendered exact by multiplying by
y © 0x

a function p(x, y), known as an integrating factor (IF), i.e.,

w(x, y) M(x, y)dx + pu(x, y) N(x, y)dy = 0, (2)
is exact.

To find an integrating factor . (x, y), apply the exactness condition on equation (2)

d(uM) _ d(uN)
dy  dx

Ne— —M—. (3)
ox dy

0 oM 0
n uw oN (8M 8N) ol I
dy ax

This is a partial differential equation for the unknown function w(x, y), which
is usually more difficult to solve than the original ordinary differential equation
(1). However, for some special cases, equation (3) can be solved for an integrating
factor.

Special Cases:

If u is a function of x only, i.e., u = u(x), then

op  du 8/,L_0
dx  dx’ dy

and equation (3) becomes

d,u M(BM 8N) . 1 du 1<8M 8N)

dx wdx N

wdx N )

dy 0x dy ax
Since p(x) is a function of x only, the left-hand side is a function of x only. Hence,
if an integrating factor of the form p = ju(x) is to exist, the right-hand side must
also be a function of x only. Equation (4) is variable separable, which can be solved

easily by integration

8M 8M
Inp = /N ——a>dx — ,u(x)_exp|:/N ——g)dx]- (5)
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Note that, since only one integrating factor is sought, there is no need to include a

constant of integration C.

Interchanging M and N, and x and y in equation (5), one obtains an integrating

factor for another special case

1 /0N oM
p(y) = exp [/M<E - W)d)’}-

———
function of y only

Integrating Factors

(6)

Consider the differential equation

M(x, y)dx + N(x, y)dy = 0.

1 /0M ON
w If —(— — —) is a function of x only,
N\ oy 0x
1 /0M ON
[,L(X) = exp [/N(—ay — —8x>dxj|
1 /ON oM
w If —(— — —) is a function of y only,
M\ 0x dy

n(y) = eXP[ l<8—N - a—M) dy]-

Example 2.17

Solve 3(x* +yH)dx +x(x* +3y* +6y)dy = 0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x, y) =3(x*+y%), N(xy) =x>+3xy> +6xy.

Test for exactness:

M L 34346
dy & dx 4 &
oM ON
—— # — == The differential equation is not exact.
dy 0x
Since
1 /0N M 1 .
—_(— - —) = ———[(3 3 6y) — 6
(5 8y> e ]

=1, #2% A function of y only
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u(y) = exp |:/M a—N—z—];I>dy} —exp[fl-dy] =e’.

Multiplying the differential equation by the integrating factor p(y)=e” yields
(3x%e” +3y%e”)dx + (x’¢” + 3xy*e” +6xye?)dy = 0.

The general solution is determined using the method of grouping terms

(3x*e’dx + dy) + [Syze)’ dx + |(6xye?+3xy*e”)|dy]

f‘:\x%y/% dx /

3xy*e”

|
L

which gives

x’e) +3xy*e? =C == xe’(x*+3y*) = C. 2% General solution

Example 2.18

Solve y@2x—y+2)dx+2(x—y)dy =0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x, y) = 2xy —y2 +2y, N,y =2(x—y).

Test for exactness:

oM N oM  ON
—_— =2x—-2y+2, == =2 == = # =— =—= TheDEisnot exact.
dy 0x dy 0x
Since
oM ON 1
(E — a) = T )[(Zx —2y+2)— 2] =1, £% A function of x only

u(x) = exp [_/N B_M_ E;—f)dx} :exp[/l.dx} =

Multiplying the differential equation by the integrating factor u(x) =e* yields
Q2xye® —y*e* +2ye")dx + 2xe* —2ye’)dy = 0.

The general solution is determined using the method of grouping terms

[2xex dy + 2ye* +2xye¥) dx] + (—yzex dx + —2yexdx]=0,

fdy\ nyex/i4 f> _yzex/aiy

0x
which gives

2xye* —y*e* =C == ye*(2x —y) =C. 2% General solution
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Example 2.19

Solve ¥ (cos’x + y sin x) dx + cos x (sin x cos x 4 2y)dy = 0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x, y) = ycos’x 4+ y*sinx, N(x, y) = sinx cos’x 4 2y cos x.

Test for exactness:

oM ON ,

3 . .2 .
—_ = C0S X + 2y sIn x, —_— = COS"X — 2S8IN“XCcosx — 2y sin x,
dy 4 0x 4
oM oN
rm # ™ == The differential equation is not exact.
'y X

Since

1 (8M BN) (cos®x + 2ysinx) — (cos’x — 2 sin’x cos x — 2y sin x)
N\ay  ax sin x cos?x + 2y cos x

2sinx(2y 4+ sinx cos x) _ 2sinx

- = , 2% A function of x only
cosx (2y + sin x cos x) Ccos X

wu(x) = exp [/%(88_];/[ — %—Z) dxi| = exP[/ 2ciisnxxdx]

1 1
= exp[—Z/ COsxd(cosx)] = exp [—2ln|cosx|] ==
Multiplying the differential equation by the integrating factor u(x) = —— yields
cos?x
( y?sinx d ) 2y dy — 0
ycosx + oix ) x+ (smx + cosx) y =0.

The general solution is determined using the method of grouping terms

2
(ycosx dx  + sinx |dy) + ( 2 dy + L dx) =0,

\ / COS X cos2x
fdx = ysinx T 2L \ A
ay fdy 32 =
cos x

which gives

= C. 2T General solution

ysinx +
COs X
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Example 2.20

1. Show that if the equation M(x, y)dx 4+ N(x, y)dy = 0 is such that

2 ] 9
v (5 5 =F(3)

then an integrating factor is given by
J
5 = F d 5 = -
wi(x, y) exp{/ (u) u} u .

2. Using the result of Part 1, solve the differential equation

(2x —y+2xy —y*)dx + (x + x* + xy)dy = 0.

1. If
u:exp{ /F(u)du}, u:%,

is an integrating factor, then uMdx+ N dy = 0 is an exact differential equation,
and the exactness condition must be satisfied

= exp{ /F(u)du}F(u)%.M — exp{ /F(u)du}F(u) (— é) -N

oM  ON
(-2

dy 0x
-erf 1) (2
= [%(xM +yN) — (6;—1;1 — 88—];/1)} =

Since u #0, one has

F(u) ON  OMy
My = (2 - 55) =0

i.e.,
2 ON oM
x—(———):F(u)’ u:Z‘
xM+yN

ox dy X
2. The differential equation is of the standard form M dx+ N dy =0, where

M(x,y)=2x+2xy—y—y2, N(x,y)=x2+x—|—xy.
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It can be easily evaluated

N M Qx+14+y)—Qx—1—2y)=2+3
— - — X - X — - == >
iy y y y

xM +yN = 2x* +2x% —xy — xy*) + (x*y + xy + xy%)

=2x% 4+ 3x%y = x* (2 + 3y),

2

2
x (8N oM (2+3y) =1 = F(w,

xM +yN _x_W>:x2(2+3y)

nix, y) = exp{ /F(u)du} = exp{ fl-du} = exp(u) = exp(%).

Multiplying the differential equation by the integrating factor yields

(2x —y+2xy —y?) exp(%) dx + (x + x* + xy) exp(%) dy =o.
Note the following integrals
/xexp<y>dy =x exp(y)
/(x2 +xy) exp(%)dy =x° exp(%) + x* /yd[exp(%)]
=x> exp(%) + x* [y exp(%) /exp(y ) dy] #% Integration by parts

tep(3) ey en(3) —xen($)] =y en(S)

=X~ exp

The general solution is determined using the method of grouping terms

[x exp(y) dy + 2x—y) exp(%) dx]

+ Qxy—y?) exp(%) dx] =0,

e
0x

+ [(xz—i—xy) exp(%) dy

Jay xyexp( )

which gives

x*(1+ ) exp(%) =C. /25 General solution
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2.3.3 Method of Inspection

Useful Formulas

1. d(xy) = ydx + xdy,
) d(%) _ —ydxx;l—xdy, d(%) _ ydxy—zxdy,
3. d(tan~'2) = %ﬁ;dy, d(tan_1%> = %
4 d[FIn(+yY)] = —xi’;j:;’zdy

xdx + yd
5. d(,/x2 j:yZ) = Wyyzy

By rearrangement of terms, multiplication or division of suitable functions, an
integrating factor may be determined using these formulas.

Example 2.21

Solve (3x* +y)dx + (2x2y —x)dy =0.

The differential equation can be rearranged as
x*(3x*dx 4+ 2ydy) + (ydx — xdy) = 0.
Dividing the equation by x? yields

—ydx +xdy
3x%dx +2ydy — —=0

Hence y
3 2y _q(2) =
4 +d0%) —d(£) =0,
and the general solution is given by

3 2 )
— = =C.
x +y .

Using the normal procedure as introduced in Section 2.3.2, it is easy
to determine that wu(x) = 1/x% is an integrating factor.
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Example 2.22

Solve (x+x%y+y)dx+ (v + 27 +xy* — x2yr —yHdy = 0.

The differential equation can be rearranged as
[x +y e +yH]dx+ [y +x P4y — y* (P +yH)]dy = 0.

Dividing the equation by (x*+y?) yields

Rearranging the equation leads to

xdx +ydy

P + (ydx + xdy) — y*dy = 0.

Hence
d[% ln(x2+y2)] +d(xy) — %d(f) =0,
and the general solution is given by
%ln(xz—i—yz) +xy— %y3 =C.

Example 2.23

Solve (Zx\/;—i-xz +y2)dx+2y\/;dy =0.

Rearrange the differential equation as
2/x (xdx + ydy) + (x*+y*)dx = 0.

Dividing the equation by /X (x> +y?) leads to

xdx + ydy 1
2 2 —dx =0,
x2+y? +ﬁ *

which gives
2d[ 3 In(+yD) | + devE =0.

Hence, the general solution is

In(x*+y%) + 24X = C.

Example 2.24

Solve Y dx 4 (xy +y* —1)dy = 0.

The differential equation can be rearranged as

y(ydx +xdy) + (y2 —1)dy =0.
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It is easy to see that y=0 is a solution of the differential equation. For y#0,
dividing the equation by y leads to

ydx +xdy + <y— %)dy:O,

which gives
dxey) +d(35%) = d(Iny|) =0.
Hence, the solutions are given by

xy+%y2—ln|y| =C, y=0.

Using the normal procedure as introduced in Section 2.3.2, it is easy
to determine that u(y)=1/y is an integrating factor.

Example 2.25

Solve xydx — (x* + x*y + y*)dy = 0.

Rearrange the differential equation as

x(ydx —xdy) —y(x* +y*)dy = 0.

Divide the equation by x*+y?

ydx —xdy 1 X
—_——— —ydy =0 = xd(t —)—ydy=0.
X212 yey x (an y) ydy

It is easy to see that y=0 is a solution of the differential equation. For y#0,
dividing the equation by y yields

%d(tan_lf) —dy=0.

Since
/ud(tan_lu) =/u-;du= l/;d(l-l—uz) = lln(1+uz)
1+u? 2 ) 1+u? 2 ’
one has
2
ud(tan_lu) = %d[ln(l—i—uz)] = %d(tan_1£> = %d[ln(l—i—%)]
Hence

2 2
%d[ln(l—i—%)]—dyzo - ln(l—i-%)—Zy:C. #¢ General solution
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2.3.4 Integrating Factors by Groups

If 1 (x, y) is an integrating factor of the differential equation

M(x, y)dx + N(x, y)dy = 0, (1)
which implies that
u(x, y) M(x, y)dx + pu(x, y) N(x, y)dy = 0
is an exact differential equation, i.e.,
(e ) M(x, y)dx + pu(x, y)N(x, y)dy = dv(x, y),

then p(x, y)- g[v(x, y)] is also an integrating factor of equation (1), where g(-)
is any differentiable nonzero function.

Using this theorem, the following method of integrating factors by groups can be
derived.

Method of Integrating Factors by Groups

Suppose equation (1) can be separated into two groups

[M, (x, y)dx + N, (x, y) dy] + [M,(x, ) dx + Ny (x, y)dy] = 0. (2)

First group Second group

If the first and second groups have integrating factors u,(x, y) and pu,(x, y),
respectively, such that

uyMydx + pyNydy = dvy,

then from the theorem, for any differentiable functions g, and g,,
@ (x, ) - g [v,(x, y)] is the integrating factor of the first group, and
@ 1y (x, ) - &[v,(%, )] is the integrating factor of the second group.

If one can choose g, and g, suitably such that

1) &[] = m@x ) HnE ] = wxy),

then 1 (x, y) is an integrating factor of equation (1).
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Example 2.26

Solve  (4xy+3yHdx + 2x*+5xy>)dy =0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x, y) = 4xy +3y*,  N(x, y) =2x* +5x)°.
Test for exactness:
oM 4x +12y° N 4x +15y°
—— 4 X , — 4 X .
dy 4 x 4

It can be seen that there does not exist an integrating factor that is a function of x
only or y only.

Separate the differential equation into two groups as

(4xydx +2x*dy) + By*dx +5xy°dy) = 0.

First group Second group

w For the first group: M, = 4xy, N; = 2x?,

oM, oN1
— 4x, —_—= 4x:
dy 0x

hence, the first group is exact or an integrating factor is p, = 1.

It is easy to find that

4xy dx + dy — 2d(xYy) = (6 y) =x%y.

N,

dx 2x2y 3y

w For the second group: M, = 3y*, N, = 5xy°,

N,

oM
2 _ 127, 258
dy ax
1 /oM oN. 1 7
_( 2 _ 2) — (12y3 — 5y3) = —, /2% A function of x only
N, \ 9y dx 5xy3 5x

s = o] [ (28 20 (] [ 0

= exp(% In|x|) = x5,
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Multiplying j,(x) to the second group yields

12 12
3x§y4 dx + SX%)}3 dy = %d(x'?y4) — 1%, ) =xTyh,

To find an integrating factor for the original differential equation, one needs to find
functions g, and g, such that

7 12
pig1(v) = 1y () = 1-gi(x%) = x5 g(xTy).
Letting g,(v;) =v{ and g,(v,) = vf leads to

(x2p)® = X3 (x-lgzyél)ﬂ K2y = xﬁéﬂyw,
128 +7 o=1,

2a =
1
a=4p =17
Hence, an integrating factor is given by
pixy) =p-gi(v) = 1. =22

Multiplying 1 =x?y to the original differential equation leads to

(4x’y* dx  + [2x%y|dy) + (3x%” dx 5x°y*|dy) =0.
f& xy? /% fdx\ 35 /_'

The general solution is then obtained as

x4)/2 _|_x3y5 = C

Example 2.27

Solve (5xy —3y°)dx + B3x* — 7xy*)dy = 0.

The differential equation is of the standard form M dx+ N dy =0, where
M(x, y) = 5xy — 35>, N(x,y) =3x> — 7xy°.

Test for exactness:

oM oN 2
_Sx—9y, —_—=06x—-7)"
By 0x
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oM 9N 5 5 5
—_— — = (5x—9 —(6x—17 = —x — 29°.
5y ox (5x—=9y") — (6x —7y") x—2y

It can be seen that there does not exist an integrating factor that is a function of x

only or y only.

Separate the differential equation into two groups as

(5xydx + 3x*dy) + (=3y°>dx — 7xy*dy) = 0.

First group Second group

w For the first group: M; = 5xy, N; = 3x%,

M, oN,
— , — 6x,

ay 0x

1 /oM ON. 1

F<Wl — 8_xl) 3x2 —(5x — 6x) = ey 2% A function of x only

Wy (x) = exp /N %_%)dx] =exp(—%/%dx)

= exp(— 3 ln‘x‘) —x %,

Multiplying i, (x) to the first group yields

5 5
Sxéy dx +  |3x3 dy = 3d(x5y) = v,(x,y) = x3y.

w For the second group: M, = —3y°, N, = —7xy?,

oM, aN.
= —9y2, — = —7)/2,
8y x
IM JdN. 1 2
_( 8)/2 — 8x2) = 7y 2(—9);2 + 7y2) === 27 A function of x only

M, (x) = exp /N 8& — %)dx] = exp(%/%dx)

= exp(7 In|x|) = x7.
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Multiplying j,(x) to the second group yields

9 9
a0 |yl = -5 = ey =2
Ny
dx %xgy?) @

To find an integrating factor for the original differential equation, one needs to find
functions g, and g, such that
1 5 2 9
P &) = iy g (v) == x73-g(x3y) =x7- g (x7y).
Letting g, (v;) =v{ and g,(v,) = vf leads to
x_% (x%y)a — x% (x;yS)ﬂ E— x%ya — x2é7+_2)/3'3)
5a—1  9p+2

3 7 -

a=3p B

o

b

Hence, an integrating factor is given by
1 5 1 1 1
w(x, y) = py g (v)) =x"3-(x3y)7 = x3y3.

Multiplying u = x? y% to the original differential equation leads to

(Sx%y% dx + 3x§y% dy) + (—3x%y% dx + —7x%y§ dy)
\ /84 \ /
fdx 2x§y§ 3y fdx —Zx%yi dy

=0.
The general solution is then obtained as
5 3 3 7 3 3 )
2x2y7 = 2x2y? =C == x2yZ(x—y°) =C.

In the following two examples, the techniques used in the method of
inspection can be combined with the method of integrating factors by groups to
result in an efficient way of finding an integrating factor.

Example 2.28

Solve (ydx —xdy) + {/xydy =0, x>0, y>0.
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Dividing the equation by x? leads to

dx — xd
e iy =o, )
Z _%% = /
d<x>+x yidy =0. (1)

First group  Second group

Obviously, the first group has an integrating factor 1, =1 and the correspond-
ing v, =y/x. The second group has an integrating factor 1, =x} y_% and the
corresponding v, =y.

To find an integrating factor for the original differential equation, one needs to
find functions g; and g, such that

y 31
p1-81(v) = iy (V) == 1'81(;) =x3y - & ().
Letting g, (v;) =v{ and gz(v2)=v§ leads to
x

o= —3
{ 2’
B =-—1.

— =

:3_

o

) SN [89

Hence, an integrating factor is given by

3 3
wx, y) = puq-g(vy) =x2y 2.

Multiplying p© = x? )F% to equation (1) leads to

(x 3y tdx  + —xty~tldy) + yldy=o.
/ fdyl
9
Jdx Zx%y_% Iy Iny

The general solution is then obtained as

2 [Z+lny=c
—_ ny=_C.
y
Example 2.29

Solve (xye% +y*)dx — x? e7 dy=0, y#0.
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Rearrange the equation as
xe7 (ydx —xdy) +y*dx = 0.

Dividing the equation by x y* leads to

x ydx —xd 2 X
FLEAD L Py — Fa(E)+ Lac=o,
Y x Y
X )/2
d(e¥) + =dx=0. (1)
[— i,.z
First group  Second group

Obviously, the first group has an integrating factor 11, =1 and the corresponding

vy = e7 . The second group has an integrating factor p, = % and the correspond-
ing v, =x.

To find an integrating factor for the original differential equation, one needs to
find functions g, and g, such that

X x
K-8 (V) =ty §(v) =— 1‘31(”) = F'gz(x)-

To remove the exponential function on the left-hand side, one must take g, asalog-
1

arithmic function. Because of — on theright-handside, letting g, (v,) = [In|v, |]2

and g,(v,) =v, leadsto

2

T

Multiplying = x_2 to equation (1) leads to
Y

(§>2d(e%) +xdx = 0.

Since

/(%Yd(e%) = /zzd(ez), z= %

=z — / e“-2zdz 2% Integrating by parts

=z%e" — 2/zd(ez) =z%ef — 2(zez — /ezdz)

=e (2> —2z42) = e [(%)2 — 2(%) +2],
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one has 5

() -2(3) +2)} +a(5) =0
The general solution is then obtained as

F[E)N-25) ) 50

2.4 Linear First-Order Equations

2.4.1 Linear First-Order Equations

Linear first-order equations occur in many engineering applications and are of the
form d
)
— + P(x)-y = Q(x). 1
3 T P®)y=Q®) (1)
The equation is first-order because the highest order of derivative present is first

d d
d—i/, and it is linear because y and d—z appear linearly.

Sometimes, the roles of x and y may be exchanged to result in a linear first-order

equation of the form
dx

gy +P(y)-x = Q)

in which x is treated as a function of y, and x and d_x appear linearly.
Y

Equation (1) can be written in the form Mdx + Ndy = 0:

[P(x)y — Q(x)]dx 4+ dy =0, (2)
in which M(x, y) =P(x)y —Q(x), N(x, y) =1. Test for exactness:
oM N ) . . .
— =P(x), =— =0 == Differential equation (2) is not exact.
dy 0x
However, since
1 ,0M ON
)
N\ oy 0x

is a function of x only, there exists an integrating factor that is a function of x only

wx) = exp[/ %(38—];[ - E;—]Z) dx] = efP(x)dx‘

Multiplying equation (2) by the integrating factor u(x) yields

given by

[Px)y — Qx)] efp(x)dx dx + efp(x)dx dy =o0.
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The general solution can be determined using the method of grouping terms

[efP(x)dx dy + P(x)yefP(x)dx dx] + _Q(x)efP(x)dx dx =0,
fdxl
_/Q(x)efP(x)dxdx

[y yefP(x)dx %

which results in

yef Peodx _ f Q(x) ef Podx g, — . 25 General solution

The above results can be summarized as follows.

Linear First-Order Equations

1. %+P(x)-y=Q(x) — y:e_fp(x)dx[/Q(x)efp(x)dxdx+C].

dx

dy

Example 2.30

Solve y' =1+ 3ytanx.

FP()x= Q) = x=e POV / Q" Py 1 c]

The differential equation can be written as
y' —3tanx-y =1, #% Linear first-order

which is of the form y’+P(x) -y = Q(x), P(x) = —3 tanx, Q(x) = 1. The follow-
ing quantities can be evaluated

>

/P(x)dx = —3/tanxdx = 31n|cosx

—[P(x)dx 1
e = —
cos3x

/Q(x)efp(x)dxdx = fl-cos3xdx = / cos?x - cosxdx

P(x)d
ef (x)dx — e3ln\cosx\ — cos3x,

= /( 1—sin?x )d(sinx) = sinx — % sin’x.
The general solution of the differential equation is

y= e_fp(x)dx[ fQ(x) efp(x)dxdx + C] =

. l .3
cos3x(smx_ 3 sin x+C).
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Example 2.31

Solve ydx — (e +2xy —2x)dy = 0.

It is easy to see that y =0 is a solution of the differential equation. For y 0, the
differential equation can be written as

% + 20-y) X = i, 2% Linear first-order
dy y y
which is of the form
& ppyx=ay, P =212 =
dy y

The following quantities can be evaluated

1
P(y)d :2/ — —1)dy =2(In|y| — y) =In|y?e 2’|,
fyy (y )dy =2(Iny| ) = In|y2e=?|
e2y
7:
Jeody s [ 2 oy Yy — -y
Q(ye dy = T e dy= [ ye?dy=—[ yd(e™?)

= — < ye” — / e dy) # Integration by parts

efp()’)d)/ _ eln|y2e*2}’| _ y2e—2y, e—fP(y)dy _

=—(ye?+e)=—e?(y+1).

The general solution of the differential equation is

_ 2y
x=e fP(y)dy[fQ(y)efP(”dydy+C] = ;—2[—e‘y(y+ 1) +CJ,

xy* =—e’(y+1)+Ce®”’. 2% General solution

Note that the solution y =0 is included in the general solution with C=1.

Example 2.32

dy 1
dx  xcosy+sin2y’

Solve cosy #0.

The differential equation can be written as
X . .
S, ~ Cosy-x =sin 2y, #2% Linear first-order
Y
which is of the form

dx

3 +P(y)-x=Q(), P(y) = —cosy, Q(y) =sin2y.
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The following quantities can be evaluated

/P()/)d)’ = _/Cos)’d)’ = —siny, /Py _ e sy, Py _ e,

/Q(}’)efp()’)d)’dy = fsinzye_Sinydy — Zfsiny COSy-e_Siny dy
=-2 / siny d(e” ") /2% Integration by parts

= -2 [ siny-e” siny _ /e_ siny d(siny)] = —2¢ Sy (siny+1).
The general solution of the differential equation is
.o e—fp(wdy[/Q(y) eJP g, ¢ c] — 26 (siny +1) + C],

i.e.,
x= —2(siny+1)+C esiny, /25 General solution

2.4.2 Bernoulli Differential Equations
A differential equation of the form

d
d_y + P(x)-y = Q(x)-y", n = Constant, (1)
x

is called a Bernoulli differential equation. Except when n=0 or 1, the equation is
nonlinear.

@ When n=0, the equation reduces to a linear first-order equation

Y by =Qw
Ix x)-y = Q(x).

@ When n=1, the equation can be written as

d
d_y =[Q(x) = P(x)]y. 2% Variable separable
x

w In the following, the case when n#0, 1 is considered.

For n<0, y#0. When n>0, y=0 is a solution of the differential equation. For
y #0, dividing both sides of equation (1) by y" yields

dy
—n
) dx

+ P(x)- y' " = Q(x).

Letting u= y!™", when it is defined, one has

du dy a4y 1 du

_— (] — g > == )
dx (1=m)y dx dx 1—n dx
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and the equation becomes

1 du PG u =
T + P(x)u = Q(x),
or
du
= +(A-n)Px)-u= (1-n)Q(x), n#1. (2)
P(x) Q(x)

Hence, a Bernoulli differential equation is transformed to a linear first-order equa-
tion (2) in the new variable u.

It is important to consider exchanging the roles of x and y so that
a differential equation can be cast into a linear first-order equation or a Bernoulli

differential equation.

Bernoulli Differential Equations

dy _ .
L. I +Px)-y=Qx)y

u=y"" = % + (1—n)P(x)-u= (1—n)Q(x), 2% Linear first-order
dx — —— M—_\,——/

P(x) Q(x)

dx

2.
dy

+P(y)-x = Q(y)-x"

u=x"" — ﬂ +(1—n)P(y)-u=(1—-n)Q(y), 2% Linear first-order
P(y) Q(y)

Example 2.33

Solve 2xyy’ = y* —2x°,  y(1) =2.

The differential equation can be written as

1 1
y/__.y: —x2. =, 2% Bernoulli DEwith n= —1
2x y

Multiplying both sides of the equation by y yields

/_1 2 .2
Yy 2x)’— X
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d d
Letting u=y*> — du =2 yd—y, the equation becomes
x x

1 du 1 ) du 1 )
_—— e — Y = — X —> m—— .y = —2X°.
dx x

The equation is linear first-order of the form
d - - - 1
= P(x)-u = Q(x), P(x) = ——, Qx) = —2x%
dx x

The following quantities can be evaluated

- 1
fP(x)dx: /——dxz—ln’x
X
2

/Q(x)efp(x)dxdx = /—sz-ldx = —x°.
x

Hence _ _
u= e_fp(x)dx[/Q(x)efp(x)dxdx + C] = x(—x2 + O),

=

ie.,
25 General solution

y2 = x(—x2 + C).
The constant C can be determined from the initial condition y(1)=2

22=1-(-1’4C) = C=5.

The particular solution is

y2 = x(5—x?). /2% Particular solution

P _ i _ L —fPedx _

b

Example 2.34

Solve 3ydx —x(3x°yIn|y| +1)dy =0, y#0.

The differential equation can be written as

d 1
= ——-x:ln’y’-x4. 27 Bernoulli DE with n=4
dy 3y
Dividing both sides of the equation by x* yields
1 dx 1 1 | | |
— —— . — o — 1)
xtdy 3y x? 4
. du 3 dx )
Letting u=— — = — — —, the equation becomes
3 dy x* dy
1 du 1 | | | du . 1 31 } }
—————— u=Inly] = =—+—-u= -3Inly
dy ~y
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The equation is linear first-order of the form

d o Byyu=0a0) POy ==. Q)= -3y
dy Yy Y) y )/, Yy Y|

The following quantities can be evaluated

- 1 - e 1
/P(y)dy = /7 dy = In|y|, S _ iyl = POy -

by parts
= =3(ml - [~ ) = =3 (Pl - 327).

Hence

u= e_fp(y)dy[/Q(}’)e/p(y)dydy+C] = % [—%yz(Zln‘y‘ —1)+ C].

Replacing u by the original variable results in the general solution

4 C
== —3y(2In|y| — 1) + 7

2.5 Equations Solvable for the Independent or

Dependent Variable
A general first-order differential equation is of the form
F(x,y,y") =0, (1)
or
F(x,y,p)=0, y' =p. (1)

In the following, cases when variable x or y can be solved are considered.

Case 1. Equation Solvable for Variable y

Suppose, from equation (1), variable y can be expressed explicitly as a function of
x and p toyield
y = f(x, p). 2)

Differentiating equation (2) with respect to x gives

dy _3f dfdp dp

_dg g = 3
dx 8x+8pdx P fx+]§’dx ®)
which is a differential equation between x and p. If equation (3) can be solved to

obtain the general solution

¢ (x, p,C) =0, 4)
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then the general solution of equation (1) can be obtained as follows.

@ Eliminate variable p between equations (2) and (4) to obtain the solution in
terms of x and y.

a [If it is difficult to eliminate p between equations (2) and (4), then equations (2)
and (4) can be treated as parametric equations with p being the parameter.

For example, consider the parametric equations
Xx=a-+rcosf, y=>b+rsinb,

where a, b, and r are constants, and 6 is the parameter. Rewrite the equations as

x—a —-b
= cos 0,
r r

= siné.

Using the trigonometric identity cos? 6 + sin® @ = 1, the parameter @ can be elimi-
nated to yield

cos? 0 4 sin’ 0 = (;)2 + (y r_ b>2 =1 =— (x—a)l+ (y—b)2 =r?,

which is the equation of a circle with center at (a, b) and radius r.

Case 2. Equation Solvable for Variable x

Suppose, from equation (1"), variable x can be expressed explicitly as a function of
y and p to yield

x =gy, p)- (5)

Differentiating equation (5) with respect to y gives

dx dg dg dp 1 dp
— T — — — o — — 6
dy 9y * dap dy p Y & dy (©

which is a differential equation between y and p. If equation (6) can be solved to
obtain the general solution

‘/f()’)P,C):O, (7)
then the general solution of equation (1) can be obtained as follows.

@ Eliminate variable p between equations (5) and (7) to obtain the solution in
terms of x and y.

a [f it is difficult to eliminate p between equations (5) and (7), then equations (5)
and (7) can be treated as parametric equations with p being the parameter.
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Example 2.35

Solve x = % + (%)4.

. dy . .
Letting p= P the equation can be written as
X

x=p+p*=f(p),

which is the case of equation solvable for x. Differentiating with respect to y yields

1 df dp 5. dp dx 1
—== ==+, ===,
p dpd Py o770

which can be written as
dy = (p+4p*)dp. 2% Variable separable
Integrating both sides leads to
y= %pz—i-%ps—l-C.
Hence, the general solution is given by the parametric equations
x=p+ p4,
{yz%ﬁ+%f+c,

where p is a parameter.

Example 2.36

dy\2 d
Solve x(d—i}> -2y di —x=0.

. . d
Solution 1. Letting p= d_y’ one has
x

xp* —2yp—x=0. (1)

Since p=0 is not a solution, one has p #0. Variable y can be expressed explicitly
in terms of x and p to yield

1 1
y=3:(p=3)=rep. @
Differentiating equation (2) with respect to x gives

d d
e



64 2 FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

which can be simplified as
+1/xd
Pt (2£-1)=0
p
Since (p?>+1)/p #0, one has
d 1 1
2L -0 — —dp = —dx, /< Variable separable
p dx p x

which can be solved to give

b

1 1
/;dp = / —dx+C = ln|p‘ =ln‘x‘ +ln‘C
x
ln|p‘ = ln‘Cx| = p=~Cx.
Substituting into equation (2) results in the general solution

L (C 1) = 2 Cx? 1
==x(Cx — — =Cx* — —.
y=3 Cx ) C

Solution 2. Since p=+1 is not a solution, one has p # £ 1. From equation (1),
variable x can also be expressed explicitly in terms of y and p to yield
2yp
= o(y, p). 2
7 =804 D) @)
Differentiating equation (2') with respect to y yields

L_ % ogdp_ 2p _, PPl dp

X =

p oy opdy P12 dy
which can be simplified as

p*+1 pP+1 dp 2p 1
———— ) —_— dp = —dy.
2D Y dy PPy

The equation is variable separable and can be solved by integrating both sides

1 , [
/pz—ld(P _1)_/ydy+D’

Set D= ln‘Z C‘ for the purpose of

2_1| =
In|p* 1] = In|2Cy comparing the results of two methods.

b

p*—1=2Cy. (3)
Parameter p can be eliminated between equations (2') and (3). Substituting equa-
tion (3) into (2') yields

2
= 2P
2Cy

Substituting into equation (3) results in the general solution

= p=2Cx.

C’x* —1=2Cy.
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Example 2.37

Solve y=x{%+ 1+<d—y>2}.

d
Letting p= d—y, the differential equation becomes
x

y=x(p+v1+p°) = f(x, p). (1)
Differentiating equation (1) with respect to x yields
of , 9f dp p__\dp
= 1 2 1 _—
x T pax PT TP )3

NEr

which can be simplified as

= p_\dr
I+p _x(lJ“\/sz) ax

1 1
—=dx = ( + 4 ) dp. 2% Variable separable

x /1+ p? 1+ p?

Integrating both sides leads to
P
—dx = + dp +C,
/ * / JI+p2 1+ T+p? ) P
—In|x| =In|p+/1+p?| + 2
1

L Do+ TTP) VTP @
The parameter p can be eliminated between equations (1) and (2). From equation

P+ =2, ()

Substituting into equation (2) yields

27 C= ln|D|

(1), one has

C C\2 1
—=D 1+p2-% = 1+p2=7 or p2:<7) -1 ,@rB:c

Substituting into equation (3) leads to
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which can be further simplified as

x
[%—F(%—%)][%—(%—%)]:l 25 a’— b = (a+b)(a—b)
%(% — %) =1 — %—l— % = % /25 General solution, 2C = C

Example 2.38

Il
e

Solve ¥ (%)2 +3x (%) —y

d
Letting p= d—y, the differential equation can be written as
x

y P +3xp—y=0.

If p=0, one must have y =0, which is a solution of the differential equation.

For p #0, solving for x gives
_ Yo, 2\
x——3Qp—p)—ﬂ%m-
Differentiating equation (1) with respect to y yields
1 dg 0dgdp 1 1 1/, y\dp
—_—=_r 2= _—(2yp— =)= = )=
P 8y+8pdy 3<yp p) 3(y+p2)
Multiplying both sides by —3p and arranging yield
dp
212+ 2 E) =0
oP 12+ )

d
Case 1. 2+l—p=0
p dy

The equation can be written as

1 2
; dp = ——dy. /< Variable separable
y

Integrating both sides yields

/%dpz —Z/yldy+C == In|p| = —2In|y|+In|C| = p=

dy'

(1)

C

Y

R
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Substituting into equation (1) results in the general solution

1 C\2
X= — ¥ (=) —y| = 3Cx—y’+C*=0. 2% General solution
(7))
32
2 2 1
Case2. yp°4+1=0 = p°'=——
J
Substituting into equation (1) results in
1 1 1 2
2_ 1 2.2 N2 2 (22
x—9p2(yp o= x 1[)’( )y],
9x* +4y° =0. £ Singular solution

This solution is not obtainable from the general solution for any value of C and is
therefore a singular solution.

The Clairaut Equation

A first-order differential equation of the form

y=xy"+ f(y",
or
dy
y=xp+ f(p), p==

is called the Clairaut equation. The equation is of the type of equation solvable for
variable y and can be solved using the approach introduced in this section.

Example 2.39
2

, a
Solve y=xy +=.
y

Letting y’ = p, the differential equation becomes

2

a
)’=XP+?=f(x)P)- (1)
Differentiating with respect to x yields
_of [ af dp a’\ dp a’>\dp
_8x+8pdx_p+<x pz)dx <x pz)dx_
dp

Case1l. — =0 — p=C.
dx
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Substituting into equation (1) results in the general solution

2

y=Cx+ %, /25 General solution (2)
which is a family of straight lines with slope C and y-intercept a?/C.
2 2
Case 2. x—a—2=0 = pZ:a—.
J4 X
Substituting into equation (1) gives
py=xp?+ad = py?=(xp?+ad)?

a? a? 2

e (x c— a2> — y* =4a’x. 2% Singular solution

X X

This solution is a parabola, which cannot be obtained from the general solution (2)
for any value of C and is therefore a singular solution.

2.6 Simple Higher-Order Differential Equations

2.6.1 Equations Immediately Integrable

An nth-order differential equation of the form

n

Y _
dx" &)

can be solved easily by integrating n times the function f(x) with respect to x.
The general solution of an nth-order differential equation contains n constants of
integration.

Example 2.40

Solve x*y" =120x + 8x%e** + 1, x#£0.

Dividing both sides of the equation by x? yields

1
" 2x
y =120x+ 8™ + =.

Integrating the equation with respect to x once gives
" 2 2x 1
y =60x"+4e” — =+ C,.
x
Integrating the equation with respect to x again leads to

y' =20x" +2e** —In|x| + C,x + C,. (1)
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Since
/ln|x|dx = x In|x| — /x- %dx = x(In|x| — 1), 2% Integrating by parts
integrating equation (1) with respect to x results in the general solution
y=5x*+e* —x(In|x| — 1) + %Clx2 + Cyx + Cs,

y=Cy+ Cix+ Cyx* 4+ 5x* + 2 —x In|x|. 2% General solution

Example 2.41

X

Solve e ¥y —sinx =2, y(0)=y'(0)=1.

The equation can be written as
y" = e*sinx + 2e". (1)

It can be easily determined
/ e“sinxdx = / sinxd(e’) = e*sinx — / e* cosxdx 2% Integrating by parts
=e"sinx — /cosxd(ex) =e¥sinx — (ex cosx + /ex sinxdx),
— fex sinx dx = %ex(sinx — COs X),
/ex cosxdx = /cosxd(ex) =e*cosx + /ex sin x dx

=e“cosx + %ex(sinx — CcosXx) = %ex(sinx+cosx).

Integrating equation (1) with respect to x yields

/

)}:

o]~

e*(sinx — cosx) +2¢e* + C,.
The constant C; can be determined from the initial condition y’(0) =1:

(U 0 1
1= 3e(sin0—cos0) +2¢"+C;, — C;=—73.

o=

Hence
, 1 x, . x 1
y =3e (sinx — cosx) + 2¢e* — 5

Integrating with respect to x again gives
1T x, 1 x,. x 1
y=s5|3e¢ (smx—cosx)—ie (sinx + cosx) | + 2e —5x+C2

_ _1lx x_ 1
= —5e cosx +2e > X+ C,.
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The constant C, is determined from the initial condition y(0) =1:

—_ 41 o_ 1. __1
1= —=e cos0+2e 5 0+C, — G =-73.
y = —%ex cosx + 2¢e* — %x— % 2% Particular solution

2.6.2 The Dependent Variable Absent

In general, an nth-order differential equation is of the form

f(x;y,y/,y”,...,y(”)) =0.

If the dependent variable y is absent, or more generally, y, y', y”, ..., y(k_l) are
absent, the differential equation is of the form

f(x; y(k)’ y(k+1)) e y(n)) = 0.

Let u=y® be the new dependent variable, the differential equation becomes

flsuu,u, ..., u"R) =0,

which is an (n— k)th-order equation. Hence the order of the differential equation
is reduced from n to (n—k).

It should be emphasized that for the differential equation to be con-

(k=1)

sidered as y absent, all derivatives with order lower than (k—1) must also be

absent.

For example, equation

n

"4y =g
is of the type y absent, whereas equation

n

Yy =g
is of the type y’ absent.

Example 2.42

Solve 2y" = (y')’sin2x, y(0) = y'(0) = 1.

The equation is of the type y absent. Let y'=u, y”"=u. Since y’=u=0 does
not satisfy the initial condition y’(0) =1, one has u # 0. The equation becomes

u 2
2 o u’sin2x = — du = sin 2x dx. /# Variable separable
x u

Integrating both sides yields

2d . d 1 COS 2x
= u= |sin2xdx+C, — = +C,.
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The constant C, can be determined from the initial condition u(0) = y'(0) =1:

Hence
1 1+ cos2x 2 1
——— — —— 08X —> U=+ .
u? 2 Cos X

Since u(0) =1, only the positive sign is taken, which leads to

1 d
—_ Y _ sec x. 25 Immediately integrable
CcoS X dx

Integrating both sides results in
y= /secxdx +C, = ln‘ secx + tanx‘ + C,.

The constant C, can be determined using the initial condition y(0) =1:
1=In|140/+C, = C,=1,

y = In|secx + tanx| 4+ 1. 2% Particular solution

Example 2.43

71

Solve xy" = () -y =o.

The equation is of the type y absent. Denoting y'=u, y” =/, one has

1 1
S u=0 = v ——=u=—-1’. 2% Bernoulli DE
X X

xu —u

Case 1. u=0 = y=C is asolution of the differential equation.
Case 2. u #0. Dividing both sides by u> leads to

1, 11 1
BT X T %
Letting v=—, 2=—£ﬂ = lﬂ:—lﬂ the equation becomes
u?2’ dx ud dx ud dx 2 dx
1 dv 1 1 dv 2
TE% 3 el e

which is linear first-order with
2 2
PR ==, Q) =-=.
x x

The following quantities can be easily determined

2 _ 1
/P(x)dx = /—dx = 21n‘x|, efp(x)dx =2l — 42 o JPex)dx = —
X
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/Q(x)efp(x)dxdx = /—E-xzdx = —x°.

X

Hence, the solution is

- 1
y=—e fP(X)dX[/Q(x)efP(X)dxdx+Cl] :—2(_x2+cl))
X

1 C, —x* dy X . .
= = = U= I = :I:ﬂ. 2T Immediately integrable

Integrating both sides results in the general solution
x
y=:|:‘/.—dx—|-C2=:|:‘/C1—x§—i—C2 = y—C,==£,/C,—x°
VC—x?

Squaring both sides gives

(y—C)*=C —x* = x>+ (y—C)*=C,. £% Generalsolution

2.6.3 The Independent Variable Absent

When the independent variable x does not appear explicitly, an nth-order differ-
ential equation is of the form

f(}/,)’/,y”, e ’y(")) = 0. (1)

Let y be the new independent variable and u= y’ the new dependent variable.
Using the chain rule, it is easy to show that

dy
TR
2
Q = 2 = 22 :uﬂ, 25 Chain rule

d’y d (dzy) d ( du)ﬂ_u<du)2 , d*u

e T gy TGy

d* d dk!
It may be shown that 4 may be expressed in terms of u, —u, R —u, for
dxk dy dyk=1

k < n. Hence, differential equation (1) becomes

du du\2 2d2u
f|:)/; u, u@, M<E> +u d—yz,:| =0,

or
< du d’u d”_lu) 0
s Uy ==y m—— e, ] =),
g y dy dyz dyn—l

in which the order of the differential equation is reduced by 1.
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Example 2.44

Solve 3yy'y" — () +1=0.

The equation is of the type x absent. Let y be the new independent variable and
u=y’ the new dependent variable, y”" =udu/dy.

Case 1. >’=1 = u=1 = y=x, which is a solution of the equation.
Case 2. For u # 1, the equation becomes

3u?
ul —1

d 1
Sy-u-ud—u — ¥ +1=0 — du = —dy. /2% Variable separable
) J

Integrating both sides yields

b

1 1
/u3_1d(u3—1):/‘7dy—l—c1 —— ln‘us—l‘:ln’y’—}—lnwl

d
u3—1=C1y - d—i:u:(Cly—i—l)%.

Since y = constant is not a solution, one has (C, y+1) #0; hence
(Ciy+ 1)_’1" dy = dx. /2% Variable separable

Integrating both sides results in the general solution

1 1 3
C—/(c1y+1)—%d(cly+1)=x+c2 — C—-E(C1y+1)%:x+C2,
1 1

3(C1y—|—l)% —2Cx=0C,. 2T General solution

Example 2.45

Solve yy" = () (1 —y'siny —yy' cosy).

The equation is of the type x absent. Let y be the new independent variable and
u=y’ the new dependent variable, y” =u du/dy. The equation becomes

X201 - usi )
Y ——=U —usmy — yucos .
Y dy y=y Yy

Casel. u=0 = y'=0 = y=_C.
du .

Case 2. yd—=u(1—u51ny—yucosy).
o

The differential equation can be written as

i ‘U= —w Ul 27 Bernoulli DE
dy y y
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Dividing both sides by u? yields
1 du 1 1 siny 4+ y cosy

urdy y u y
. 1 dv 1 du .
Lettlng V= Z, d_y — E dy , one obtains
d 1
id + -y = w. 2T Linear first-order

dy Ty y
——
P(y) Q(y)

The following quantities can be easily determined

! _ 1
/P(y)dy: /7dy=1n\y\, /Py _ inly| =y, e fronay _ L

/Q(y)efP()’)d)’dy:fw dy f(SIHy +ycos)/)dy
Y

=

= —cosy +/yd(siny) = —cosy+ ysiny —/sinydy = ysiny.
Hence, the solution is

_ 1 C
e fP(y)dy[/Q(y)efP(y)dydy + Cl] = 7(ySiny—i- C,) =siny + 71,

C
V=m==— =siny 4 —. 27 Immediately integrable
J
Integrating both sides yields
x:/(smy+ )dy+C2 - x——cosy—%—Clln’y’ + G,.
J

Therefore, the solutionsare y = C, x = —cosy + C, ln|y| +C,.

2.7 Summary

In this chapter, various types of first-order and simple higher-order ordinary dif-
ferential equations and the associated methods are introduced. The key in solving
such equations depends on identifying the type of the equations. Sometimes, an
equation can be classified as more than one type and solved using more than one
method.

When one is given a differential equation, the following steps may be followed to
identify and solve the equation.

I When dividing a differential equation by a function, care must be taken to
ensure that the function is not zero. The case when the function is zero should be

considered separately to determine if it will give extra solutions.
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First-Order Ordinary Differential Equation
1. Method of Separation of Variables
If the differential equation can be written as
dy
T =@l or fimg(Ndx+ (g () dy =0,

then the equation is variable separable. Moving all terms involving variable x to
one side and all terms involving variable y to the other side of the equation gives

1 &) fi(x)
—dy = f(x)d 827 4y = — L dx.
gy y=fdsor &) ) *

Integrating both sides of the equation yields the general solution

1 %) £,
—dy = d C =2 _dy=-— dx + C.
fg(,v) 4 /f(x) b /gl(y) 4 AT

This solution is valid for g(y) #0 or g;(y) #0. Check if g(y) =0 or g;(y)=0is
a solution of the differential equation. If it is a solution and is not included in the
general solution, then it is a singular solution.

2. Homogeneous Equations

d
If the differential equation can be written in the form d—y =f (Z), then it is a
x x

homogeneous equation. Applying the transformation

J — — dy v+xdv
— ) = XV — —
x 4 dx d

the differential equation becomes variable separable —> x d_v = f(v) —v.
X

3. Linear First-Order Equations and Bernoulli Equations

Rewrite the differential equation in the form

dy . dx o
a—kP(x)-y_f(x,y) or E—FP()/) x = f(x,y).

Depending on the right-hand side, the equation may be linear first-order

Farwy=aw — y=e P08 [omel e c)

dx

5, PO E=Qp) = x= OV [ape Va4 ]
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or Bernoulli equations, for n#0, 1, which can be converted to linear first-order
equations using a change of variable,

1—-n

dy ., u=y du

—x+P(x) Yy =Qx) -y =—— a+(1—n)P(x)-u= (1-m)Q(x),
P(x) Q(x)

X P(y)x= o= M g u=a

EJF () -x=Q(y)-x 5+( —_n) ) -u=( —_n)Q(y)-
P(y) Q(y)

4. Exact Differential Equations and Integrating Factors

Consider the differential equation M(x, y)dx + N(x, y)dy = 0.
. . . d N
Exact Differential Equations: If Fyniairye then the equation is exact.
'y x

The method of grouping terms can be applied to find the general solution

Grouping terms
Mdx+Ndy=0 du(x,y) =0 = u(x,y) =C.
) oM . .
Integrating Factors: If e #* <o an integrating factor 1 (x, y) may be deter-
'y x

mined so that uMdx + uNdy = 0 is exact.

a If %(88—];1 - 88—1:) =g(x) = ukx) = exp{ /g(x)dx}.
o If A—Z(%—f - 2—1;4) =80 = pO) = eXP{ /g(,v)dy}-

- Method of Inspection—By rearranging terms, multiplying or dividing suit-
able functions, an integrating factor may be found

1. d(xy) = ydx+ xdy,

y\ _ —ydx+xdy x\  ydx—xdy
2 )= G
1Y\ —ydx+xdy _1x\ _ ydx—xdy
3. d(tan ;) = x2—+yz, d(tan 7) = 3(2__{_);2
1 xdx + ydy
4, d[i ln(x2 —{—yz)] = W,
5. d( /x2 iyZ) = M

NCESE
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« Integrating Factors by Groups—Separate the equation into two groups
[M,(x, y)dx 4+ N, (x, y)dy] + [M,(x, y)dx 4+ N, (x, y)dy] = 0.

Suppose p,(x, y) and u,(x, y) are the integrating factors for the first and
second groups, respectively, and

pyMydx + puyNydy = dvy, HaMydx + 1y Nydy = dv,.
If functions g; and g, can be found such that

1106 ) - &1 [viGe 0] = 1y 1) [ (6 )] = 1ix, ),
then w(x, y) is an integrating factor.
5. Equation Solvable for the Independent or Dependent Variable

:a Equation Solvable for Variable y: y = f(x,p), p=y’

Differentiate with respect to x

_df dfdp _
p_8x+8pdx — ¢>pO=0.

General solution (parametric): y= f(x, p), ¢ (x, p,C) =0, p=parameter.
- Equation Solvable for Variable x: x = g(y,p), p=y’
Differentiate with respect to y
p 9y dpdy
General solution (parametric): x=g(y, p), ¥(y, p,C) =0, p=parameter.

1 9 d¢g d
——g+—g—p ¥ (y, p,C) = 0.

6. Method of Special Transformations

There are no systematic procedures and rules to follow in applying the method
of special transformations. The key is to uncover the “special” term in a given
equation and determine a transformation accordingly.

Simple Higher-Order Differential Equation

1. Equations Immediately Integrable

d"y Integrate n times w.r.t. x .
T = flx > General solution.
X

2. The Dependent Variable Absent

(k=1

f(x; y(k), y(kJrl)’ o y(”)) =0 — y’y/’y//’ N 4 absent.
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Let u=y® — f(x;u, o, v, ..., u"P) = 0. The order of the equation is
reduced by k.

3. The Independent Variable Absent
f(y,y/,..., y(")) =0 == x absent.

Let y be the new independent variable and u =y’ the new dependent variable,

d d? d &3 du\2 d?
>, 2o, _yzu(_”) g
dx dx? dy dx? dy dy?

The order of the differential equation is reduced by 1.

Problems

Solve the following differential equations, if not stated otherwise.
Variable Separable

1
2.1 cos’ydx+(1+e ¥)sinydy =0 €W In(e*+1)= ———+C; cos y=0
cos y

dy e ) 1 2
22 == Iny—5)=e"(x*-1)+C
dx ylny @y(ny 2) ¢ '
23 xcos’ydx+e‘tanydy=0 € e (x+1) = Teosly + C;5 cos y=0
24 x(¥+Ddx+Qy+De*dy=0
® (x—1e* +In(y*+1) +tan"ly =C
1
2.5 xy3dx+ex2dy=0 (AN e_x2+7=C; y=0
2.6 xcos’ydx+tanydy=0 @ x*+tan’y=C
1 1
27 xy’dx+(y+De*dy=0 B =)~ =~ == =G y=0
y Yy

Homogeneous and Special Transformations

2.8 dy—i—£—|—2=0 ®ln|x+y|+L=C;y=—x
C
x

dx y x+y

29 xdy—ydx=xcot (%) dx €W cos <%> =

2.10 [xcosz(%> —y]dx—l—xdy:O CAns] ln|x|—|—tany =G COS%ZO

X

211 xdy=y(1+Iny—Inx)dx @B y=xe~
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2 2 _ 2 2 2\
212 xydx+(x*+yHdy=0 €®» y’Cx*+y)=C

[1+exp(—i)]dy+<l—y>dx=0 @xexp(%)—i—y:C

2.1 -
x

W

214 (P —xy+y)di—xydy=0 €O (y-ne*=C
215 (B3+2x+4y)y' =1+x+2y
€D 8y—4x+In|dx+8y+5/=C; 4x+8y+5=0

2x+y—1 1 y+1
216 y =—"-<= V2 tan l——— =In[(y+ )2+ 2(x = 1)?]+-C
Vet T Froon oD 217

217 (y+2)dx=Qx+y—4dy € (y+2°=Cx+y—1); y=1—x
. 11
2.18 y/ = 31n2(x—y) @ x=tan(x—y)+C; x—y=5:|:kn, k=0,1,2,...

d
2.19 d—i=(x+1)2+(4y+1)2+8xy+1 €D %(x+4y+1)=tan(6x+C)

Exact Differential Equations

220 (3x%+ 6xy2) dx + (6x2y +4y3) dy=0 @ x>+ 3x2y2 +y4 =C
221 (2x° —xy* =2y +3)dx — (x*y +2x)dy =0

CAng] x4—x2y2—4xy+6x=C

222 (xy*+x—2y+3)dx+x*ydy=2(x+y)dy

@ x2y2+x2+6x—4xy—2y2=C

223 3y(x* —1dx+ (x> +8y—3x)dy=0, when x=0, y=1

@ x3y—3xy+4y2:4

2.24 (x2+lny)dx+§dy=0 ® %x3+xlny=C

225 2xBx+y—ye )dx+ 243y +e*)dy=0
€D 25+ +ye ™ 4y =C
2.26 (3 +y+2y*sin’x)dx + (x +2xy — ysin2x)dy =0
€D 3x+xy+xy* — %yzsin2x= C
227 Qxy+yHdx+ @ +2xy+yHdy=0 B x2y+xy2+%y3=C
Integrating Factors

.2
iy _ -

228 (x* —sin’y)dx +xsin2ydy=0 € x+
x
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2.29

2.30

2.31

2.32

2.33

2.34
2.35

2.36

2.37

2.38

2.39

2.40

2 FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS

y2x—y+2)dx+2(x—y)dy=0 €W ye*Qx—y)=C
(Axy+3y* —x)dx+x(x+2y)dy =0 €W 4x'y +4x°y* —x*=C

ydx+x(*+lnx)dy=0 € 3ylnx+)°=C
3
(x* +2x+y)dx+ Bx*y —x)dy =0 ®x+21n|x|—1+5y2=c
x

yrdx+ (xy+y'—Ddy=0 € xy+3y'—Inly|=C
33+ dx+x(x*+3y° +6y)dy =0 € xe’x*+3y")=C
2y(x—|—y+2)dx+(y2—x2—4x—l)dy:0

CAng] X +4x+2xy+y P +1=Cy

Q+y*+2x)dx+2ydy=0 € &2x+y>)=C

Qxy* —pdx+ (P +x+ydy=0 B x2—§+y+ln\y\=c

yax+y)de+x+2y—Ddy=0 €W &xy+y'—y=C

2x(x*—siny+1)dx + (x*+1) cosydy=0 €GB ln(x2+1)-i-—szlr_li_y1 =
x

Consider a homogeneous differential equation of the form

M(u)dx +N(u)dy =0, uzl.
X

1
If Mx+Ny=0,i.e., M(u)+N(u)u=0, show that Y is an integrating factor.
X

Method of Inspection

241

2.42

2.43

2.44

245

2.46

2.47

2.48

P +y+yHde—xdy=0 @x—tan_lézc

(x =) dx+ (y = /2y dy =0 € VT —x—y=C
IVIH 2 dx + (x/TH2 —y)dy =0 €O xy -1+’ =C
ydx—(xy+x)dy=0 € %(%)z—k)/:C
ydx—xdy—2x3tan%dx=0 (AN sin% =Ce™

Qe +y)dx+ Py —x)dy=0 €I x2y+ln‘%‘ =C

y*dx+ [xy +tan(xy)|dy =0 €I ysin(xy) =C

1
Qx*y* —ydx+@x’y’ —xdy=0 €W 2xy* + i C
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Integrating Factors by Groups

2.49

2.50

2.51

2.52

2.53

&y +yde+ @y —xdy=0 € %x2y2+ln‘§‘ =C
Y+ Dde+x(P—x+Ddy=0 € é—%—tan_lyzc
ydx+ (e —pdy=0 € —ye*+In|y|=C

Py —2y)dx+ Py —x)dy=0 €W ln‘xy|+%=€

ey +y)dx— (250 dy =0 € 4x i xSy i=cC

Linear First-Order Equations

2.54

2.55

2.56

2.57

2.58

2.59

2.60

2.61

2.62

2.63

2.64

2.65

(1+ycosx)dx —sinxdy=0 €W y= —cosx + Csinx
(sin’y +xcoty)y’ =1 €Y x =siny(C—cosy)

dx— (y—2xy)dy =0 €I 2x =1+ Cexp(—y?)

dx— (1+2xtany)dy =0 €I 2xcos’y =y +sinycosy + C

F(e3)=1 @ =drio
dx+(x—yHdy=0 €W x=)y"—2y+2+Ce”?
Yrdx+(xy+y*—1)dy=0 ®y2+2xy—21n‘y‘=C

ydx = (e’ +2xy—2x)dy €W y*x=Ce?” — (y+1)e’
2x+3)y =y +Cx+3)% y(~1)=0 € 2y=+2x+3 In|2x+3|

ydx+ (y*e’ —x)dy=0 € x=Cy—ye’
1
cos3x

1
y ' =1+3ytanx @B y= (sinx—gsin3x+C)

(1 + cosx)y’ = sinx(sinx + sin x cos x — y)

@ y=(1+cosx)(x —sinx + C)

2.66

2.67

2.68

2.69

)’/=(Sin2x—y)cosx @ y:sinzx_zsinx+2+ce—sinx

xy' —ny —x""?e* =0, n=constant € y=x"[e"(x—1)+C]

d
(l—i—x)d—i:—yzx(1+x)2 @y:(l—i—x}(%xz—i—C)

1 oyt 2y y?
1 (] 2 — e (A L
4y dx+[x—y(1+)?]dy=0 € x 1+y<4+3+2+c)
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2.70  Consider the first-order differential equation
dy
i a(x) F(y) + B(x) G(y)

G'(»)F(y) — F'
WEY) — 6IF ) = a = constant, then the transformation u = i82)
F(y) E(y)

reduces the differential equation to a first-order linear differential equation. Show

If

that the general solution of the differential equation is given by

1(3;(()/)) = exp fﬂ(x)dx { /oe(x) exp[—a/ﬁ(x)dx]dx—l— C}.

2.71 The Riccati equation is given by y’ = a(x) y*> + B(x)y + y (x).
1. If one solution of this equation, say y, (x), is known, then the general solution

. . 1 .
can be found by using the transformation y = y; + =, where u is a new
u

dependent variable. Show that u is given by
"y efP(x)dxdx[/ Q) e/ P@dxdx g c],

where P(x) =2a(x)y,(x)+B(x) and Q(x) = —a(x).
2. For the differential equation y’ + y* = 1 + x?, first guess a solution y, (x)
and then use the result of Part 1 to find the general solution y(x).

2
@ y=x+

—X

/ xdx—l—C

Bernoulli Differential Equations

1 3 C
272 3xy —3xy*lnx—y=0 B —3=—Zx(21nx—1)+—; y=0
y x

dy 4x%y? 4 1
273 =—= =——4+Cy; y=0
dx x%y+2 AR y+ s
1 1
274 y(6y* —x—1)dx+2xdy=0 @—2:—(6+Ce_x); y=0
y X
275 1+x) (' +y)—y=0 @i:—< +x +c) y=0
Yy 1+x

276 xyy' +y*—sinx =0 € x*y* = —2xcosx + 2sinx + C

277 2x—yHdx+xy’dy=0 € y* =8x" + Cx*
1

278 y' —ytanx+y*cosx =0 @ — =cosx(x+C); y=0
y

279 6%dx—x(2x°+y)dy=0 € (y—2x)>=Cyx% y=0
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Equation Solvable for the Independent or Dependent Variable

2.80

2.81

2.82

2.83

2.84

2.85

2.86

2.87

2.88

2.89

2.90

291

2.92

1
xyP—yyP41=0 € y=Cxt = 4y =272

y=xy'+y° € y=Cx+C% 4x’ +27y* =0

2p 2

2 = — — 2

x(?-1=2y ® = y_p2_1—1n|p —1|+C

xy'(y'+2)=y €®»y=-x y==+2C/x+C?

x=y'"V/y*+1 €®» x=p/p*+1, 3y=/p*+12p*-1H+C
Py—xy)=1 €W y= Cx+2C2, 8y° =27x

y=2xy +y"” € Y =2Cx+C% 32 +27y" =0, y =0
3 2 3 2 p*

/. /

Y +yi=xyy" € PPy =xyp, 2—y2—P=C; y=0

; y>=2Cx—CInC

2xy" —y=y"In(yy")
y=xy' —=x"® €O y=0 xp’=C/|p| -1, y=xp—x°p’
y(y—2xy) =y? €I 27x**=1; y*=2Cx+ C?

, Inp+C
y+xy =4\/7 @ x= np , y=\/;(4—lnp—C); y=0

9

2xy’ —y =Iny’ @x_% ;: y=2(1+%>—lnp

Simple Higher-Order Differential Equations

2.93

2.94

2.95

2.96

2.97

2.98
2.99

y'=2yy" €®y=C 3x+y +Cy=¢,
yy"'=y*-y? €® y=C; Clhly|+y=x+¢C,
"=1-xy" €W y=C (x+2)e*+Cx+C

1
Y=yt @ y==Mll+Ce+Cy y=C
1

yy" +y?=0 €®y=C 3y =Cx+G,
1+y?=2yy" €W 4(C,y—1)=C}(x+C,)?
y”:y/(lny/—lnx)

1
@)’_ CxH( C—>+C2; y==ex’+C

1

83
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2100 3yy'y" —y*+1=0 € 3(Cy+1?-2C,x=Cy; y=x
2101 y'—y?—-1=0 € y= —In|cos(x+C)|+C,

1
2102 Xy —x*y' =3-x* €W y=—+x+Cx*+C,

X

2103 2y” = y”sin2x, y(0) =1, y'(0) =1 €I y=1+In|secx+tanx

dy dy

2104 x5 =2-— €D y=2x+C x|+ C

2105 y' =35, yO=1y0=2 €»y=(x3x+1)*
d’y dy . (1 dy

2106 x—= = —=+xsin <Z3)

o = 2 DY anlox— 240y y= E2yc, k=0, 1, £2
y=\x e an 1x C+2, y—2x+, =0,+1,42,...
1 1

2.107 yy” = y*(1 —y'siny — yy’ cosy)
€D =G x=—cosy+Clln‘y‘+C2

2108 y' +xy'=x €» y=x—i—C1/e_%"2dx—i—C2

2109 xy"—y?—y' =0 € P*+(-C)=Cy y=C

2110 y(1—Iny)y”" +(1+Iny)y* =0

€D» y=C Cx+C)(lny—1)+1=0

Review Problems

2111 xy*(xy’+y) =1 €W 2x°y’ -3x*=C

2112 5y+y?=x(x+y) €W 4y =x%5y= —5x*+5Cx—C*

2 -2
2.113 y/:er + tan 2——=
x+1 x+1

-2 2
@ siny x=C(x+1); &=nn+2, n=0,+1,+2,...
x+1 x+1

2114 Y@ +D+y' =0 €W y=Cx—e™+C,

2115 xy =y—xel* @yz—xln|ln}€x‘|

2116 (1+y*sin2x)dx —2ycos’xdy =0 €I x—y*cos’x = C
2117 2 /xy—y)dx—xdy=0,x>0,y>0 €» xy—x=C
2118 y'+y? =27 €W e’ +C =x+C)°
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2119 y' =77 € y=ex; Cx=In|Cy|

2120 (2x°y* —y)dx+ (x5’ —x)dy=0 € > +)y* + é =C

2121 (y—1—-xy)dx+xdy=0 €W xy+1=Ce"

2.122 xy’—y:xtan% (AN sin%:Cx

2123 y' + % =eV @B V= %xz +C

2124 yy"—yy' =) € n|lny[+C,|=x+C; y=C

2125 2ydx—x[In(x*y) —1]dy=0 €I In(x>y) —Cy =0
1

1 2
2126 y = ———0—s —=1—y*+Ce”
2.127 y/=2(i)2 ®y+2=Cexp[—2tan_l}i2]
) x+y—1 x—3

2128 (" +3y)dx+2xydy=0 €W ' &*—2x+2)+xy*=C

2129 (xy+2x°y)dx+x*dy=0 B xyex2 =C

C 2
2130 x(y)? —2yy +4x=0 € y= Exz + o= +2x

2
C

2131 y”" =2(y"-1)cotx €P y:(Cz-l—l)x?—i-Tzcost—i-Clx-l—Co
1

2132 (y+3xY?)dxe+ (x+2x%7)dy =0 € ——+x°+y*=C; y=0
Xy

2133 xy' =y+./x*—y% x>0,
2.134 2y(xex2+y sin x cos x) dx + (2ex2+3y sinx)dy = 0
® yze"2 +y?sinfx = C
2.135 cosydx+siny(x—sinycosy)dy =0
€D x = cosy(In|secy+tany| —siny + C)
2136 y’dx+(Gx*—2xy)dy=0 € y’ = Ce'/x

y+x y+x y+x C
2137 (' +D)Ind= = A _
DS =1 T Sl

y|<|x| €® sin_I%:InM—i—C;y:ix

2138 2x°yy' +3x%*+7=0 €W 2y +7x=C

Y Y dy— inl —Cc—
2.139 (x—ycos;)dx—l—xcos;dy—o @smx_c ln‘x‘
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2140 x*(xdy—ydx) = (x+y)ydx € ln‘f—i-l‘ = %—I-C

2141 (Y*4xy)dx+ xy’—xHdy=0 € 2xy+(%>2=C; y=0
2.142 (x2+31ny)dx—§dy=0 €D < +Iny=Cx’

2143 xy" =y +x (I 4y =x"(2In|x|+C)) + G,

2144 ydx+ (xy—x—y)dy=0 € x=y(y—1)+Cye”; y=0
2145 y+2y%y = (x+4ylny)y’ €W %+y2—2(lny)2=c

2146 ylnxlnydx+dy=0 @€®» xlnx—x+In|lny|=C

2147 QxJ/x+x2+y)de+2yVxdy=0 € Inx*+y}) +2/x=C

2.148 [2x +ycos(xy)]dx+xcos(xy)dy =0 €I x*+sin(xy) =C

1

2149 yy" -y —y?=0 €®» y=GC Fln y%)—/C
1 1

2150 2y +x=4/7 € 2/7-0h|CQ/T-x)|=x 2/=x

2151 2y° -3y +x=y €W y=x-1; 4(x+C)° =27(y+C)*

2152 y —6xe* 7V —1=0 € e’ F=3x"+C
2153 (14+y°)y" +y”+y' =0
® Cy-1+CHhljy—Cl=x+Cy y=C

sin 2x
4

2.154 (ysinx + cos’x)dx —cosxdy =0 €W —ycosx—i—%—i— =C

2155 y(6y* —x—1)dx+2xdy=0 €I %=6+Ce_x; y=0
Y
2156 y'(x—Iny)=1 €W x=lnp+p ', y=p—Inp+C
2157 (1+ cosx)y’ + sinx (sinx 4 sinxcosx — y) =0
® %x—%sin2x+%sin3x+ycosx+yzc
1 2
2.158 xdx+sin2<%) (ydx —xdy) =0 €W Zy—x—zsin%zln|x|+C

2159  (2xy*e” +2xy° +y)dx+ (x*yte’ —x*y* —3x)dy =0
A Y e e
x4+ —+ ==
y

2160 (xy°—Ddx+x**dy=0 € 2x°y°-3x*=C



Applications of First-Order and
Simple Higher-Order Equations

In this chapter, a number of examples are studied to illustrate the application of
first-order and simple higher-order differential equations in various science and
engineering disciplines.

3.1 Heating and Cooling

Problems involving heating and cooling follow Newton’s Law of Cooling.

Newton’s Law of Cooling

The rate of change in the temperature T(t), dT/dt, of a body in a medium of

temperature T,, is proportional to the temperature difference between the body

and the medium, i.e.,
dT

dt

where k > 0 is a constant of proportionality.

Example 3.1 — Body Cooling in Air

A body cools in air of constant temperature T,, =20°C. If the temperature of the

= —k(T—T,),

body changes from 100°C to 60°C in 20 minutes, determine how much more time
it will need for the temperature to fall to 30°C.

Newton’s Law of Cooling requires that
dr

= =~ k(T—T,).  #% Variable separable

87
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The general solution is

/Tiq;mz— /dt—i—C = In|T-T,|=—kt+InC
T=T, +Ce .
At t=0, T=100°C:
100 =20+ Ce ¥ =20+ C = C =280.

At t =20 min, T =60°C:

1 60—20
60 = 20 + 80e ¥ — k= — % In = 0.03466.
Hence
1 T—-20
T = 20 + 80 0-03466¢ or t= — In min.
0.03466 80
When T =30°C:
1 30—20 .
= — n = 60 min.
0.03466 80

Hence, it will need another 60 — 20 =40 minutes for the temperature to fall to 30°C.

Example 3.2 — Heating in a Building

The rate of heat loss from a building is equal to K; [TB(t) -T, (t)], where Ty(t)
and T,(t) are the temperatures of the building and the atmosphere at time ft,
respectively, and K; is a constant. The rate of heat supplied to the building by the
heating system is given by Q-+K,[Tg— Ty(t)], where Ty is the “set” temperature
of the building, and Q and K, are constants. The value of Q is such that the
building is maintained at the “set” temperature when the atmosphere is at constant

temperature T,. The thermal capacity of the building is c.
1. Set up the differential equation governing the temperature of the building
Tg(1).
2. If the atmospheric temperature fluctuates sinusoidally about the mean value
T, with an amplitude of T, (°C) and a period of 27 /w (hour), i.e.,

determine the amplitude of temperature variation of the building due to

atmospheric temperature fluctuation.

3. Suppose T} =12°C, c/K; =4 hour, the atmospheric temperature fluctuates
with a period of 24 hours, i.e., w=m/12. The temperature of the building
is required to remain within 3°C of the set value, i.e., the amplitude of
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temperature fluctuation is less than or equal to 3°C. Show that the value of
the ratio K, /K, must satisfy

1. Consider a time period from t to ¢+ At, the Principle of Conservation of
Energy requires

(Heat supply in time At) — (Heatloss in time At) = ¢ AT},
where
Heat supply in time At = {Q + K, [T — Ty(1)]} At,
Heat loss in time At = Kl[TB(t) - TA(t)] At.

Hence,
{Q+K,[Tg — Tz(D)]} At — Ky [Tp(t) — To(1)] At = ¢ ATj.

Dividing the equation by At and taking the limitas At— 0 lead to

dr
Q+K,[Tg — Tp(t)] — Ky [T(t) — Tu()] = ¢ d—tB,
o dT, (1) K Q K
L =2 =242
K, dt * (1 * KI)TB(t) K, * K, Ts + Ta(0).

2. Since T, = T,)+ T, sin wt, the differential equation becomes

¢ dTy(t) K, Q K, .
< 1 —)T f) = (— 2T T) T f,
Kl dt + ( + Kl B( ) Kl + Kl S+ 0 + 1Sll’la)

or

dTy() K,/ K, K, /Q K, K,T, .

0 Ky Koy 2 (2 Koy ) :

dt +c(dl_K1 5() c Kl—i_K1 stho)+ c s
[N —— ———

k o o

The differential equation is linear first-order of the form

dT(t)
dt

+P(t)-Te(t) = Q(t), P(t) =k, Q(t) = ay+ o, sinwt,

where

K K K,/Q K K,T
k=—1(1+—2>, a=—1(—+—2T +T), o =L
c 1 07 ¢ K, K, s ! c
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It is easy to evaluate

/P(t) dt = kt, efp(t)dt = ekt e_fp(t)dt —e Kt

/Q(t) efP(t)dtdt = /(ao + o, sinwt) ekt dr

o o
0 kt 1 kt .

= ="' 4 ———"'(ksin wt — w cos wt)
k k2 + w?

= el ﬂ—i—Lsin(a)t—go) , go:tan_lg.
k ' VRter K

#Z See the Remarks on page 195 on finding the amplitude of A cos wt 4 Bsin wt.

Hence, the general solution is

Ty(t) = e—fP(t)dt[/Q(t)efP(t)dtdt+ C]

e—kt {ekt [ﬁ 4 Lsin(a)t—(ﬁ)} + C}
k  Vk2+w?

sin(wt—¢@) + Ce ke,

o
=24 L

k T Torer

Variation due to atmospheric temperature fluctuation

The amplitude of temperature variation due to atmospheric temperature fluctua-
tion is
KT,

po c 5L
k? 4+ w? K KA T2 K)\2  /cw\2

N T o (s

c K, K K,

3. That the amplitude of temperature fluctuation is less than or equal to 3°C means
a<?3, ie,

which gives
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3.2 Motion of a Particle in a Resisting Medium

Newton’s Second Law and D’Alembert’s Principle

Newton’s Second Law: The product of the mass of an object and its accelera-

tion is equal to the sum of forces applied on the object, i.e., ma= ) F.
D’Alembert’s Principle: Rewrite Newton’s Second Law as ) F —ma=0. Treat
—ma as a force, known as the inertia force. An object is in (dynamic) equi-
librium under the action of all the forces applied, including the inertia force.
This is known as D’Alembert’s Principle, which transforms a problem in dynamics
into a problem of static equilibrium.

Impulse-Momentum Principle

For a system of particles, the change in momentum of the system is equal to the

total impulse on the system, i.e.,

(Momentum at time t,) — (Momentum at time ¢;) = (Impulse during t, —t;).

The momentum of a mass m moving at velocity v is equal to mv. The impulse of
aforce F during time interval At is equal to FAt.

Consider the motion of a particle moving in a resisting medium, such as air or
water. The medium exerts a resisting force R on the particle. In many applications,
the resisting force R is proportional to v", where v is the velocity of the particle
and n > 0, and is opposite to the direction of the velocity. Hence, the resisting force
can be expressed as R=fv", where B is a constant. For particles moving in an
unbounded viscous medium at low speed, the resisting force is R= v, i.e., n=1.

In the following, the case with R= v will be studied for motion in the vertical
direction and specific initial conditions.

Case I: Upward Motion

Consider an object being launched vertically at time ¢t =0 from x =0 with initial
velocity v, as shown in Figure 3.1.

The displacement x, the velocity v =x, and the acceleration a=v =X are taken
as positive in the upward direction. The particle is subjected to two forces: the
downward gravity mg and the resisting force from the medium R= v, which is
opposite to the direction of the velocity and hence is downward.

From Newton’s Second Law, the equation of motion is

* ma=)>_F: m%:—R—mg, R=Rv, m:%,
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R

’t, V=X, a=v=X%
m

mg

Jt=0, VO
(+]

Figure 3.1 Upward motion of a particle in a resisting medium.

d
@ =—glav+1), a= ﬁ >0, /T Variable separable
dt w
/ dv / dt +C =— 11n( v+1) t+C (1)
= — — o = — .
av+1 g (o4 8

Constant C is determined from the initial condition t =0, v=v;;:
1
—In(avy+1) =0+ C.
o
Substituting into equation (1) yields

1 1
—In(av+1) = —gt + —In(avy+1),
o o

1 av+1 av+1 et
— In =—gt o =€ g.
o avy+1 avy+1

Solving for v leads to

av=-e % (av,+1)— 1. (2)
When the object reaches the maximum height at time t=t¢_,,, v=0, and
et 1
a-0=e Wmx(qy,+1) -1 = t,,, =—In(@v,+1).
og

dx
To determine the displacement x(t), note that v= r and use equation (2)

dx
dt

Integrating with respect to x gives

1 1
= —(avy+ 1)e *8" — =, #5 Immediately integrable
a o

1 t 1 t
x==(avy+1) /e_“gtdt —=+D=——(avy+1) e ¥ _ — 4 D.
o o o’g o
Constant D is determined from the initial condition t =0, x =0:

1 1
0=——(avy+1)-e®"—04+D —> D=—(av,+1).
acg a‘g
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Hence ) .
x = ———=(avy + D(e ® —1) — —.
oa°g o
Attime t =t , the object reaches the maximum height given by
= = — ! —In(avy+1) 1 1
X = Xpax = X(t)|t:tmax = —@(avo—l-l)[e 0 —1] — ;-&ln(avo—l—l)

1
= a—zg[avo — ln(aV0+1)]

Case II: Downward Motion

© =0,v=0

x ° o 0
t, V=X, a=V=X
mg

Figure 3.2 Downward motion of a particle in a resisting medium.

Consider an object being released and dropped at time t =0 from x =0 with v=0
as shown in Figure 3.2. In this case, it is more convenient to take x, v, and a as
positive in the downward direction. Newton’s Second Law requires

Lma=YF: mZ=mg-R R=pr, m==
ma = Pom—— =mg , =B, m—g,

d
d_: =g—agy, a= ﬁ >0. /7 Variable separable
w

The equation can be solved easily as

/ dv fdt+C — 11n\1 |=gt+C
= — — —av| = s
1—av g o g

where the constant C is determined from the initial condition t =0, v =0:

1
—=In1=04+C = C=0,
o
1 1 —aet
——ln|1—av|=gt = y==(1—e"%", (3)
o o

When time ¢ approaches infinity, the velocity approaches a constant, the so-called
terminal velocity,

1
V= . = lim v = —.
terminal (00 o

The change of velocity with time is shown in Figure 3.3.
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'\

_w
B

L
o

-

Figure 3.3 Velocity of a particle moving downward in a resisting medium.

To find the displacement, rewrite equation (3) as

d 1
& (1 — e 8%, #7 Immediately integrable
dt o

Integrating yields

t 1
x=—+Te_“gt+D,
«  a’g

where the constant D is determined by the initial condition t =0, x=0:

1 1
0=O+T'60+D S D=—T.
ag atg

Hence the displacement is given by

t 1
X = = + T(e—(lgt_l)'
a  alg

Example 3.3 — Bullet through a Plate

A bullet is fired perpendicularly into a plate at an initial speed of v, =100 m/sec.
When the bullet exits the plate, its speed is v, =80 m/sec. It is known that the
thickness of the plate is b= 0.1 m and the resistant force of the plate on the bullet is

proportional to the square of the speed of the bullet, i.e., R=gv2. Determine the
time T that the bullet takes to pass through the plate.

t=0 t=T
Yo V1
t,v
-
X | B2
b
et -
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Applying Newton’s Second Law to the bullet as shown yields

d
— ma=) F: m d_: = —Bv:. 2% Variable separable

The general solution is given by
d 1
/_ ;:/ﬁdt"'_c = ==kt+C, k=£,
v m v m

where the constant C is determined from the initial condition t =0, v =v,;:

1 1
—=k04+4C = C=—.

Yo Yo
Hence
1 1 d 1
-_—=kt+ = = v= = ———. 2% Immediately integrable (1)
% Vo dt ki + 1
Yo

Integrating with respect to ¢ leads to

x=%ln(kt+vio>+D,

where the constant D is determined from the initial condition t =0, x =0:

1 1 1 1
0:—1n<k-o+—)+D — D= ——In—.
k vy kv,
Hence ] ] ] ]
x:—ln(kt—i——)——ln—. )
k Vo kv,
From equation (1),
1 1
t=T, v=yv;: —=kT + —. (3)
V1 Yo

From equation (2), t=T, x=b:

1 v 1.1 1.1 1.1 1 ]
b= -1n(kT+—)—-1n— = —=ln—==In2 — k=-nml,
k v k Vo k v k vy v b v

Using equation (3),

1 1 1 1
1/1 1 v, 30 100
T:_<___>: 1_VO=0.1><%T01000=0.000819sec.
k Vl VO 11'1—0 In —

Y1 80
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Example 3.4 — Object Falling in Air

An object of mass m falls against air resistance which is proportional to the speed

(i.e., R=pBv) and under gravity g.

1. If v, and v} are the initial and final (terminal) speeds, and v is the speed at

time ¢, show that
y—v
E_ekt, k= E

Vo — Vg m

2. The speed of the object is found to be 30, 40, 45 m/sec at times t =1, 2, and
3 sec, respectively, after starting. Find v; and v,,.

3. At what time will the speed of the object be 49 m/sec?

X W a

mg

1. The object is subjected to two forces as shown: the downward gravity mg and
the upward air resistance Sv. Newton’s Second Law requires

_ dv dv B
| ma=7) F: mz—mg—ﬁv — =8 kv, k_m.

Noting that g — kv > 0, the equation is variable separable and the solution is

d 1
/g_l;wzfdt—i—c —— —Eln(g—kv)zt—i—C —— v=%—Ce_kt.

Constant C is determined from the initial condition t =0, v =v,;:

vozf—Ceo —— C:%—VO.

When t—o00, v=v; = vp= % = C=vg — v,. Hence the velocity is given by

v—v
v:vE—(vE—vo)e_kt — E _ o=kt (1)
Yo~ VE
2. From equation (1),
30—v
t=1, v=30 E—e K (2)
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40—v
t=2, v=40 E _ o2k, 3)
Yo~ VE
45—v
t=3 v=45 E _ o3k (4)
Vo— Vg
Since e K.e=3k — ¢4k — (e_Zk)Z,
30—v 45—y 40—vy\2
Eq(2) x Eq(4) = Eq(3)*: ( E)( E) _ ( E) ’
Vo—VE/ \Vy— Vg Vo — Vg

(30 —vg)(45—vp) = (40—vg)* == 1350 — 75vp + vi = 1600 — 80vg + v%,

5vgp =250 == vy =50m/sec.

<3O—VE)2
Eq(2)2_ vo—v) e~ 2k _, (30—VE)2 B
Eq(3) 40—vp  e-2k (vo—vp)40—vp)
VO—VE
_ (30—vp)? _ (30—50)?

v, = vy = + 50 = 10 m/sec.
07 40—v, ' FT 40-50 /

3. From equation (2),

30—v 30—50 1
k= —In El= — ‘ ‘:—ln—:an,
Vo— Vg 10—-50 2
kt V—vg 49—50 1 1 1 In 40
e = = = — = t= —=|n=— = =—— =532 sec.
Vo— Vg 10—50 40 k 40 In2

3.3 Hanging Cables

3.3.1 The Suspension Bridge

A typical suspension bridge consists of cables, piers (towers), anchors, hangers
(suspenders), and deck (stiffening girder) as shown in Figure 3.4. Normally the
self-weights of the cables are negligible compared with the load they carry. The
load on the cables is from the load on the deck, which includes the self-weight of
the deck and traffic load, and is transmitted by the hangers.

Consider a cable supported at two supports A and B as shown in Figure 3.5(a).
The load on the cable is modeled as a distributed load w(x). Set up the Cartesian
coordinate system by placing the origin at the lowest point of the cable.
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Pier Hanger Cable

’»
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Figure 3.4 A suspension bridge.
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Lp |
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' w(x) :
N
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(a)
y /B
A ///
\\\ W(x) QIT(x)
\Hh——a :x X
w(x)
(b)

Figure 3.5 A cable under distributed load.

To establish the governing differential equation, consider the equilibrium of a
segment of cable between 0 and x as shown in Figure 3.5(b). The cable is subjected
to three forces:

:a the horizontal tension force H at the left end,
@ the tension force T'(x) tangent to the cable at the right end, and

@ the portion of the distributed load w(x) between 0 and x. It can be replaced
by its resultant W (x) applied at the centroid of the area enclosed by the load
intensity curve w(x) (the shaded area).
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The equilibrium of the segment requires that
— Y F,=0: T(x)cosé —H =0, (1)

0 ZF), =0: T(x)sinf —W(x)=0, W(x) = /Oxw(x) dx. (2)

Eliminating T'(x) from these two equations yields

T (x) sin 6 . W(x) W (x)

= tanf = .
T(x) cos6 H H
From geometry, one has
d
tan9=—y = ﬂ= W(x)'
dx dx H
Differentiating with respect to x leads to
dy 1 dW(x)  wx) dw (x)
—_ = w(x).
dx? H dx H dx

Suppose that the load is uniformly distributed, i.e., w(x) =w. The differential
equation becomes

d?y _w ﬁSecond—order DE 3)
dx2  H’ Immediately integrable
. L . dy
Since the origin is taken at the lowest point, one has x=0, y =0, d_ =0.
x
Integrating equation (3) once yields
dy w
- ==x+C,
dx H +
. . L . dy
where the constant C is determined from the initial condition x =0, == =0:
x

0=04+C = C=0.

Integrating again leads to

= Wx2+D
Y= oH ’

where the constant D is determined from the initial condition x =0, y =0:
0=04+D = D=0.

Hence the shape of the cable is a parabola given by

w
)/ =] ﬁxz. (4)
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The sags h, and h, can be determined from equation (4)

w wlL?
h =—L, y=hy: hy==—I2 — H=—=2, 5
when x A Y =Ny A= SHA 2h, (5a)
w wL?
h =Lp y=hy: hyg=-—I13 = H=—2 5b
when x B Y B 8= 5 Ls 20, (5b)
From equations (5), one obtains the relationship among L, Ly, h,, and hy:
W Wi _5
2h, 2hy hy hg
To determine the tension at any point, use equations (1) and (2)
T(x)cos6 = H, T(x)sinf = W(x).
Squaring both sides of these two equations and adding them lead to
T? cos’0 + T?sin’0 = H? + W(x) == T?=H’+ W(x).
Since the load is uniformly distributed, w(x) =w,
X X
W(x) = / w(x)dx = w/ dx = wx.
0 0
Therefore, the tension at any point is given by
T = VH? + W2(x) = vV H? + w2x2. (6)
The tension T is maximum when }x! is maximum. Hence the tension is maximum
at the higher support.
L L
l 2 2 I
| |
_[h =sag
x
O

Figure 3.6 A suspension bridge cable with supports at equal height.

For a suspension bridge cable with supports at equal height h, =h; =h, one has
L,=Lg=L/2, where L is the span length, as shown in Figure 3.6. Then equations
(5) give the relationship between the sag h and the horizontal tension H at the
lowest point:

wL? H wL? )
T e— or T —
8H 8h
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Example 3.5 — Cable of a Suspension Bridge

Consider the main cable of a suspension bridge carrying a uniformly distributed

load of intensity w. The two supports of the cable are at the same height. The span
of the cable is L, the sag is h, and the axial rigidity is EA.

1. Derive a formula for the elongation § of the cable.

2. One of the main cables of the central span of the Golden Gate Bridge has the
following properties: L=1,280 m, h=143 m, w=200 kN/m, E =200 GPa.
The cable consists of 27,572 parallel wires of diameter 5 mm. Determine the
elongation of this cable.

1. Consider a small segment of cable of length ds as shown. It is subjected to the
axial tension forces: T at the left end and T+ dT at the right end.

\ ) /
\ /
\\
N ds /T+dT
\\
~
~
\~~__ _—” T X
O X

dx

Using the formula of elongation of an axially loaded member in Mechanics of Solids
TL
§==—,
EA
where T is the axial force, L is the length of the member, E is the Young’s modulus,
and A is the cross-sectional area, the elongation of the cable segment ds is

T
ds = Lds.
EA
Since the length of the cable segment is
ds = \/1 + (d_y>2 - \/1 + (Zx)zdx #7 Using equation (4) )’=1x2
dx H > g eq ) SH

and the tension is given by equation (6)
T = v H? + w2x?,

one has
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Integrating over the length of the span yields the elongation of the cable

5— 2 /0”2 1 (Ze)]ar

2H w? L2 2H/L  w? L’
~ml el c@EtE )
Using equation (5") to express the horizontal tension in terms of the sag h, one
obtains
5 i(W_LZ) L _w Ly W_L3<1 Lhz)
EA\ 8h /| 2 wL*\2 8 8hEA 32/
()
2. The cross-sectional area of the cable is
A =27,572x ( x0.005%) = 0.5414 m’.
The elongation of the cable is
5 — w_L3( 16h2) _ 200,000 x1,280° (1 16 x 1432 )
8hEA 312 8x 143 x200-10° x 0.5414 3x1,2802
= 3.61 m.

3.3.2 Cable under Self-Weight

There are many applications, such as cloth lines and power transmission cables as
shown in Figure 3.7, in which cables are suspended between two supports under

own weights.

Figure 3.7 Power transmission cables.

Consider a cable suspended between two supports as shown in Figure 3.8(a).
The cable is hung under its own weight. Set up the Cartesian coordinate system by
placing the origin under the lowest point of the cable. The length of the cable s is
measured from the lowest point.
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Figure 3.8 A cable under self-weight.

To establish the governing differential equation, consider the equilibrium of a
segment of the cable of length s as shown in Figure 3.8(b). The cable segment is
subjected to three forces: the self-weight W (s), the horizontal tension force H at
the left end, and the tension force T tangent to the cable at the right end. The
equilibrium of this cable segment requires

— Y F,=0: T(x)cosé —H =0, (1)
0 ZFy =0: T(x)sinf — W(s) =0. (2)

Dividing equation (2) by equation (1) yields

T (x) sin @ W)

W(s)
T(x)cos®  H ’

tanf =

d
Since tan6 = d—y, one obtains

x
dy W)
dx H~’

or, after differentiating the equation with respect to x,

d? 1 dW(s
_)2' - = ). (3)
dx H dx
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Since the length of a cable segment is
dy\2
dS = 1 + (E) dx)
then, if the cable is uniform,

dW (s)
ds

= w = Weight density of the cable per unit length,

and, using the chain rule,

dW(s) _ dW(s)ﬁ —wil1a (d_y)Z’

dx ds dx dx
which leads to )
dy w dy\2
=14 (%) 4
rreid AR v @
This is a second-order differential equation with both x and y absent. It is easier to
. . dy du dzy .
solve the equation as the type of y absent. Letting u= o a2 equation
(4) becomes
& _ Y TTw@, 2 Variabl bl
il u?, ariable separable

du

Vi+u?

I
—sinh 1=

dx
va*+x? a

=%/dx+c — sinh_lu:%x—i—c, ,?_‘r/

(W
u= smh(Ex—{—C).
/5 Some properties of the hyperbolic functions are summarized on page 145.

d
Constant C is determined from the initial condition x =0, d—y =0:
X

. w .
O:smh(E-O—}—C) — 0=sinhC =— C=0.

Hence
dy . w First-order DE
U= == =smh<—x>. . ]
dx H Immediately integrable

Integrating leads to

H 1
y=— cosh(zx) + D. 2% | sinhaxdx = — cosh ax
w H a

When x=0,
H H
y==—cosh0+D = —+D.
w w
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H
To simplify the expression of y, choose the origin such that y=— when x=0,
w
which results in D =0.

Hence, the shape of the cable as shown in Figure 3.9, which is called catenary, is

H w
= — cosh ( —_ x) . 5
y=- = (5)
y Lg |
B
I La
Al hp
h& S
H Lowest point
w X
(0]

Figure 3.9 Shape of a cable under self-weight.

The sag of the cable can be easily determined in terms of h, and hy

H H H —L
at x:—LA,y:W—i-hA: 7+hA:7cosh[w(HA)],

H H H wL
t x=Lg, y=——+hy: — + hy = —cosh(—=2),
ax Byw+B W+B wCOS<H)
H wL, H Ly
hA = 7 |:COSh<?) —1], hB = 7 |:COSh(?> —1:|. (6)
The length of the cable is given by
LB dS LB d)/ 2
= perimeter = —dx = V1 !
p = perimeter /—LA Tx X /—LA +(dx) X
b .2 (W L w .12 2
=/ \/1+smh <—x> dx:/ cosh(—x) dx 2% 14 sinh“x= cosh“x
-L, H -L, H
H L
= —sinh<2x>
w H -L,

= % [sinh(w?LB) + sinh(%)]. (7)

To determine the tension at any point, use equations (1) and (2)

Eq(1)24Eq(2)*: T?cos’6 + T?sin’0 = H> + W(s) —> T = H2+W2(s),

B

1
2T /cosh axdx = = sinh ax
a
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where s is the length of the cable between the point of interest and the lowest point,
W (s) =ws is the weight of this segment of cable. Hence

T = vVH? + w2s2, (8)

The tension T is maximum when s is maximum. Hence the tension is maximum

at the higher support.

For the special case when the two supports A and B are at the same height, one
has L, =L;= %L, where L is the span length, h, =h; =h.

H L
h=— cosh(w—> — 1. (6")
w 2H
The length of the cable is, from equation (7),
2H wL
L (32) 7/
P ” sinh{ —— (7"
The tensions at the two supports are the same and are maximum given by
1 1
Tinax =  H? + 3 w?p%, Smax = 5 P- (8)

Example 3.6 — Hanging Cable

A cable of weight density of 50 N/m is suspended at two supports of equal height.

The supports are 10 m apart and the sag is 2 m. Determine the following:
(1) the horizontal tension at the lowest point;
(2) the tension at the support;
(3) the length of the cable.

The following parameters are known: w=50N/m, L=10m, h=2m.

From equation (6),

H wlL H 250
h=— cosh(—) —1 = 2= = cosh(—) —11.
w 2H 50 H
This is a transcendental equation and a numerical method is required to determine

its root. For example, use fsolve in Maple (see Example 12.19 for details on using
fsolve for root-finding). It is found that H =327.93 N.

Using equation (7’), the length of the cable is given by

2H . (wL 2x327.93 . 50x 10
p=— smh(—) = — smh(—) = 11.00 m.
w 2 50 2x327.93

The tension at the support is, from equation (8'),

T = \/HZ +dw2p? = /327,93 + £ %502 x11.002 = 427.98 N.
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Example 3.7 — Float and Cable

A spherical float used to mark the course for a sailboat race is shown in Figure

3.10(a). A water current from the left to right causes a horizontal drag on the float.
The length of the cable between points A and B is 60 m, and the effective mass
density of the cable is 2 kg /m when the buoyancy of the cable is accounted for. If
the effect of the current on the cable can be neglected, determine the tensions at
points A and B.

VB

Lowest point YA
with zero slope

(a) o)

Figure 3.10 A float and a cable.

The weight density of the cable is w=2x9.8=19.6 N/m. In this problem, the
lowest point with zero slope does not appear between points A and B. To apply
the formulation established in this section, add an imaginary segment of cable CA
as shown in Figure 3.10(b), and place the origin below the lowest point with zero
slope a distance of H/w.

Applying equation (5) to points A and B yields, denoting H,=H /w,

H w X
pointA: y,=— cosh<—xA) - y4 = Hycosh =2,
w H H,
H w x,+30
oint B : = — cosh(—x ) — +50 = H, cosh =4 .
p YB " B Ya 0 H,

Subtracting these two equations leads to

x4 +30 X
50 = Ho(cosh A — cosh —A>. (%)
H, H,

Following the same procedure as in deriving equation (7), the length of the cable is

p= [C:B,/1+ (%>2dx = %sinh(%x)

x x
= Ho(sinh —£ _ sinh —A>.
H

XB
X4 0 0
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Hence
X4+ +30

60 = HO( sinh — sinh %) (x%)

0 0
Equations () and (x%) give two transcendental equations for two unknowns H,,
and x,. The equations have to be solved numerically, e.g. using fsolve in Maple,

to yield
H

X4 =79m, Hy=—=1914 = H = Hyw =19.14x19.6 = 375.14 N.
w

The length of curve CA is

SCA—f ‘/l+ dy dx_—smh( )

=19.14 smh
19.14

x
= H,sinh =2
H,

—818m,

and the length of curve CB is
SCB = SCA + SAB = 8.18 + 60 = 68.18 m.

Using equation (8), the tensions at points A and B are

T, =/ H2+w2sk, = /375.142 + (19.6 x 8.18)2 = 408 N,
Ty = \/H2+w2sky = 1/375.142 + (19.6 x 68.18)2 = 1,388 N.

3.4 Electric Circuits

There are three basic passive electric elements: resistors, capacitors, and inductors.

Resistance R is the capacity of materials to impede the flow of current, which is
modeled by a resistor.

Basic Laws

. .V . ..
Ohm’s Law: v=iR, or i= = where v is the voltage, i is the current.

Kirchhoff’s Current Law (KCL): The algebraic sum of all the currents at any

node in a circuit equals zero.
Kirchhoff’s Voltage Law (KVL): The algebraic sum of all the voltages around

any closed path in a circuit equals zero.

A capacitor is an electrical component consisting of two conductors separated by
an insulator or dielectric material. If the voltage varies with time, the electric field
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varies with time, which produces a displacement current in the space occupied by

the field. The circuit parameter capacitance C relates the displacement current to
the voltage

. ch(t) 1 L 1 ‘L
i(t)=C T or vc(t)_E/_OOl(t)dt_E/tol(t)dt+vc(t0)'
] C
. 14 o
o € o
+ Vo -

A capacitor behaves as an open circuit in the presence of a constant voltage.
Voltage cannot change abruptly across the terminals of a capacitor.

An inductor is an electrical component that opposes any change in electrical
current. It is composed of a coil of wire wound around a supporting core. If
the current varies with time, the magnetic field varies with time, which induces a
voltage in the conductor linked by the field. The circuit parameter inductance L
relates the induced voltage to the current

di(t . 1 [f 1 [f .
VL(t):L%, or i(t) = I/OOVL(t)dt: I~/t0 vi(@®)dt +i(ty).
-
0 I °
+ vy -

An inductor behaves as a short circuit in the presence of a constant current.
Current cannot change abruptly in an inductor.

Four types of simple circuits (see Figures 3.11 and 3.12), a circuit comprising a
resistor and a capacitor (RC circuit) and a circuit comprising a resistor and inductor
(RL circuit), either in series or parallel connection, all lead to the first-order linear
ordinary differential equation of the form

&l
dt  t° ’

The solution is given by, with P(t) =1/7,

x(t) = e_fp(t)dt [/Q(t) efp(t)dtdx + B] =Be /T 4 e_t/T/Q(s) e’/ ds,

where the constant B can be determined using the initial condition: x(t) =x, when
t=0 — B=x,. Thus, the solution is

x(t) = xge /T f e HT /Q(s)es/fds.



110 3 APPLICATIONS OF FIRST-ORDER AND SIMPLE HIGHER-ORDER EQUATIONS

i R

L v
o
>
V(o) =C w@® EFr =R
-
(a) Series RC Circuit (b) Parallel RC Circuit
Figure 3.11 RC circuits.
— nlfu 4
YYVVV o
>
146 CD g L 1(t) B3 gL
<>
>
(a) Series RL Circuit (b) Parallel RL Circuit

Figure 3.12 RL circuits.
If Q(t) = Q,, the solution becomes
x(t) = QyT + (xg—Qpr)e /",

Series RC Circuit

Referring to Figure 3.11(a), applying Kirchhoff’s Voltage Law yields

t

—V(@) +Ri+ é/ i(t)ydt = 0.

—0o0

Differentiating with respect to t gives

R di 1. dv(@) di n 1. 1dV(@)
dt  C = dt at ' RC' R _dar
1 dV (1)

inwhich x(t) =i(t), t=RC, Q(t) = TR

Parallel RC Circuit
Referring to Figure 3.11(b), applying Kirchhoff’s Current Law at node 1 yields

1) y C dv 0 dv . 1 I(t)
— —— — E — —) T —
R dt dt  RC C

1
in which x(t) =v(t), t=RC, Q(t) = %

Series RL Circuit
Referring to Figure 3.12(a), applying Kirchhoft’s Voltage Law yields

vinsRitL S g — Y R, _VO
— 1 —— — _— = —
dt dr L L

b
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in which x(t) =i(t), r— 7 Qt)=—— V(t)

Parallel RL Circuit
Referring to Figure 3.12(b), applying Kirchhoff’s Current Law at node 1 yields

I(t d I/t t)dt =0
()—R—L _OOV() =0.

Differentiating with respect to t gives

1dv 1 . dI(t) dv+R _RdI(t)
R dt Lv_ dt ETA A PR
dI(t
in which x(t) =v(¢t), r— % Q)= R%

Example 3.8 — First-Order Circuit

For the electric circuit shown in the following figure, determine v; for ¢ > 0.

50
AAAAA

yvvyy

=0>¢ 69
A
"VAVAVVA
<
4A() 1203
-

+ v
1H§vL

-
20Q%

Yvvyy
A A
yvyvyy

: For t <0, the switch is closed and the inductor behaves as a short circuit.

v‘vSAvg‘vA 1(07)
o o
',(07) '12(0 )
| (00) 1
v(0)] == u?ﬂ 5Q
1) \AAAAL >
Y €
. (_)25\/ =>4A<> RS
4» 4» €
- € >
4A<) IZQ:E ZOQ:E 1H | 25V
< < -
1€0”

The three resistors of 12 €2, 20 €2, and 6 2 are in parallel connection and can be
combined as an equivalent resistor

1—1+1+ R 10
Rgq 12 20 6 a4 37

Applying Kirchhoff’s Current Law at node 1 yields

v(07) . v(07) —25 . 3v(07) n v(07)

Req 5 10 5

4=i(07)+i,(07) = —5,
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v(0T)=18V —> i;(07) = =3A.

@ At t =0, the switch is open. Since the current in an inductor cannot change
abruptly, i, (07) = iL(0+) =3A.

@ For t >0, the switch is open and the circuit becomes

14

Lo Ol |,
69 5Q
S
2093: +
<
1H VL 25V
ta0"
=
It is easy to evaluate that
. V—=vp .
lL = 6 > Vv = 61L + VL,
. v 6i 4V, . v—=25 6i;+v;—25
1] = o e— 15, = = .
1720 20 2 5 5

Applying Kirchhoft’s Current Law at node 1 yields

6i; +v; n 6i; +v; —25

di di, di
v, 4+ 10i; =20 — d—tL+10iL=20. ,e/?_‘J:vL:Ld—tL:d—tL

1
With 7= s Q,=20, i} (0%) =3, the solution of the differential equation is

ip(t) = Qur + [iL(07) — Qyr]e /" =2+ 7',

di; (t
v (t) = 1x ’é—i) = —10e 1% (V).

Example 3.9 — First-Order Circuit

For the electric circuit shown in the following figure, determine i, for ¢ > 0.

t=0 R,
X AAAAA
YVvvy
b
> >
S . S
Iy Sk —~C >
< <
> >
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@ For t <0, the switch is open and the current source is disconnected. The
capacitor behaves as an open circuit. Hence i,(07) =0 and v,(07) =0.
R, vz(o*) v _Lz R, vy

| VMM
O\ . Ik

t€0” t20t =
@ At t =0, the switch is closed. Since the capacitor voltage cannot change abruptly,
v, 0H) = v,(07) =0. Applying Kirchhoff’s Current Law at node 1 yields

+ +y_ + + +
I = i, (0%) + iy(0") = v (07) v (07)—,(0 ): v, (0 )+v1(0 )

>

Rl R2 Rl RZ
R,R , v,(0Y) R
nO = =k WO = ===l
1 2 1 1 2

.Y .
@ For t >0, 11=R—1 = v =R;1,
1

. V=V,  Rii—v, ) v, . dv,
i, = = , iy = ==, ic =C—=.
27 R, R, TR, ¢ dt
Applying Kirchhoft’s Current Law at node 1 gives
. . . . Rl il - Vz .
2

. . . . dv, v,
y=1ic+i3 — IO_ll_CE R—,
3

di (R, +R,))i;, — R, I
I —i —C.(R.+R 1 1 TRy 21p
01 R+ 2)_dt + R,
di, 1. C(R,+R,)R, R,+R,
_+_11:Q0’ = e————— 0:—0_
dr ' 1 R, +R,+R, C(R,+R,)R,

The solution is given by
i, (t) = QT + [i;(07) — Qyr]e™"/"

_ _RatR ( R,  Ry+R, >Ioe—f/f.
R1+R2+R3 R1+R2 R1+R2+R3

b

Since these circuits are characterized by first-order differential equa-
tions, they are called first-order circuits. They consist of resistors and the equiva-

lent of one energy storage element, such as capacitors and inductors.
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3.5 Natural Purification in a Stream

In this section, the variation of water quality in a stream due to pollution is inves-
tigated. The amount of pollutant is considered to be small enough such that the
stream flow is not altered by its presence.

When sewage and wastes are discharged into a stream, the stream water will be
degraded in its physical quality (e.g., odor and color), its chemical contents, and
the type and population of aquatic life. The criterion for determining the quality
of the stream water depends on the uses the water is to serve. For many purposes,
engineers use the concentration of Dissolved Oxygen (DO) and decomposable or-
ganic matter in the water as indicators of its quality. The DO measures the capacity
of the water to assimilate many polluting materials and to support aquatic life. The
organic matter consumes oxygen in its decomposition. In sewage, the organic mat-
ter includes a great variety of compounds, represented by the amount of oxygen
required for its biological decomposition (Biochemical Oxygen Demand, or BOD).

Clean stream water is usually saturated with DO. As sewage is added and flows
in the stream, the DO in the polluted water is consumed as the organic matter
is decomposed. In the meantime, oxygen from the atmosphere dissolves into the
water, as it is now no longer saturated with DO. Finally, the organic matter is
completely decomposed and the stream water becomes saturated with DO again.
This natural process of purification takes place within a period of several days. It
is necessary to ascertain the variation of DO and BOD along the flow to determine
the effect of pollution on the stream.

The BOD added to the stream is assumed to spread across the stream over a
distance that is very short in comparison with the length of the stream where
deoxygenation by the BOD and reoxygenation by the atmosphere take place, so that
the problem can be considered to be one dimensional with DO and BOD assumed
to be uniform at a cross-section.

To derive the governing equations, consider the mass balance of BOD during d¢
in a volume A dx bounded by two cross-sections dx apart, as shown in Figure 3.13,
in which A is the cross-sectional area of the stream, x is the distance measured
along the stream, and ¢ is time.

Employ the following notations:

Q = the discharge,

b = the concentration of BOD in mass per unit volume of water,

¢ = the concentration of DO in mass per unit volume of water,
M = the mass of BOD added per unit time per unit discharge along the flow,
N = the mass of oxygen added per unit time per unit discharge along the
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Qdx At time (t+d1)
————I— —I———— 1ime (f+

i | At time ¢
_H |_>8Q
Q | | Q+wdx
x odx !

Figure 3.13 Natural purification in a stream.

stream from sources other than the atmosphere (e.g., from
photosynthesis of green plants in the stream),
r; = the mass of BOD decomposed per unit volume per unit time,
= the rate of atmospheric reoxygenation in mass per unit volume per
unit time.
Any difference between inflow and outflow and between addition and subtrac-

tion will cause a change in the mass of BOD contained between these two cross-
sections. Thus, during dt,

0 ab d(bA
Qbdr — (Q+—de)(b+—dx)dt+dedt—rlAdxdt .t )dxd
0x 0x
———’ [ —
mass mass added mass increase mass
inflow outflow mass decomposed  involume

Simplifying this equation by dividing (Adxdt) yields

ab ab Q'b M
wt 'mT A T M

Q. . .
where V = = is the mean velocity at a cross-section, and

Q

ax + ot

is the discharge added per unit length of stream. Similarly, from a mass balance for
the DO, one has

Q/

0 )
Qcdt — (Q+ a_de> <c—|— a—cdx)dt — r Adxdt + ryAdxdt + Ndxdt
S —’ X X —— e\ — e’
mass mass A hass from other
. consumed added
inflow outflow by BOD atmosphere mass
8 (cA)

dxdt. 2% increase mass in volume
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Simplifying the equation by dividing (Adxdt) leads to

dc ac Q¢ N
— —_— = - 2
ot ox 2 Rty @

Generally, the rate r; of oxygen consumption depends on, among other factors,
the DO concentration ¢ and the BOD concentration b. In practical cases, the
BOD concentration is usually sufficiently low, so that r; can be assumed to be
proportional to the BOD concentration and independent of the DO concentration
as long as it is greater than a very small value; that is

r, = k;b, for ¢>07, (3)

where the coefficient k; depends on the composition of the sewage and its tem-
perature. For a given sewage, the numerical value of k; can be determined in the
laboratory.

The rate r, of atmospheric reoxygenation is usually assumed to be proportional
to the DO deficit (¢, —c):

ry, =ky(c,—c), for 0<c<c, (4)

where ¢, is the saturation concentration of DO, which depends on the water tem-
perature. The coefficient k, depends on the temperature, the area of the air-water
interface per unit volume of the stream, and the turbulence of the air and water.

With hydrographical data and sources of BOD and DO of the stream, equation
(1) can be solved independently for the BOD distribution b(x, t). The DO distri-
bution c(x, t) can then be obtained from equation (2), as r; =k, b is now a known
function of x and ¢.

For simplicity of analysis, the steady-state case is considered, in which the vari-
ables, such as b(x, t) and c(x, t), do not change with time ¢. Hence, equations (1)
and (2) become

db 1 dQ 1 _M
E-i—(aa-i-v)b—(g, (5)

dc 1 dQ k, k, N
E [aac—Fvb—v(CS—L‘)] —6,

which can be rewritten as

d(c,—c) 1 dQ 1 1 dQ N
T+(Qd )(C— c) = 7 (—25654-5- (6)

In the following, various special cases are studied.
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1. Consider b(x) as BOD concentration in a stream of constant Q and V. De-
termine b(x) for the case with b=»b; at x=0 and M =0. Determine the steady
distribution of DO along the stream with c=¢, at x=0 and N =0.

. dQ )
Since M =0, Q and V are constants, d_ =0, equation (5) becomes
x

Lp—o, /25 Variable separable

the solution of which is

db k k
/T:_/vldx—i—c = Inb= —le—i—lnD.

Hence
b(x) = De f1*/V,

in which the constant D is determined by the initial condition b=b,, at x=0:
by=De" — D=b, — b(x) =bye ¥V,

For N =0, equation (6) becomes

d(c,— k k
% + 72 (cg—c) = 71 boe fx/V, #% Linear first-order DE

in which the dependent variable is (c; —c). It is easy to evaluate
k k Kk
P =<2, Q) =bye Y,

/P(x) dx = %x, e/ P _ ekox/V, e_fp(x)dx — e hx/V,

/Q(x)efp(x)dxdx _ /ﬁboe—klx/v_ekzx/vdx _ ky b ol —k)x/V
Vv ky,—k,

The general solution of the differential equation is

(c,—c¢) = e_fp(x)dx[/Q(x) efp(x)dxdx + C]

— e—kzx/V( kl bO e(I<2—k1)x/V + C),
2 kl

in which the constant C is determined by the initial condition c=¢; at x=0:

kl bO kl bO
(CS—CO):H-FC > CZ(CS—CO)—H.
Hence
—k,x/V kl bO —k,x/V —k,x/V
Cs_c(x):(cs_co)e 2 +_(e 1 —e 2 )

2 1



18 3 APPLICATIONS OF FIRST-ORDER AND SIMPLE HIGHER-ORDER EQUATIONS

2. Determine the BOD distribution b(x) for the case with Q = Q,(1+yx), constant
V, M and k,, and b=b, at x=0. Determine the DO distribution in the stream
with a constant N and c=c¢, at x=0. From the solution, find the value of ¢ far
downstream for the case of a uniform stream (y =0).

. dQ .
Since V, M and k, are constants, Q=Q,(1+yx) = =— =Q,¥, equation (5)

dx
becomes
db y k, M
T* —=)b= —— Linear first- DE
dx + <1+yx + V) Q0(1+)/X) 25 Linear first-order

db
which is of the form o + P(x)-b = Q(x), where
X

P = —Y—+ 8 =M
I+yx V Qy(1+yx)
y ky k,
Pdx= [ ( 2)dr =11 il
/(x)x / 1+yx+V x = In( +)/x)+vx
efP(x)dx _ eln(1+yx)ek1x/v — (l—l—yx)eklx/v, e—fp(x)dx _ 1 e_klx/v)
1+yx
M MV
/Q(x)efp(x)dxdx - /—(l—i-yx)eklx/vdx — kix/V
Qy(1+yx) Qok,
The general solution of the differential equation is
b(x) = e_fp(x)dx[/Q(x)efp(x)dxdx + C]
_ 1 efklx/V(ﬂeklx/V_i_C) _Mv 1 ¢ —
1+yx Qk, Quk, 1+yx  1+yx

in which the constant C is determined by the initial condition b= b, at x =0:

—MV+C = (C=5b MV
- Qpk, 0 Qo

by

Hence

b= 1o [ (5, 2L )]

1+yx [ Qyk, Qyk
= ﬂ 1 (]_ _e_klx/V) + ie_klx/v.
Qyk; 1+yx 1+yx

Equation (6) becomes

d(c,—o¢) y k,
dx +(1—i—yx+V)'(cS )



3.5 NATURAL PURIFICATION IN A STREAM 119

— ﬁ[MV 1 (l_e—klx/V)+ bO e—klx/V:|+ Y € + N ,
V LQyk, 1+yx 1+yx I+yx  Qy(1+yx)

which is a linear first-order differential equation with dependent variable being
(¢,—c¢),and

k
P(x)=—yx+—2, Q) = —— 4 Lk,

1+yx  V T Ttyx  1tyx
where
azﬁﬂ+yc+£=yc+w, ,3=%—M.
V Qok, T Q TQ Vo Q

Referring to the differential equation for b(x), one has

efP<x)dx _ (1+yx)ek2x/V’ e—fP(x)dx _ 1 e—kzx/V,
14+yx

JPeydx ;. o B —kx/V kx/V
/Q(x)e dx = (1+yx+1—|—yxel )(1+yx)e2 dx

=f[aek2x/v+,8e(k2_k1)x/v]dx= ﬂekzx/v_i_ﬂ_ve(kz—kl)x/v‘
ky ky =k,

The general solution of the differential equation is

(c,—c¢) = e_fp(x)dx[ /Q(x)efp(x)dxdx + C]

_ 1 e—kax/V [ﬂekzx/er BV e(kz—kl)x/V_i_C]’
1+yx k, k,—k,

in which the constant C is determined by the initial condition c=¢; at x=0:

( ) on+ BV LC — C—( ) aV A%
C.—Cy) = =— = (C.—C) — — — )
0 k, k, —k, s k, ky,—k,
Hence
—k,x/V
e 2 aV BV B
¢ —c(x) = T {(cs—c0)+k—2(ek2x/v—1)+ﬁ[e(kz k1>x/V_1]}.

For a uniform stream, y =0, and for far downstream, x — co. By taking the limit
as x — 00, one obtains,

aV
xll)néo [Cs - C(x)] = xll)ngo |:(CS—C0) e kx/V 4 k—2 (1 - e_ka/V)

,BV —k,x/V —k,x/V _ aV : _ aV
+k2—k1(e XV emhX/ VY _k_2 = xll)ngoc(x)_cs—k—z.
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Procedure for Solving an Application Problem

1. Establish the governing differential equations based on physical principles

and geometrical properties underlying the problem.
2. Identify the type of these differential equations and then solve them.

3. Determine the arbitrary constants in the general solutions using the initial

or boundary conditions.

3.6 Various Application Problems

Example 3.10 — Ferry Boat

A ferry boat is crossing a river of width a from point A to point O as shown in the

following figure. The boat is always aiming toward the destination O. The speed of
the river flow is constant v, and the speed of the boat is constant v;. Determine
the equation of the path traced by the boat.

Suppose that, at time ¢, the boat is at point P with coordinates (x, y). The velocity
of the boat has two components: the velocity of the boat v;; relative to the river flow
(as if the river is not flowing), which is pointing toward the origin O or along line
PO, and the velocity of the river v in the y direction.

Decompose the velocity components v and v in the x- and y-directions

v, = —vgcosf, V), = vp — vgsinb.
From AOHP, it is easy to see
OH X PH y

— . sinf = — =
OP /52 +)/2 s OP /x2 +)/2

Hence, the equations of motion are given by

cosf =

dx X dy y

VXIEI—VB_W, V},IEIVR—VB_X:Z_W.
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Since only the equation between x and y is sought, variable ¢ can be eliminated by
dividing these two equations

dy v — A
- R VB Ty Vo
dx dx e — x ) VB

dr SN s
/ 2
= —k.,/1+ <1) + 1 #Z5 Homogeneous DE
X X

du
Let u=2 or y=xu, 2y +x=—. Hence, the equation becomes
x dx dx

The general solution is

du
V14u?

d
:—k/—x+D — ln(u—i— 1+u2) —klnx+1nC,
X

u+1+u2 =Cx*

Replacing u by the original variables yields

% + 1+(%)2 =Cxt = J2pyr=Cxl oy,
Squaring both sides leads to
Xyt = 2200 _ 50 y 1y = %= 220" —k) 2Cx1_ky.
The constant C is determined by the initial condition t =0, x =4, y=0:

a? =C2a? b o0 — c=d~

Hence, the equation of the path is

y= 1 [szz(l—k) _ xz] — %(akxl—k . a_kx1+k),

=37
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Example 3.11 — Bar with Variable Cross-Section

A bar with circular cross-sections is supported at the top end and is subjected to a
load of P as shown in Figure 3.14(a). The length of the bar is L. The weight density
of the materials is p per unit volume. It is required that the stress at every point is

constant o,. Determine the equation for the cross-section of the bar.

X X X
Y
L dx (S
\ /
X \‘ 'I X
Y : Y |' ”Pﬁ Ve Y
= = e—1o
Yp p
(a) (b) (©)

Figure 3.14 A bar under axial load.

Consider a cross-section at level x as shown in Figure 3.14(b). The corresponding
radius is y. The volume of a circular disk of thickness dx is dV =my*dx. The
volume of the segment of bar between 0 and x is

X
Vix) = / J'ryzdx,
0
and the weight of this segment is
X
Wx)=pV(x) = ,0/ nyzdx.
0

The load applied on cross-section at level x is equal to the sum of the externally
applied load P and the weight of the segment between 0 and x, i.e.,

X
F(x) = W(x)+P = ,0/ ny*dx + P.
0
The normal stress is

EF(x) 1 / ) / ) 2
o) Alx)  my? (p 0 e ) % = F 0 Al oy
Differentiating with respect to x yields

d
pmy* =o,m-2 yd—y. /< Variable separable
x
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Since y #0, the equation can be written as
Jol 1
—dx = —dy,
20, y

and the general solution is given by

J4 1 P
o f X fy y+ > 2 X ny+

Ga
or
y=C exp(ix> = Ax) = ﬂy2 = 1 C? exp(ﬁx).
ZO'a o,
The constant C is determined by the initial condition: x=0, W(0) =0, F(0) =P,
P P , P
U(O) = = = > =0, = (‘= .
A(O) ]'[Cz exp<ﬁ . 0) 7C 7'[0'(1
Ua
Hence p p p )
Ax) =m- -exp(—x) =—exp<—x>, 0<x<L.
To, o, o, o,

Example 3.12 — Chain Moving

A uniform chain of length L with mass density per unitlength p islaid on a smooth

horizontal table with an initial hang of length [ as shown in Figure 3.15(a). The
chain is released from rest at time t =0. Show that the time it takes for the chain to

L . L+VI*—1?
T= |— In ———.
g

leave the table is given by

l

At time ¢, the length of the chain hanging off the table is y(t) as shown in Figure
3.15(b). The chain is subjected to a downward force F(t) = (py)g, which is the
weight of the segment of the chain hanging off the table. Apply Newton’s Second
Law to the chain

L ma=YF: (Lj=(pyg —> j—<y=0,

j—ky=0, k= /%
RS >

The initial conditions are t =0, y =1, y=0.

or

Since the problem is equivalent to the entire chain moving in the
vertical direction under gravity (py)g as shown in Figure 3.15(c), the mass m is
for the entire chain, not just the segment that is hanging off the table.
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~

time t=0 time t

(py)g

(a) (b) (c)

Figure 3.15 A chain moving off a smooth table.

The equation of motion is a second-order differential equation with the inde-

d
pendent variable ¢ absent. Let y be the new independent variable and u= d_)t/ be

2 du

the new dependent variable, Tz @ Hence
du ) .
u E —k*y=0. /< Variable separable

The general solution is given by
2 1, K,
udu= | kydy+C =— SU =7 +C.

The constant of integration C is determined by the initial condition t=0, y=],

u=y=0:
1 k? k?
-0 =—=P24C = C=-—=—1I2.
2 2 2
Hence,

d
W =Ky —P) — u= d_)t/ =k\/y*—1%2. 2% Variable separable
The general solution is
d
f_zy—lz: kdt +D — In(y+y3?—P) =kt +D.
y —

Using the initial condition ¢t =0, y =1, one obtains

Inl=k-0+D =— D=1Inl
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The solution of the equation of motion is

In(y+/y*—I?) = kt + Inl,
or
/3T 12
t= % [ln(y-l—,/yz—lz)—lnl] = % ln¥.

When the chain leaves the table, t=T, y=1L:

L, L+VIZ—F
T= |ZInZ222
g

!
Example 3.13 — Chain Moving

One end of a pile of uniform chain falls through a hole in its support and pulls the

remaining links after it as shown. The links, which are initially at rest, acquire the
velocity of the chain suddenly without any frictional resistance or interference from
the support and adjacent links. At t =0, y(#) =0 and v(¢) = y(t) =0. Determine
the length y(f) and the velocity v(¢) of the chain.

At time t, the length of the chain hanging off the supportis y(¢) and the velocity of
the chain is v(t) = y(t). The chain is subjected to a downward force F(t) = (py)g,
which is the weight of the segment of the chain hanging off the support.

y(t+At)=y+Ay

j/(t+At)=v+Av'

Time t+At
To set up the equation of motion, apply the Impulse-Momentum Principle:
(Momentum at time t) 4+ (Impulse during At) = (Momentum at time ¢+ At),
where
Momentum at time t = (py)v, p = mass density of the chain,
Momentum at time t+ At = [,0 (y+ Ay)] v+ Av),
Impulse during At = [(py)g] At.
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Hence,

pyv+ pgyAt = p(y+Ay)(v+Av).

Dividing the equation by At and taking the limit as At — 0 result in the equation
of motion

dv dy d(yv)
T T dr
. dy dy .
Noting that v= == dt= - and letting V =y v, one has
dv
T =gy == vdV =gydy.
v

Multiplying the equation by y yields
VdV = gy*dy. #7 Variable separable
Integrating both sides gives
%Vz = %gy3 + C;.
Using the initial conditions y =0 and v =0 when t =0, one has C; =0. Hence

d 2
5V2 = ? gy = _y =v= ,g)’. # Variable separable

/\/_dt+C2 = 2y = \/_t—i-Cz

Using the initial conditions again gives C, =0. Thus

_8p _Y_g
y(t) = 6t , v(t) = 1 31‘.

Example 3.14 — Water Leaking

A hemispherical bowl of radius R is filled with water. There is a small hole of radius
r at the bottom of the convex surface as shown in Figure 3.16(a). Assume that the
velocity of efflux of the water when the water level is at height h is v= c\/Tgh,
where c is the discharge coefficient. The volume of the cap of the sphere of height
h, shown as shaded volume in Figure 3.16(a), is given by

V= %h2(3R —h).

Determine the time taken for the bowl to empty.
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(a) (b)

Figure 3.16 A hemispherical bowl! with a hole.

At time t, the water level is h(t) and the volume of the water is
V= %h2(3R —h).
Considering a small time interval dt, the water level drops dh as shown in Figure
3.16(b). The water lost is
dv

dv = —-dh = %[zh(SR—h) + H2(=1)]dh = 7 2Rh— K*)dh.

The water lost is leaked from the hole at the bottom. The water level drops, i.e.,
dh <0, which leads to a negative volume change, i.e., dV <0.

Since the velocity of efflux of water is v, the amount of water leaked during time
dt is
dU = v -vdt = wr?-c\/2gh dt,
which is indicated by the small shaded cylinder at the bottom of the bowl.
From the conservation of water volume, dV +dU =0, i.e.,

TQRh—h*)dh+ 71 c\/2ghdt =0 —> @Q@R—h)vhdh= —r’c,/2gdt.

The equation is variable separable and the general solution is

f(th%—h%)dh = —rzc@/dt—l—D,

hi h3 xn—H
2R — — — = —r2¢,/2¢t + D. ,@‘r/x”dx:
3 2 g n+1
2 2
The constant D is determined from the initial condition t =0, h=R:
4 2 2 52 14 2
3RI-ZR?=D — D= R
When the bowl is empty, t =T, h=0:
5
14 14 RZ 14 /R\2 [ R
0= —r%c 2gT+—R§ = — :_(_> —
15 15 y2¢ /2¢ 15¢c \r 2g
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Example 3.15 — Reservoir Pollution

A reservoir initially contains polluted water of volume V, (m?) with a pollutant
concentration in percentage being c,,. In order to reduce c(t), which is the pollutant
concentration in the reservoir at time ¢, it is arranged to have inflow and outflow of
water at the rates of Q, and Q,,, (m®/day), respectively, as shown in the following
figure. Unfortunately, the inflowing water is also polluted, but to a lower extent of
¢;,,- Assume that the outflowing water is perfectly mixed.

Inflow
Qin > Cin

Volume V(i)
Concentration c(t)

Outflow
Qquut> <(®)

1. Set up the differential equation governing the pollutant c(t).

2. Considering the case with the following parameters

Vy=500m?, Q,=200m> Qu,=195m’, ¢;=0.05%, c,=0.01%,

out

find the time (in days) it will take to reduce the pollutant concentration to the
acceptable level of 0.02%.

1. Attime t,
Volume V(t) = Vj + (Q;, — Quud) t>
Pollutant concentration c(t),

Amount of pollutant = V(t) c(t) = [VO + (Q;, — Quut) t] c.
At time t+ At,

Volume V(t+At) = Vi) + (Q;, — Quu) (t+ AL),
Pollutant concentration c(t+ At) = ¢(t) + Ac,
Amount of pollutant = V(t+ At) c(t + At)
= [Vo+(Qp — Qou) t+AD ] (c+ Ac),
Inflow pollutant = Q, At - ¢,

Outflow pollutant = Q, At -c.
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Since
(Amount of pollutant at £ + At) = (Amount of pollutant at t)

+ [(Inﬂow pollutant) — (Outflow pollutant)],

[Vo + (Q — Quu) (t+AD) [ (c+ Ac) = [V + (Q, — Quup) t] €
+ QAL — QuuAt-c,
expanding yields
[Vo + (Qun = Quudt]e + [ Vo + (Qu = Qoudt] Ac + (Qy — Quu) At ¢
+(Qp = Qou) At-Ac = [Vo + (Qy = Qoudt] € + QAL -6y — QoueAt -c.

Neglecting higher order term At-Ac, dividing by At, and simplifying lead to

Ac
[VO + (Qin_Qout) t]A—t + Qinc = Qin Cip-

Taking the limit At — 0 results in the differential equation
dc
[VO + (Qin - Qout) t] E + Qin €= Qin Cin:
2. For the parameters
Vo =500, Q, =200, Q=195 «cy=0.05 c,=0.0l,
the differential equation becomes
dc dc
[500 + (200—195) t]a +200¢ =200x0.01 == (100+1)— = 0.4 — 40c.

The equation is variable separable and the general solution is

f de / e — —Ll1n04-400) = In(100+1) + In D
= — —1n(0.4—40¢) = In nD,
04—20c ) To01¢ 20

(0.4—40c)"® = D(100+f). 2= C=InD
The constant D is determined from the initial condition t =0, c=¢;,=0.05:

(0.4—40c)) ™™

(04—40c)) ™ =D-100 —> D=
100

The solution becomes
(0.4—40¢,) ™™
100
When the pollutant concentration is reduced to ¢ =0.02, the time required is

0.4—40x%0.02\— 1
£ = 100 (—) — 1| = 3.53 days.
0.4—40 x 0.05

(0.4—40¢)" T =

0.4—40c \—%
(1004+t) = t=100 ( ) —1].

0.4—40¢,
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Problems

3.1 At a crime scene, a forensic technician found the body temperature of the
victim was 33°C at 6:00 p.m. One hour later, the coroner arrived and found the
body temperature of the victim fell to 31.5°C. The forensic technician determined
that the change in the atmospheric temperature could be modeled satisfactorily as
20e~%02 in the time window of 3 hours starting at 6:00 p.m. It is known that
the body temperature of a live person is 37°C. When was the victim murdered?

¢ 3:42pm.

3.2 The value of proportionality of cooling of a large workshop is k (1/hr) due to
its ventilating system. The atmospheric temperature fluctuates sinusoidally with a
period of 24 hours, reaching a minimum of 15°C at 2:00 a.m. and a maximum of
35°Cat 2:00 p.m. Let ¢ denote the time in hours starting with =0 at 8:00 a.m.

1. By applying Newton’s Law of Cooling, set up the differential equation gov-
erning the temperature of the workshop T'(¢).

dT .t
@ E-ﬁ-kT:k(ZS—i— IOsmE)

2. Determine the steady-state solution of the differential equation, which is
solution for time ¢ large or the solution due to the atmospherical temperature
change.

D Ty e = 25+ e sin [ tan” (L)
steady-state m 12 12k

3. If k=0.2 (1/hr), what are the maximum and minimum temperatures that
the workshop will reach? €W T,,,,=18.9°C, T .x=31.1°C

3.3 Suppose that the air resistance on a parachute is proportional to the effec-
tive area A of the parachute, which is the area of the parachute projected in the
horizontal plane, and to the square of its velocity v, i.e., R=kAv?, where k is a
constant. A parachute of mass m falls with zero initial velocity, i.e., x(f) =0 and
v(t) =0 when t=0.
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1. Show that the terminal velocity v,. of the parachute is

. Im
Vp = tl_l)ngo v(t) = k_j

2. Show that the velocity and the displacement of the mass are given by

2 z -z
_ gt _ 8t _e-c
v(t) —VTtanh<VT), x(t) = . In cosh(VT>. /5 tanhz = g

3.4 A mass m falls from a height of H=3200 km with zero initial velocity as
shown in the following figure. The gravity on the mass changes as

. mg R?
 (R+H—-x)?’

where R =6400 km is the radius of the earth. Neglect the air resistance. Determine
the time it takes for the mass to reach the ground and the velocity of the mass.

Q= t=0, x=0, v=0
o

Use the formulas @ = == = == — =y —=—, and
x

/ k;x dx = x(k—x) + ksin_l\/g + C.
x

2¢gRH
v = E 647 km/sec
R+H
1 [R+H H
t==— L VRH 4+ (R+H)sin™! | —— | =1, 141 sec
R\ 2g R+H

3.5 An undersea explorer traveling along a straight line in a horizontal direction
is propelled by a constant force T. Suppose the resistant force is R =a+bv?, where

0<a< T and b > 0 are constants, and v is the velocity of the explorer.
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1. If the explorer is at rest at time ¢ = 0, show that the velocity of the explorer is

v(t) = « tanh Bt, o= T;a, ﬁ:a_b:l/b(T_a).
m m

. . . o
2. Determine the distance x(f) traveled at timet. €W x= E In cosh Bt

3.6 Aboat starting from rest at time ¢ =0 is propelled by a constant force F. The
resistance from air is proportional to the velocity, i.e., R,y = —av,and the resistance
from water is proportional to the square of the velocity, i.e., Ryater = — 8v%,in which
a, B are positive constants. Assume that F > av+ v

1. Show that the velocity of the boat is given by

2

t b F
v(t) = atanh (% + tanh™! E) — b, where a2:E+:_132’ b:%.

max:a_b

2. What is the maximum velocity that the boat can reach? @Y v

3.7 A mass m moves up a slope with an initial velocity of 10 m/sec as shown in
the following figure. Suppose the coefficient of friction between the mass and slope
is 0.25.

1. Determine the largest displacement x_,, that the mass can reach and the time

max

ittakes. @ X, =7.12m, t=1.42 sec

2. Determine the time it takes for the mass to return to its original position and
the corresponding velocity. €W v=6.29 m/sec, t=3.69 sec

3.8 A skier skis from rest on a slope with 6 =30° from point A at t =0 as shown
in the following figure. The skier is clocked t, =3.61 sec at the 25-m checkpoint
and t, =5.30 sec at the 50-m checkpoint. The length of the slope is AB=L =100
m. The wind resistance is proportional to the speed of the skier, i.e., R=kv.

1. Find the coefficient of wind resistance k and the coefficient of kinetic friction
1 between the snow and the skis. @ k=10.395 N-sec/m, u=0.041

2. Determine the time t; that it takes for the skier to reach the bottom of the slope
B and the corresponding speed v;. @Y t;=7.92 sec, v;=21.20 m/sec
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3.9 A uniform chain of length 2L with mass density per unit length p islaid ona
rough inclined surface with y =L at t =0 as shown in the following figure.
The coefficients of static and kinetic friction between the chain and the surface

have inclined the same value n. The chain starts to drop from rest at time ¢ =0.
Show that the relationship between the velocity of the chain v and y is given by

(y2—L%) — 2(sinf+pcos8)g(y—L).

T T

y(t)

\/(1+sin9+,uc039)g
YV =
2L

L

Time t=0 Time t

3.10 A uniform chain of length L with mass density per unit length p is laid on
a rough inclined surface with y =0 at t =0 as shown in the following figure.

L-y

¥(t) P9y

The coefficients of static and kinetic friction between the chain and the surface
have the same value . The chain is release from rest at time t =0. Show that the
relationship between the velocity of the chain v and y is given by

1—sin6 4 cosf
»)

v=\/2gy[(sin0—uc059)+ T



134 3 APPLICATIONS OF FIRST-ORDER AND SIMPLE HIGHER-ORDER EQUATIONS

3.11 One end of a pile of uniform chain is hung on a small smooth pulley of
negligible size with y(t) =0 and v(t) = y(t) =0 when ¢ =0, as shown here.

'%M

(1)

The chain starts to fall at time t =0 and pulls the remaining links. The links on
the support, which are initially at rest, acquire the velocity of the chain suddenly
without any resistance or interference. Show that the velocity v as a function of y

V= 2hy_+y /2g<h+%).

3.12 Shown in the following figure is an experimental race car propelled by a

is given by

rocket motor. The drag force (air resistance) is given by R = 8v2. The initial mass
of the car, which includes fuel of mass m s s 1. The rocket motor is burning fuel
at the rate of g with an exhaust velocity of u relative to the car. The car is at rest at
t =0. Show that the velocity of the car is given by, for 0<t < T,

28
1= () o
v(t)=,u-—2ﬁl, m=m,y—qt, =F’
()

T=m i /q is the time when the fuel is burnt out.

For m, =900 kg, my =450 kg, =15 kg/sec, u=500 m/sec, p =0.3, what is
the burnout velocity of the car? €Y vy =555.2 km/hr
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3.13 Cable OA supports a structure of length L as shown in the following figure.
The structure applies a trapezoidally distributed load on the cable through the
hangers. The load intensity is w,, at the left end and w, at the right end. Cable OA
has zero slope at its lowest point O and has sag h. Determine the tensions T, = H
at O and T, at A.

L? w,+w
€D H = a(2w0+w1), T, =VH*+W(L)?, W()= %L

y L A
A
d h
ob X
Wo
w1

3.14 As a structural engineer, you are asked to design a footbridge across the
Magnificent Gorge, which is 50 m across. The configuration of the bridge is shown
in the following figure; the lowest point of the cable is 20 m below the left support
and 10 m below the right support. Both supports are anchored on the cliffs. The ef-
fective load of the footbridge is assumed to be uniform with an intensity of 500 N/m.
Determine the maximum and minimum tensions in the cable, and the length of the
cable. @W T.,,=H=10723N, T,. =T,=18151 N, Length = 60.36 m

" L

AP

Lowest
point d B

3.15 Consider the moving cable AB of a ski lift between two supporting towers as
shown in Figure 3.17. The cable has a mass of 10 kg/m and carries equally spaced
chairs and passengers, which result in an added mass of 20 kg/m when averaged
over the length of the cable. The cable leads horizontally from the supporting guide
wheel at A. Determine the tensions in the cable at A and B, and the length of the
cable between A and B.

€ T,=H=27387 N, Tp=33267N, s=64.24m
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L=60m

Figure 3.17  Ski lift.

3.16 For the circuit in Figure 3.18(a), determine v(¢) for ¢ > 0.

R,V CR,R
@ V(t): 10 (1_e—t/f), T = 172
R1+R2 R1+R2

3.17 For the circuit in Figure 3.18(b), find i(¢) for ¢ > 0. @ i(t)y=e"1/40 (A)

3.18 For the circuit in Figure 3.18(c), find i, (¢) for ¢ >0.
€D i (H)=6+e7" (A)

V,
3.19 For the circuit in Figure 3.18(d), find i, () for t >0. @ i,(t) = R—O
1
R, 402
WWW WWW
il
+ 0.5i
CDVO R, Co= v C>40V 1F == <f>
- 2092
(a) (b)
— W
R .
1 ZL'
A ) 120 4Q R,
® =z O :g
| |
(c) (d)

Figure 3.18 First-order circuits.
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3.20 Consider b(x) as the concentration of an inert pollutant (k; =0) which is
added to the stream at an outfall such that b= b, at x =0 and M =0. Due to the in-

crease of drainage area, the discharge increases along the stream as Q= Q,(1+yx),
where Q, and y are constants. Determine the BOD distribution b(x) and the DO

distribution c(x) in the stream with c=¢, at x=0 and N =0.
b
@ b =
14+yx
]- (k2 - VV) Cg —k _
1—e R*/V) 4 ¢ e fX/V c.x
I+yx [ k, ( )+ T

c(x) =

3.21 Inastream of constant Q and V, BOD is added uniformly along the stream,
starting at x =0 where b=0. Determine the BOD distribution b(x) and the DO

distribution c(x) in the stream with c=¢, at x=0 and N =0.

MV
G bH(x) = Q—kl(l — e h/V)

c(x) =c.+ (cg—c )e—kzx/V 4 MV e_klx/V_] N e_klx/V—e_kzx/V
= (s 0 s Q k2 kz_kl

3.22 A drop of liquid of initial mass of m, falls vertically in air from rest. The
liquid evaporates uniformly, losing mass m, in unit time. Suppose the resistance
from air is proportional to the velocity of the drop, i.e., R=kv. Show that the

velocity of the drop v(t) is

v(t) = ﬁ [(mo—mlt) — m0<1—% t)k/ml], t< %.
1 0 1

3.23 Asanengineer, you are asked to design a bridge pier with circular horizontal

cross-sections as shown in the following figure.
O] A )

Ao

1
1
I
I
1
1
12 mj "
1
]
1
I
]
/]

4 L1y
X

The height of the pier is 12 m. The top cross-section is subjected to a uniformly
distributed pressure with a resultant P =3 x 10° N. It is known that the material of
the pier has a density p =2.5x 10* N/m? and an allowable pressure P ', =3x10°
N/m?. Design the bridge pier with a minimum amount of material and include the

weight of the bridge pier in the calculations.
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1. Note that the surface of the pier is obtained by rotating curve AB about the
x-axis. Determine the equation of curve AB.

2. Determine the areas of the top and bottom cross-sections A, and A,.
(A (%) Ap=1m% 4,=2718m’
y= exp24, o=1m% A =2718m

3.24 A tank in the form of a right circular cone of height H, radius R, with
its vertex below the base is filled with water as shown in the following figure. A
hole, having a cross-sectional area a at the vertex, causes the water to leak out.
Assume that the leaking flow velocity is v(t) = c\/m , where c is the discharge
coefficient.

1. Show that the differential equation governing the height of water level h(t) is

3 dh H?
hzaz_acA \/2—, A—nR2.

2A |H
2. Show that the time for the cone to emptyis T = — [—.

Sac\ 2g

! V h(r)

3.25 A conical tank with an open top of radius R has a depth H (Figure 3.19)
is initially empty. Water is added at a rate of g (volume per unit time). Water
evaporates from the tank at a rate proportional to the surface area with the constant
of proportionality being k. The volume of water in the tank is V = %nrzh, where
h is the depth of the water as shown. Show that the depth of water h(t) is given by

w . |u+h , Hq
*y —h=kt, — =
2 " ,u—h‘ = TR

3.26 A water tank in the form of a right circular cylinder of cross-sectional area
A and height H is filled with water at a rate of Q (volume per unit time) as shown
in Figure 3.20. A hole, having a cross-sectional area a at the base, causes the water
to leak out. The leaking flow velocity is v(t) = c\/m , where c is the discharge
coefficient. The tank is initially empty. Show that the time T to fill the tank is

( bvH +QIn ——— _b\/_) b= acy/23.
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V h(t)

h(t)

Figure 3.19 Figure 3.20

3.27 Lake Ontario has a volume of approximately V =1600 km>. It is heavily
polluted by a certain pollutant with a concentration of ¢, =0.1%. As a part of pol-
lution control, the pollutant concentration of the inflow is reduced to ¢;, =0.02%.
The inflow and outflow rates are Q, = Q. = Q=500 km® per year. Suppose that
pollutant from the inflow is well mixed with the lake water before leaving the lake.

How long will it take for the pollutant concentration in the lake to reduce to 0.05%?
€Y 1 = 3.14 years

3.28 A mouse Q runs along the positive y-axis at the constant speed v, starting
at the origin. A cat P chases the mouse along curve C at the constant speed v,
starting at point (1, 0) as shown in the following figure. At any time instance, line
PQ is tangent to curve C. Determine the equation of curve C.

Vlf
C
QKN
\
\
V)
P(x,y)
© o) x
1 xﬂ‘f’l x_(ﬂ_l) v 1
= — e > = — 1
G = (=



Linear Differential Equations

4.1 General Linear Ordinary Differential Equations

In general, an nth-order linear ordinary differential equation is of the form

d" dr! d
4,(0—2 1 a, ()t -+, () a0y = Fx), (1)
T dxn n=1 gxn—1 D dx 0ty

in which the dependent variable y and its derivatives of various orders

dy d% d"y
Y T I
appear linearly in the differential equation. The coefficients a,(x), a, (x), . . .,a,(x)

and the right-hand side F(x) are functions of x only.

If the coefficients a,, a,, ..., a, are constants, then equation (1) is a linear
ordinary differential equation with constant coefficients.

The D-Operator

The D-operator is defined as

d
Dy= d—i/, #Z¢ Dy is taking first-order derivative of y w.r.t. x.

d2
D?*y = D(Dy) = d_x)zl’ 2% D?y is taking second-order derivative of y w.r.t. x.

n

. e D™y is taking nth-order derivative of
)n} , nisapositive integer. 2T Y & )
x

w.r.t. X.
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Hence the D-operator is a differential operator; applying the D-operator on func-
tion f(x) means differentiating f(x) with respect to x;, i.e.,
df(x)

Dfw = L=,

Properties of the D-Operator

The following properties of the D-operator can be easily verified:

d dy, dy
D) Dyn@+n®] = =01+ = S2+== =Dy + Dyy

d dy
2) D[cy(x)] = a(cy) =c o cDy, ¢ = constant;
(3) D[y +6y,(x)]=c¢;Dy; +¢, Dy, ¢, ¢, = constants.

Hence, D is a linear operator. Using the D-operator, the general nth-order linear
differential equation (1) can be rewritten as

[a,)D" +a,_1(x)D" ' +-- 4+ a,(x)D + ay(x)]y = F(x) = ¢(D)y=F(x),

where ¢(D) is an operator given by
n
¢(D) = a,(x)D" +a, ;(x)D"' + - +a,(x)D +ay(x) = Y _a,(x)D".
r=0

The operator ¢(D) is a linear operator, since
$D)(y+75) = D)y, + D)y,
¢(D)(cy) =c¢(D)y, ¢ = constant,
dD)(c,y,+¢cy,) = 9(D)y, + ¢, (D) y,, ¢, ¢, = constants.

Example 4.1

Rewrite the following differential equations using the D-operator:

d? d
(1) 6x2d—x)2/ +2xd—i -3y = x3 2%,

(2)5d3x+2d2x dx+7 3 sin 8¢
—_— —_—— — X = 3sin 8¢.
ds3 ds? dt

d
(1) (6x2D2+2xD—3)y=x3e2x, Dzd—; #¢ The independent variable is x.
x

d
(2) (5D>+2D*—D+7)x=3sin8t, D= I #7 The independent variable is t.
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Fundamental Theorem

Let y =u(x) be any solution of the differential equation

¢(D)y = F(x), (2)

where ¢(D) =a,(x)D" -I-anfl(x)D”_1 +---+a;(x)D+ay(x), and y=v(x) be
a solution of the complementary differential equation, or the homogeneous differ-

ential equation,

which is obtained by setting the right-hand side of equation (2) to zero. Then

y=u(x)+v(x) is also a solution of equation (2).

Proof: Since u(x) and v(x) are solutions of differential equations (2) and (3),

respectively,
¢(D)u(x) = F(x), ¢(D)v(x) = 0.
Adding these two equations yields
¢(D)u(x) + ¢(D)v(x) = F(x) + 0.
Since ¢(D) is a linear operator, one has
(D) [u(x)+v(x) ] = (D)u(x) + ¢(D)v(x).

Hence,
p(D)[u(x)+v(x)] = F(x),

i.e,, y=u(x)+v(x) is a solution of differential equation (2). |

Procedure for Finding the General Solution

1. Find a particular solution y,(x) of the original equation (2),i.e.,

¢(D)yp = F(x), /2% Particular solution

where the subscript “P” stands for particular solution.

2. Find the general solution y(x) of the complementary differential equation
(3), i.e.,
#(D)y- =0, #5 Complementary solution

where the subscript “C” stands for complementary solution.

3. Add yp(x) and y.(x) to obtain the general solution y(x), i.e.,

y(x) = yo(x) + yp(x). 25 General solution
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In the following sections, various methods for determining complementary so-
lutions and particular solutions for linear differential equations with constant coef-
ficients are studied in detail.

4.2 Complementary Solutions

The complementary differential equation is obtained by setting the right-hand side
of the differential equation to zero, i.e.,

¢(D)y =0, ¢(D):anD"+an71D”_1+ .- 4a,D+ay,

where a, a,, ..., a, are constants.

4.2.1 Characteristic Equation Having Real Distinct Roots

Motivating Example

Consider a linear first-order differential equation of the form

d
d—y+ay=0 or (D4+a)y=0, a = constant.
x

The equation is of the form

d
d_i’ +P(x)-y = Q(x), P(x)=a, Q(x)=0,

and, using the result in Section 2.4.1, the solution is
y= e—fP(x)dx[/Q(x)efp(x)dxdx + C] — Ce ™,

i.e., the solution is of the form e** with A = —a.

Since the solution of the linear first-order differential equation in the above example

a

is y = Ce™9%, one is tempted to try a solution of the form y = e**, where A is a con-

stant to be determined, for the general nth-order differential equation ¢(D)y =0.
It is easy to verify that

d
D)/ — De)»x — a(e)LX) — )\‘e)\x’

DZy — DZekx — D(De)‘x) — )\‘Ze)»x,
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Substituting into the differential equation ¢(D)y =0 results in
(a A"+ a, A"V agd +ag) et = 0.
Since e** #0, one must have
a, "+ a, A"'+...4ar+a; =0 2% Characteristic equation

This algebraic equation, called the characteristic equation or auxiliary equation,
will give n roots A, A,, ..., A,, which are called characteristic numbers and can be
real or complex.

If the roots A}, A, ..., A, are distinct, there will be 7 solutions of the form

eklx) ekzx’ eknx‘

e ey

Since ¢(D)y =0 is a linear differential equation, the sum of two solutions is also a
solution. Hence

y = Cle)“lx + Cze}‘zx 4 ..o+ Cne)‘nx
is also a solution, where C,, C,, ..., C, are arbitrary constants.

It is known that the general solution of an nth-order differential equation
¢(D)y =0 should contain n arbitrary constants. Since the equation above con-
tains n arbitrary constants, the solution is therefore the general solution of the
complementary equation ¢(D)y =0, i.e,,

yc — Cl e)LIX + Cze)nzx + . + Cn eknx’

where A, A,, ..., A, are distinct.

Procedure for Finding the Complementary Solution

1. For the nth-order linear differential equation

¢(D)y =F(x) or (a,D"+a, D" '+.--+aD+ay)y=F(x),
set the right-hand side to zero to obtain the complementary equation
¢(D)y =0 or (a,D"+a, D" '+ +a;D+ay)y=0.
2. Replace D by X to obtain the characteristic equation
¢p(X) =0 or a,A"+a, A"+ tad+a,=0.

3. Solve the characteristic equation, which is an algebraic equation, to find the
characteristic numbers (roots) Ay, Ay, ..., Ay,
4. Write the complementary solution y. using the characteristic numbers A,

Mgy oes A

ne
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Hyperbolic Functions

The hyperbolic functions are defined as

. e* —e™* . e +e*
sinh x = — == sinh(—x), coshx = ——— = cosh(—x),
sinh x cosh x 1 1
tanhx = , cothx = — , cschx = = , sechx = .
cosh x sinh x sinh x cosh x
\\coshx

-10-

Analogous to the trigonometric identities, the hyperbolic functions satisfy many
identities

cosh? x — sinh?x = 1, sinh 2x = 2 sinh x cosh x,
cosh 2x = cosh? x + sinh? x = 2 cosh®x — 1 = 1 + 2 sinh? x,
cosh x + sinh x = €%, coshx — sinhx = e™*.

The derivatives and the integrals of hyperbolic sine and cosine functions are

d d
— (sinh x) = cosh x, —(cosh x) = sinh x,
dx dx

/sinhxdx = cosh x, /coshxdx = sinh x.

Animportant application of hyperbolic functions is in the complementary solutions
of linear ordinary differential equations. If the characteristic equation has roots
A= =£ B, the corresponding complementary solution is

Yo = C e P* 4 C,eP* = C, (cosh Bx — sinh x) + C, (cosh Bx + sinh Bx)
= (C,+C,) cosh Bx + (C, —C,) sinh Bx,
A=xp = y, = Acoshpx + Bsinh Bx.
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Example 4.2

Solve (D* —13D% +36)y = 0.

The characteristic equation is ¢(A) =0, i.e.,
At —132% 436 =0,
which is a quadratic equation in A% and can be factorized as
(A —49H(*—9) =0.
The roots are A2 =4, 9 = A = +2, +3. The complementary solution is
Yo =Cie > + Cye ™ + Cye** + Cpe™.
The complementary solution can also be written as

yc = A, cosh2x + B, sinh2x + A, cosh 3x + B, sinh 3x.

Example 4.3

Solve (D*+4D*+D —-6)y =0.

The characteristic equation is ¢(1) =0, i.e.,
P +4r+r—6=0.
By trial-and-error, find a root of the characteristic equation
P+4x1°+1-6=0 = A=1 isaroot —> (A—1) isafactor.
Use long division to find the other factor as follows

A+ 54 + 6
A—1 N+ 42+ A — 6

Bo— a2 (—
52 + A — 6

502 — 5 (—
6L — 6

6L — 6 (—
0

The characteristic equation becomes
A—DRA24+514+6)=0 —> (L —1DA+2)(A+3)=0.
The three roots are A = —3, —2, +1, and the complementary solution is

Yo =Cre X + Ce ¥ + Cyet.
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4.2.2 Characteristic Equation Having Complex Roots

The following example is considered to derive the general result.

Example 4.4

Solve (D2—|—2D—|—3)y=0.

The characteristic equation is ¢(A) =0, i.e., A2 +2A1+3=0, and its roots are

—24+ /22 —4x1x3
A= XX =—-1x+—- =—1ii«/§. 2ri=—1

2

The complementary solution is

ye =G, e(-1-iv2x | Cze(—1+iﬁ)x = e*(C, eivax 4 Czeiﬁx)

Using Euler’s formula

el? = cosO +1isinb, e 19 = cosf —isinb,

the solution y can be written as
Yo = e_"[C1 (cos V2x —isin 2x) + C,(cos V2x +1isin \/Ex)]
= e *[(C,+C,) cos V2x +1(=C,+C))sin \/Ex]

Since the differential equation is real, its solution must be real. Hence the coefficients
of (cos+/2x) and (sin +/2x) must be real:

C,+C,=2a, i(-C;+C,)=2b= —C;+C,=—i2b, a,b real constants,
or
C,=a+ib, C,=a—ib,
i.e., C; and C, are complex conjugate, C, = C,.
The complementary solution becomes
yc = e *[2acos V2x + 2bsin x/ix]
=e_x(Ac05\/§x+Bsin\/5x), A=2a, B=2b,
where A and B are real constants.

In general, if the characteristic equation has a pair of complex roots A =« £ip,
where o and B are real, then the complementary solution is

A=axif = y-(x) =e**(Acosfx + Bsin Bx),

where A and B are real constants.
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Example 4.5

Solve (D*+2D?*+9D +18)y = 0.

The characteristic equation is ¢(A) =0, i.e.,
A +22%+ 94+ 18=0.
Try to find a root of the characteristic equation

(=2 +2x(=2)>+9%x(—-2)+18=—-8+8—18+ 18 = 0,

A= —2 isaroot == (A+2) isafactor.

Use long division to find the other factor

A2 + 9
A+2 Ao+ 2x% + 9 + 18
Ao+ 2a7 (—
9A + 18
9% + 18 (-
0
The characteristic equation becomes
(L +2)(A*+9) =0.
The three roots are A = —2, %13, and the complementary solution is

yo = Ce ™ + % *(A cos 3x + Bsin 3x)
= Ce % + A cos 3x + Bsin 3x.

Before more challenging problems can be studied, the following formula for
evaluating the nth roots of complex numbers is reviewed.

Review of Complex Numbers

Given that A" =a £ ib, n is a positive integer, it is required to find A. The complex
numbers can be converted from the rectangular form to the polar form:

AM'=a+ib 2% Rectangular form of complex numbers
a b
=Va2+b |——=ti ——
VoA (o i )
— e e’ [ —

r cosf sin 6
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= r(cosf £ 1isinb), r=\/m, 6= tan_I% 27 Polar form
= re*i?, #% Euler's formula
Since cos6 and sin 6 are periodic functions of period 27,
A= r[cos(2k71+9) +i sin(2kn+9)] = reti@krt0)

Hence
3 = \n/?e:ti(zkn-&-G)/n’

or

1 S1n
n n

2k +6 2k +6
Z57 4isin 222 ) k=01, n-1

k:{/?(cos

It can be easily shown that when k= pn-+g, where p and g are positive integers,
the value of A repeats that when k=gq. Therefore only n values of k=0, 1, ...,
n—1 are taken.

Example 4.6

Solve (D°>-1)y=0.

The characteristic equation is ¢(A) =0, i.e.,
M—1=0 = A’ =1=1+10=cos0+1isin0.
The five roots are given by

2kr+0 . . 2kmn+0

A = cos + 1 sin = k=0,1, ..., 4,

k=0: A=cos0O+isin0=1,
2 . . 2w
k=1: A = COS = + 1 SIn =—,
5 5
4T . . 4nm 4 .. Y
k=2: A:cos—+1sm—:cos<7r——)+1sm<7r——)
5 5 5 5

71+_ . T
= —COS — +1sin —,
5 5

k=3  » 7 L isinZ <+ﬂ)+"<+ﬂ)
=J. = COS = 1SIN = — COS |TT — 1SN (7T —
5 5 5 5

T .. T
= —COS =— —18in —,
5 5

8T .. 8 2w L. 2

k=4: A:cos——i-lsm—=cos<2n——)+1sm<2n——>
5 5 5 5
2 2w

= COS =— — i Sin =—.
5 5
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Hence, the five roots are
2r . . 2@ T, .. T
A=1, cos— *tisin=—, —cos— +1isin—.
5 5 5 5
The complementary solution is
X 27 . 2w . . 2w
ye=Ce + exp(cos < -x) [Al cos (sm 5 -x) + By sin <sm = x)]
b/ . . . T
+ exp(— cos 5 -x) [A2 cos (sm 5 -x) + B, sin (sm 5 x)]

Example 4.7

Solve (D* — 16D? 4 100) y = 0.

The characteristic equationis ¢(A) =0, i.e., At—16124100=0, a quadratic equa-
tion in A2. Hence

16162 —4x1x100 16+ /144
B 2 B 2

A _8:|:16_10<5 i

=10(cosf +isinf), cosf=-—, sin@z%.

GIES

The roots are given by

2km +6 2km +6
k=v10<cos 712—1— +1isin ﬂ2+ ), k=0, 1,
0 0
k=0: A=v10<coszzl:isinz),

k=1: A=«/1_0[cos(n+§)j:isin<n+§>] =x/1—0<—cos§:|:isin§).

The four roots are

6 6
A:v10(j:coszj:isinz).

Using the half-angle formula, one obtains

4
0 1+ cos 1+=z 3
cos = =,/ = = —,
2 2 2 V10

and hence

The complementary solution is

ye = e3"(A1 cosx + By sin x) + e_3x(A2 cosx + B, sin x).
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4.2.3 Characteristic Equation Having Repeated Roots

Example 4.8

Solve (D? —4D +4)y=0.

The characteristic equation is ¢(A) =0, i.e.,
M—4r+4=0 = (A—2>=0 = A=2,2. 2% Adoubleroot
If the complementary solution is written as
y=C ¥ 4+ Ce** = (C,+Ce** =Ce¥, C=C,+0C,,

then there is only one arbitrary constant. But for a second-order differential equa-
tion, the solution must contain two arbitrary constants. The problem is due to the
fact that the two solutions C, e** and C, e** are linearly dependent.

Hence, one must seek a second linearly independent solution. Try a solution of
the form y(x) = v(x)e**. Since

Dy = D(ve*) = e Dv + 2ve”,
Dzy = D(e** Dv + 2ve*) = e2*(D?*v + 4 Dv + 4v),

substituting in the original equation yields
ezx[(Dzv +4Dv+4v) —4(Dv+2v) + 41/] =0 = e*D¥v=0.

. . . . d*v .
Hence v(x) satisfies the differential equation D?v = 0 or == 0. Integrating
X
the equation twice leads to

v(x) = Cy + C x.
The solution is then

y(x) = v(x)e** = (Cy + C,x) e**,
N m— e
polynomial of degree 1

in which there are two arbitrary constants.

It is seen that, when the characteristic equation has a double root A =2, the
coefficient of e?* is a polynomial of degree 1 instead of a constant. In general, the
following results can be obtained.
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Summary on the Forms of Complementary Solution

Having obtained the roots of the characteristic equation or the characteristic

numbers, the complementary solution can be easily written.

1. If the characteristic equation ¢(1)=0 has a p-fold root A =a, the corre-

sponding solution is

)\=a, e, a4 —— yc=(C0+C1x+...+cp_1xp_l)eax
— e’
p times polynomial of degree p—1

2. If the characteristic equation ¢(1)=0 has a pair of complex roots

A=a=xip of p-fold, the corresponding solution is

A=axif, ..., atif = yo=e"[(Ag+Ax+ ... +Ap_1x1’*1) cos fx

+ (By+Byx+ ... +Bp_1xp_1) sin Bx]

p times polynomials of degree p—1

Example 4.9

Given that the characteristic equations have the following roots, write the comple-

mentary solutions:
1. —=3#%i2, -1, 0, 2

2. 3,330 0, 1+£i3;
3. 24i5, 2415, 1, 1, 1, 1, 3.

L. yo(x) = e *(Acos2x + Bsin2x) + C;e * 4+ C, + Cs e,
2. yo(x) = (Cy+ Cx + Cyx*)e®™ 2% Corresponding to 1 =3, 3, 3
+Dy+ D;x 2% Correspondingto A=0, 0

+e*(Acos3x + Bsin3x). 2% Correspondingto A=1=i3

Corresponding to

_ a2x 1 {
3. yolx)=e [(AO—I-Alx) cos 5x+ (By+ B, x) sm5x] ﬁk:Z:I:iS, 2415

+ (C0+C1x+C2x2+C3x3)ex 2 Correspondingto A=1,1,1,1
+ De¥. 2% Corresponding to A =3

Example 4.10

Solve (D3 + 18D +81D*)y = 0.
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The characteristic equation is ¢(1) =0, i.e.,
A¥+181° 4+ 812% =0,
which can be factorized as A* (A2 +9)%? = 0. Hence the roots are
A=0,0,0,0, £i3, £i3,
and the complementary solution is
Vo) = (Cy + Cyx + Cyx* + C3x°) e’ ® 2% Correspondingto A=0, 0, 0, 0

Corresponding to

0-x i
+e [(A0+A1x)c053x+(BO+B1x)sm3x] ﬁk::l:i?), +i3

= Cy + Cyx + Cyx* + C3x° + (Ag+A; x) cos 3x + (By+ By x) sin 3x.

Example 4.11

Solve (D7 —3D° +4D° —4D* +3D% - D?)y =0.

The characteristic equation is ¢(A) =0, i.e.,
AT =320 4+42° —aat 4327 - =0.
Factorizing the left-hand side yields
AT =328 442 — 4t +327 — 22
=220 =32 442> —422 430 - 1)
=27 [ =32 +32° =) + (W =322 + 34— 1)]
=0 -D+ - D’]=220 - D’ +1).
Therootsare A =0, 0, 1, 1, 1, £1i, and the complementary solution is
yc(x) = Cy+ Cyx 2% Correspondingto =0, 0
+ (Dy + D, x + D,x*)e* 2% Correspondingto A =1, 1, 1
+ Acosx + Bsinx. 2% Correspondingto A= =£i

4.3 Particular Solutions

In this section, three methods, i.e., the method of undetermined coefficients, the
D-operator method, and the method of variation of parameters, will be introduced
for finding particular solutions of linear ordinary differential equations.

4.3.1 Method of Undetermined Coefficients

The method is illustrated through specific examples.
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Example 4.12

Solve (D? + 9y = 3e?%.

The characteristic equation is A>+9 = 0 = A = =£i3. The complementary
solution is

Yc = Acos 3x + Bsin 3x.

To find a particular solution y,, look at the right-hand side of the differential
equation, i.e., F(x) =3e?*. Since the derivatives of an exponential function are
exponential functions, one is tempted to try

yp=Ce”* == Dyp=2Ce*, D?%p=4Ce*,

where C is a constant to be determined.

Substituting into the equation yields
4Ce®* +9-Ce™ =3e¥* = 13Ce™ =3¢,
Comparing the coefficients of e?* leads to
3
13C=3 — C=73 = yp=73¢
The general solution is
y(x) = yc + yp = Acos3x 4 Bsin 3x + 1_33er.

Table 4.1 Method of undetermined coefficients.

Corresponding to Right-hand Side F(x) Assumed Form of y,
(1) Polynomial of degree k Polynomial of degree k
) 00X Ceo*
(3) sin Bx, cos Bx A cos Bx + Bsin Bx
(4) e** (ao—i—alx—l— +akxk) cos Bx, e"‘x[(Ao—i-Alx—i— —I—Akxk) cos Bx
e (by+by x+ - - - +b, x¥) sin Bx +(By+B,x+ - - - +B, x¥) sin Bx]
Polynomial of degree k Polynomial of degree k

@ The essence of the method of undetermined coefficients is to assume a form for a
particular solution, with coefficients to be determined, according to the form of the
right-hand side of the differential equation. The coefficients are then determined
by substituting the assumed particular solution into the differential equation. In
general, one uses the results given in Table 4.1 to assume the form of a particular
solution.
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For Cases (3) and (4), even if the right-hand side has only sine or
cosine function, the assumed form of a particular solution must contain both the
sine and cosine functions.

Example 4.13

Solve (D?+ 3D +2)y = 42e>* + 390 sin 3x + 8x* — 2.

The characteristic equation is A> 431 +2 = 0. Factorizing the left-hand side gives
A+DA+2)=0 =—> A=-2, —1.
The complementary solution is
Yo =Cre 4+ Cye™™.
Use the method of undetermined coefficients to find y,

Corresponding to right-hand side F(x) Assumed form for y,

42¢e>% Ce™
390 sin 3x A cos3x + Bsin 3x
8x* —2 D,x* 4+ D;x + D,

Hence, assume a particular solution of the form
yp = Ce®™ + Acos3x + Bsin3x + D,x* + D, x + D,
Differentiating y,, yields

Dyp =5Ce™* —3Asin3x + 3Bcos3x + 2D, x + Dy,
D%yp = 25Ce> — 9A cos 3x — 9Bsin 3x + 2D,.

Substituting into the differential equation leads to

(D?>+3D +2)yp = 25Ce™* —9A cos3x — 9Bsin3x +2D,) 2% D?yp
+3(5Ce™ —3Asin3x +3Bcos3x +2D,x + D;) 2T 3Dyp
+2(Ce™* 4 Acos3x + Bsin3x + D,x* + D, x + D,) 2% 2yp

=42Ce* 4+ (—7A + 9B) cos3x + (—9A — 7B) sin 3x

Collecting

2
+2D,x" 4+ (2D, + 6Dy)x + 2Dy + 3D, + 2D,) ’?:rsimilarterms

= 42¢>* +390sin3x + 8x% — 2. 2% Right-hand side of the DE
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Equating coefficients of corresponding terms results in

e 2C=42 = C=1,
cos 3x: —7A+9B=0 A=-27,
>
sin 3x: —9A — 7B =390 B =-21,
X 2D, =8 == D, =4,
1: 2Dy +3D, +2D, = —2 == Dy = 5(~2—3D,~2D,) = 13.

Hence, a particular solution is

yp = €% — 27 cos 3x — 21 sin 3x + 4x* — 12x + 13.

Example 4.14

Solve (D? +2D +3)y = 34€* cos 2x + 1331x%e?*,

The characteristic equation is

—24+ /22 —4x1x3
——14+iV2.

M 4+20+3=0 A= >

The complementary solution is
Yo = e ¥(C, cos v/2x + C, sin v/2x).

Use the method of undetermined coefficients to find y,

Corresponding to right-hand side F(x) Assumed form for y,
34¢* cos2x €*(A cos2x + Bsin 2x)
1331x% e (Dyx* + D, x + Dy) e**

Hence, assume a particular solution of the form

¥p = €“(A cos 2x + Bsin 2x) + (D,x* 4+ D, x + D) e**.
Differentiating y, with respect to x yields

= e*[(A + 2B) cos 2x + (—2A + B) sin 2x]

+[2D,x* + 2D, +2D,)x + (2D, + D;)]e*
D?yp = €*[(—3A + 4B) cos 2x + (—4A — 3B) sin 2x|

+ [4D,x* + (4D, + 8Dy)x + (4D + 4D, +2D,)]e**
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Substituting into the differential equation leads to
(D> 42D +3)yp
= e*[(—3A + 4B) cos 2x + (—4A — 3B) sin 2x|
+ [4D,x* + (4D, + 8D,)x + (4D, + 4D, +2D,)|e** 2% D%y,
+2 {ex[(A + 2B) cos 2x + (—2A + B) sin 2x]
+ [2D,x* + 2D, +2D,))x + 2Dy + D) ]e**} 2% 2Dy,
+ 3{e"(Acos2x + Bsin2x) + (D,x* + D, x + Dy)e**} 2% 3y,
= ex[(ZA + 8B) cos 2x + (—8A + 2B) sin 2x] 245 Collecting similar terms
+ [11D,x* + (11D; 4 12D,)x + (11D + 6D; + 2D,)]e**
= 34¢" cos 2x + 1331x%e**. 2% Right-hand side of the DE
Equating coefficients of corresponding terms results in

e* cos2x: 2A+8B =34 A=1,
e*sin2x: —-8A+2B=0 B =4,

x*e*: 11D, =1331 == D, =121,
1

[\S)

xe?*: 11D, +12D,=0 == D, =—3=D,= —132,

—

1
¢*: 11Dy +6D; +2D,=0 = Dy=—5(6D,+2D,) = 50.
Hence, a particular solution is

¥p = e*(cos 2x + 4sin 2x) + (121x* — 132x + 50) e**.

Example 4.15

Solve (D?+ 8D +25)y = 4cos’ 2x.

The characteristic equation is A?+8A+25 = 0. The roots are

—8+4/82—4x1x25 .
A= 5 = —4+1i3.

The complementary solution is
Ye = e **(A cos 3x + Bsin 3x).

The right-hand side of the equation is converted to the standard form using
trigonometric identities:

4 cos’ 2x = 4 cos 2x cos>2x
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14 cos2A
2
= 2c0s2x + cos 6x + cos2x /25 2 cos A cos B = cos(A+B) + cos(A—B)

=2c0s2x(1 + cos4x) = 2cos2x + 2 cos2x cosdx 2T cos’A =

= cos 6x + 3 cos2x.

Use the method of undetermined coefficients to find y,

Corresponding to right-hand side F(x) Assumed form for y,
cos 6x Aj cos 6x + By sin 6x
3 cos2x A, cos2x + B, sin 2x

Hence, assume a particular solution of the form

yp = A cos6x + By sin6x + A, cos 2x + B, sin 2x.
Differentiating y, with respect to x yields

Dyp = —6A,sin6x + 6B, cos 6x — 2A, sin 2x + 2B, cos 2x
D?yp = —36A, cos 6x — 36 B, sin 6x — 4A, cos 2x — 4B, sin 2x.
Substituting into the differential equation leads to
(D*+8D +25)yp
= —36A, cos6x — 36B, sin 6x — 4A, cos 2x — 4B, sin 2x 2% D%y,
+ 8(—6A,sin6x + 6B, cos 6x — 2A, sin 2x + 2B, cos 2x) 27 8Dyp
+ 25(A, cos 6x + By sin 6x + A, cos 2x + B, sin 2x) 27 25yp

= (—11A,;+48B,) cos 6x + (—48A,—11B;) sin 6x
Collecting

+ (214, +16B,) cos 2x + (=164, +21B,) sin 2x '@:similar terms

= cos 6x + 3 cos 2x. 2% Right-hand side of the DE

Equating coefficients of corresponding terms results in

cos6x: —11A, +48B, =1 A= -5k,
S
sin6x: —48A;, —11B, =0 B, — =28
1 2425°
63
cos2x: 21A,+16B, =3 Ay = 397
48
sin2x: —16A, +21B, =0 — A9
2 2 B, = 297 -

Hence, a particular solution is

_ 48 63 48
Yp = — 315 COs6x + 575= sin 6X + 755 COS 2x + 755 sin 2x.
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Exceptions in the Method of Undetermined Coefficients

The method fails if the right-hand side of the differential equation is already con-
tained in the complementary solution y .

Example 4.16

Solve (D2 +2D)y = 4x* +2x + 3.

The characteristic equationis A>+2A =0 = A = 0, —2. The complementary
solution is
yc = CO + Cl eizx.

Apply the method of undetermined coefficients to find a particular solution y,.
Corresponding to the right-hand side 4x*+2x+ 3, the form of y, would normally
be assumed as D, x*+ D, x+ D,. However

(D? +2D)(D,x* + Dyx + Dy) = 2D, + 2(2D,x + D) # 4x* +2x + 3.

This is because the constant “3” in the right-hand side is already contained in the
complementary solution C,. Hence, one has to assume the form of a particular
solution to be

yp = x(Dyx* + Dy x + Dy).

Differentiating y, with respect to x yields
Dyp = 3D,x* + 2D, x + D, D%y, = 6D,x +2D;.
Substituting into the differential equation leads to
(D* +2D)yp = 6D,x + 2D, + 2(3D,x* + 2D, x + D)

= 6D,x* + (4D, + 6D,)x + 2D, + 2D))

= 4x* +2x + 3. 2% Right-hand side of the DE
Equating coefficients of corresponding terms results in

X  6D,=4 = D,=3%,

xi 4D +6D,=2 = D =%(2-6D)=—3,
1:  2Dy+2D; =3 = Dy=%(3-2D) =2

Hence, a particular solution is

Vp :x(%x2 - %x—i—Z).
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Exceptions in the Method of Undetermined Coefficients

In general, if any of the normally assumed terms of a particular solution occurs

in the complementary solution, one must multiply these assumed terms by a
power of x which is sufficiently high, but not higher, so that none of these

assumed terms occur in the complementary solution.

Example 4.17

Given the complementary solution y. and the right-hand side F(x) of the differ-

ential equation, specify the form of a particular solution y, using the method of
undetermined coefficients.

(1) yo=ce ™ +c,e¥ + (dy+dx+d,x*) e,
F(x) = 3e™* + 6e2* — 4¢e°%;

(2)  yo = e*(acos3x + bsin3x) + ¢, +c;x+c,x%,
F(x) = 5xe** cos 3x + 3x + e**;

(3)  yo = (cy+c;x)e* +dy+ asin2x+bcos2x,
F(x) = 2xe* + 3x? + cos 3x.

1
(1) Normally Assumed Contained in
F(x) Form for y, Yc Modification
3e™* Ce™ e ™ x -Cie™
6 er CZ e2x
—4e% Cye* (dy+d;x+dyx*) e | x* -Cye’
yp=x-Cie ™+ Cye¥ +x°-Cye".
(2)
Normally Assumed Contained in
F(x) Form for y, Yc Modification
5xe** cos3x | e [(Ao +A,x) cos 3x e?*(a cos 3x X - ez"[(AO +A;x) cos 3x
+(By+B,x) sin 3x] + b sin 3x) +(B,+B;x) sin Sx]
3x Co+Cx c0+c1x—i—c2x2 x> (Cy+Cix)
e2x D e2x

yp = x-e*[(Ag+A;x) cos 3x + (By+Byx) sin 3x| 4+ x° - (Cy+ C;x) + De*.
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(3) Normally Assumed Contained in
Fx) Form for y, e Modification
xe* (Cy+Cix)e* (cy+cyx)e” x? (Cy+Cix)e*
3x2 DO—I—Dlx—I-Dsz d, x -(D0~|—D1x~|—D2x2)
cos3x | A cos3x + Bsin3x _— _

yp = x?- (Co+Cix)e* + x- (D0+D1x+D2x2) + A cos 3x + Bsin 3x.

Example 4.18

Solve (D* — 4D?%)y = sinh 2x + 2x2.

The characteristic equation is ¢(A) =0, i.e.,
M -4 =224 =0 — A=42,0,0.

The complementary solution is y. =c, e +c,e **+d;+d,x, which can be ex-
pressed using hyperbolic functions:

Yo = acosh2x + bsinh 2x + dy + d;x.

When using the method of undetermined coefficients to find a par-
ticular solution, the hyperbolic functions (cosh Bx) and (sinh Bx) can be treated
similar to the sinusoidal functions (cos Bx) and (sin Bx).

Normally Assumed Contained in
F(x) Form for y, Y Modification

sinh2x | Acosh2x+Bsinh2x | acosh2x+bsinh2x | x - (A cosh2x+ Bsinh 2x)

2x? D0+D1x+D2x2 dy+d,x x? ~(D0+D1x+D2x2)

Hence, assume a particular solution of the form

¥p = x- (A cosh 2x+ Bsinh 2x) + x* - (Dy+ Dy x+D,x%).
Differentiating y, with respect to x yields

Dyp = (A cosh 2x+ Bsinh 2x) + 2x (A sinh 2x+ B cosh 2x)
+2Dyx+3D;x* +4D, %,

Dzyp = 4 (A sinh 2x+ B cosh 2x) 4+ 4x (A cosh 2x+ B sinh 2x)
+2Dy+6D; x+12D,x%,

Dy, = 12(A cosh 2x+ Bsinh 2x) + 8x (A sinh 2x+ B cosh 2x) + 6 D; +24D, x,
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D4yp = 32(Asinh 2x+ B cosh 2x) 4 16x (A cosh 2x+ B sinh 2x) 4- 24 D,.
Substituting into the differential equation leads to
(D* —4D%)y,
= 32 (A sinh 2x+ B cosh 2x) + 16x (A cosh 2x+ Bsinh 2x) + 24D, 2% Dy,

—4 [4 (A sinh 2x+ B cosh 2x) + 4 x (A cosh 2x+ B sinh 2x)
+2Dy+6D;x+12D,x*] 2T 4D%,

= 16 (A sinh 2x+ B cosh 2x) + (24D, —8D,) —24D, x —48 D, x*
= sinh 2x + 2x2. #4 Right-hand side of the DE

Equating coefficients of corresponding terms results in

cosh2x: 16B=0 = B=0,
sinh 2x: 16A=1 — A=1—16,
x%: —48D, =2 = D,= 351,
x: 24D, =0 = D, =0,
1: 24D, — 8Dy =0 — D0=3D2=—%

Hence, a particular solution is

X h2 X2 X4
— = COS X — — —
P~ T6 8 24

4.3.2 Method of Operators
In Section 4.1, the D-operator is defined as the differential operator, i.e.,

d(-
D() = de)

Define the inverse operator of D, denoted as D!, by (D™!'D)y = y. Hence
D7) = - ()=/(>dx
=50 = X

i.e., the inverse operator D! is the integral operator.

Similarly, for differential equation ¢(D)y=F(x), define the inverse operator
¢~'(D) by

1 _ 1 _
[67(D)p(D)]y=y or [—d)(D) ¢<D>} y=y.
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For the operator ¢(D) of the form
¢(D) =a,D" +a, D" ' +...+a,D +ay

where a,a,,...,a, are constant coefficients, a solution of the differential equation
¢(D)y=F(x) can be rewritten using the inverse operator

D)y =F(x) =— y=

1
¢(D)F(x),
where
_ 1
¢(D) a,D"+a, D" '+..-+a,D+a,

¢ (D) =

The inverse operator ¢ ~}(D) has the following properties:

1 1 1
. —————F(%) = —— | —— — | —
DD = 5D [‘Pz(D) ()] D) [¢<D> ()]
5 P 1 1
' ¢(D)[ 109+ F(0] = Se5sFu) + S B0,

For the given differential equation ¢(D)y = F(x), the operator ¢(D)
and function F(x) are unique. However, the function ¢~ I(D)F(x) is not uniquely
determined. The difference between any two results is a solution of the comple-
mentary equation ¢(D)y=0. But this is not important because only one partic-
ular solution is to be determined. In fact, one always tries to find a simple result

of " YD)F(x).

—¢ (;D) e — ¢(1a) e, provided ¢(a) # 0. #< Replace D by a.

I If ¢(a) =0, use Theorem 4.

Proof: Since De® = ae®*, D2%e®™ =a?e®*, ..., D"e =qa"e**, then
¢(D)e"™ = (a,D" +a, ;D" ' +-.-+a,D +ay)e™*
= (a,a" +a, ;a" "+ +aja+ay) e = p(a)e.
Applying ¢~%(D) on both sides yields:
¢~ (D)p(D)e™ = ¢ (D)[p(@)e™] == & =p(a)p~(D)e™,

1 1
—_— ax — — ax’ 0. .
oD @ o) #
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Theorem 2 (Shift Theorem)

Move e** out of ¢~ XD),

1 ax __ Lax
Yz [e f (x)] =¢ shift the operator D by a.

D) f@x).

1
(D +a)

Proof: Consider the differential equation ¢(D)y=F(x). Since

(D+a)(e™**y) = D(e™**y) + ae™**y = e"**Dy,
(D +a)? (e_“xy) = (D+a) (e_“ny) = e "*D?y,

one obtains

[a,(D+a)" +a,_(D+a)" '+ -+ a;(D+a) + a] (e7**y)
=e " (a,D" +a, D" ' +...+a,D+ayy,

(D +a)(e_”xy) =e YD)y = y=¢e¥" [e_“x¢(D)y].

1
¢(D +a)
Using ¢(D)y=e™f(x) and y=¢ X(D)[e™ f(x)] leads to

1
[eaxf(x)] — eax

: u
D) f(x)

1
¢(D+a)

Example 4.19

Solve (D?+5D +4)y = e + x?e .

The characteristic equation is
M+5r+4=0 = A+4H)QA+1) =0 = r=—4, —1.

The complementary solution is y. = C,e~** 4+ C,e™*. For a particular solution

_ 1 2x 2 —2x
= Prirspyas tEe )
Vp = ;ez" = ;ezx = ier 25 Theorem 1: a=2
PL= D245D+4 224+5x2+4 18 '

1 2 —2x :

= —_—— Apply Shift Th t ax )
Vp2 D2+5D+4(x e ) 2% Apply Shi eorem O(])(D) [e" f(0)]
_ o2 1 2 Take e ~2* out of the operator

(D—2)2 +5 (D—2) +4 and shift operator D by —2.
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1 o 2% 1 Write the operator in
—2x 2 2 -
=e Xt =— x° 2% ascending order of D.
2 _ 2
D*+D-2 2 1— 2 _ D_ Set the constant to 1.
2 2
e ¥ D 3D? ) Use long division to expand
= 1+—+—+---)x )
2 2 4 the operator and stop at D~.
e, 3 k.2
= <x —l—x—l—;—i—O—l—-'-) 25 D*x* =0, for k>2
e—2x < ) ad >
= — X X -).
2 2
D 3D? 5
1 + ) + e 2% Stop at D~
D D?
1l-=—-= | 1
2 2 D D2
1 - = - = (-
2 2
D N D?
2 2
D D? D3 (
2 4 4
3D? N D>
4 4

Alternatively, one can use the series expansion

=14+ut+’+.. +uf

T + ...

to expand the operator

1
=7 = 2 — =l+ut+v’+u+--
ST (3D ”
(B BT (42
D, D’

D 3D?
=14+ —=+—+
4
Hence, a particular solution is
+ _ ezx(2+ +3)
— = — —_ X X -,
Yp =J)p1 T)Vp2 18 > >



166 4 LINEAR DIFFERENTIAL EQUATIONS

Technique for Evaluating a Polynomial

1
a,D"+a, D" 4 ... 4+a D+a,

(Co+Cpx+ - +Cxb)

Polynomial of degree k
- — a a : a (Co+Crx+ - +Cx)
9% 1+-LD+-=2D2+ ... + LD~
% % %

Rewrite the operator in ascending order of D.
Set the constant to 1.

1
=— (14+b,D+b,D*+ ... +5,DF+ .. ) (Cy+Cix+ - - +Cixb),
0

Expand the operator and stop at DF.
which can be easily evaluated using
Dx1=qx1!, D*x1=q(@q-1)x12% ..., Dixi=q(q-1)---1,
DPx1=0, for p>q.
Expansion of the operator can be obtained using

1. Long division, or

2. Series —l4utud+ -+

1—u

IZ" This method of expanding operators using long division or series is applica-

ble only when evaluating polynomials.

Special C ! C S 25 Constant
ecial Case: == onstan
P a,D"+a, D" 1+...4+a,D+a, g a,

Example 4.20

Find a particular solution of (D?+6D +9)y = (x> +2x)e™>~.

Using the method of operators, a particular solution is given by

1
Yp = m [(x3—|-2x) e_3x] 75 Shift Theorem: a= —3.
1 Take e~3* out of the operator
_ .—3x 3 1%
~ = (D—3)2 +6 (D—3) 49 (" +2x) ﬁand shift operator D by —3.

1
=€ 3XF(X3+2X).
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Since D! is the integral operator, D =2 f(x) means integrating f(x) twice:

Integrate Integrate
x3+2x % %x4—|—x2 % z—loxs—}—%x:s_

Hence,

Example 4.21

167

Find a particular solution of (D? - 2D +2)y = x*&* cos 2x.

From Euler’s formula

e? = cosf+isind = cos2x=Re(el?) and exc052x=‘Re[e(1+i2)x].

Applying the method of operators, a particular solution is

= 1 2 (14i2)x Theorem 2: a=1+12. Take e(! T12)x
yp=Re D2-2D+2 [ ]} ﬁout of the operator, shift D by (1+i2).

1

= Re{ e1tiDx xz}
[D+(+i2)]* -2 [D+(1+i2)] +2

x
D2+4i4D -3

_ R _e(1+i2)x 1 2]

T 1
1—(=— -2
<3D+3D

3

_le(1+iz)x<x2+'?sz_%?’szz_i_m)}

8 26 Apply Euler's
- 5)]

1 .
= Re [——ex (cos2x + 1 sin 2x) (xz + l—x _—

1 8 26
= —gex (x2 cos2x — gxsian — ?coszx). 25

Example 4.22

1 ) x2:| P Expand the operator

= Re {—le(1+i2)x[1 + (§D+1D2) + (%LDJ%DZ)Z +---]x2}

Expand the product
and take the real part.

using series. Stop at D2.

formula to e(1 T12)x,

Find a particular solution of (D?+3D —4)y = 65sin 3x.

Using the method of operators, a particular solution is given by

= m—Sin 3X.
’P = Dr13D 4
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In order to use Theorem 1, sin 3x must be converted to an exponential function
using Euler’s formula el? = cos@+isind = cost = Re(el?), sinf = Im(e'?):
6 - 6 - Theorem 1: a=i3

=1 (_ 13x) _ |:— 13x:| ) )
P " D2+3D—4e " (i3)2—|—3(i3)—4e replace D by i3.

_ ‘Im< 6 ei3x> _ ‘Im[ 6(—13—-19) ei3x]

—13+i9 (—13+i9)(—13—19)
2T Multiply both the numerator and denominator by (=13 —19).

6(—13-19) .. Expand el3x
S0 (oeesisingg] 24P
[ 132492 (cos 3x+1 sin 3x) using Euler's formula.

= 1%5 Tm| (—13 cos 3x+9 sin 3x) + i (—13 sin 3x — 9 cos 3x) |

Real part Imaginary part
= —% (13 sin 3x+9 cos 3x).

Remarks:

@ This approach involves manipulations of complex numbers, which could be
tedious. Notethat i’=—1,i*=1,i®= —1, .... When one deals with only the
even power terms of D, one can avoid complex numbers.

2 Since cos Bx and sin Bx are related to e#*, when applying Theorem 1, a=ip
and a® = (iB)? = — B%. Hence, by dealing with only even power terms of D, a
simpler method can be devised as follows.

6 . si — i3xy.
o= sin 3x Qﬁ:Theoremi 31n.3x2 ‘1m(e2 );
D2 43D —4 replace D by (i3)° = —3~.
6 } 6 .
= sin 3x = =——— sin 3x
(—3%) +3D—4 —13+3D
_ 6 (—13—-3D) i3 )@(IMultiply both the numerator
~ (=134+3D) (—13—3D) St % and denominator by (—13—3D).
_ —6(13+3D) sin 3x )@(IApplyTheorem 1. Replace D?
169—9 D2 in the denominator by — 32,
6
= —————(13sin3x+3Dsin 3x) 2% EX}.) and the r.lumefator,
169—9 (—32) Dsin3x = (sin3x)’ =3 cos3x.

= —%5 (13 sin 3x+9 cos 3x).

This procedure can be summarized as Theorem 3. Note that ¢(D) can always
be written as ¢1(D2) + ¢2(D2) D,eg.

#(D) =3D>+2D?>+ D +1=(2D*+1) + 3D*+1)D.
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1 Isin ﬂx} 3 1 [sinﬁx} ﬁsinﬂx and cos Bx
)

are related to e'#*,

#(D) | cos Bx (D) +6,(DDD | cos
1 sin Bx
= 3P 1o, PHD [COS ,Bx} 2% Replace D? by (iB)> =—p%
— [¢,(=B% —¢,(—p* D] {sin ﬂx}
[#—FD+05—FD D] [0~ B — #,—FHD] | cos pix

27 Multiply both numerator and denominator by [¢l(— 85— d,(—p 2y D].
$(—B2) —d,(—pHD [ st 2
[6,—2]" — [0, )]" D2
1 {¢1(—,32) sin Bx —¢,(—B*) Dssin ﬂx}

[6:B2]" ~[6,=B)] B |~ B?) cos px—,(~ ) D cos fx

#% Replace D? in the denominator by —B%; expand the numerator.

1 :¢1(—52) sin Bx — B ¢p,(—B?) cos ﬂx}

(68T +B[6,B2]" | §y(~B?) cos -+ B~ ) sin px ]

] 25 (a—b)(a+b)=a’—b*

cos Bx

15 I [¢,(—2)]° +B2[¢,(—B)]* =0, use Theorem 4.

It is not advisable to memorize the result of Theorem 3, but to treat the theorem as
a technique for finding a particular solution corresponding to a sinusoidal function.

Example 4.23

1
Evaluate yp = m [ex (2sin3x—3cos 2x)].
X 1 :
yp = (2sin3x —3 cos 2x)

D112 —4D1D)+3
#25 Theorem 2: take €* out of operator and shift D by +1.

1
= € = (2 5in 3x — 3 cOs 2X)
D? —2D
= e"[ 2—(2 sin 3x) 25 Replace D? by —32.
(—3%) —2D

1
+ ———(—3cos 2x) ] /#< Replace D? by —22,
(—=2%) —2D
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- —2 (9-2D) 3 (4—2D)
=e sin 3x + cos Zx]
| (9+2D) (9—2D) (4+2D) (4—2D)
[ —2(9—-2D 3(4—2D
=e* ; sin 3x + ; cos 2x:|
L 81—4 D2 16—4 D?
i -2 21y 32
= €| =———————(9sin 3x — 2D sin 3x) Replace D by 37,
[81—4 (—32) expand the numerator.
3 210 92
+ =—(4cos2x — 2D cos 2x)] ’@:Replace Dby —27,
16—4 (—22) expand the numerator.

= [— 329 (3sin3x — 2 cos 3x) + %(cos 2x 4+ sin 2x)].

Example 4.24

Solve (D* 46D +9)y = 72sin*3x.

The characteristic equation is A>4+61+9=0= (A+3)>=0 = A= —3, —3.

The complementary solution is

The right-hand side of the differential equation can be converted to the standard
form using trigonometric identities:

1— cos 6x\ 2
72sin3x = 72 (sin3x)% = 72 <T) — 18(1 —2 cos 6x + cos?6x)

1+ cos12x
- 18(1—2cos 6x+—) — 27—36c0s 6x+9 cos12x.
! 27 % Special case of a polynomial: constant
= — ecial case of a polynomial: constan
7P = D2t6D+ 9 P Py
1
— 36 D TeD s 6x 2% Theorem 3: replace D* by —6%.
+ 9—D2+6D = cos12x 2% Theorem 3: replace D? by —122.
1 1
=3 - 36 —————(c0s6x + 9 cos12x
(—6%)+6D+9 + (—122)+6D+9
2D +9 2D +45
=3-12 ( +9) cos6x + 3 ( +45) cos 12x
2D-92D+9) (2D —45)(2D +45)
122D +9) 3(2D +45)
=3 — mcos6x+ mcosux
12 2 g2
= 3 — = (—12 sin 6x+9 cos 6x) Replace Dby —67,
4(—6%)—81 expand the numerator.
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3 . Replace D% by —122,
—_— (24 12x+45 12
+ 4(—122)—2025 ( sin12x-+45cos12x) 2% expand the numerator.

16 . 12 8 . 15
=3 5 sin 6x + 5 Ccos 6x + 289 sin12x — 289 cos 12x.

If ¢p(a)=0, ¢'(a)=0, ¢"(a)=0, ..., P~ V(a)=0, ¢P(a)#£0, ie, a isa
p-fold root of the characteristic equation ¢ (1) =0, then
Take pth-order derivative of ¢(D);

replace D by a; multiply the result by x?.

1 ax 1 p ax
e’ = xPe
»(D) 9P (a)
Proof: Since a is a p-fold root of the characteristic equation ¢(1) =0, ¢(D) can
be written as ¢(D) = (D —a)? ¢,(D), ¢,(a) #0. Hence

1 ax 1 ax : ax ax
—_—" = —————— ("1 25T Rewrite e** as (e**-1).
#(D) (D—-a)f ¢1(D)( )
1 Apply Theorem 2. Take e** out of

__ax
=¢ D? ¢,(D +a) M '@(rthe operator and shift D by a.

ax 1

1
_ 0-x . 0-x
=e o7 { _¢1(D+a) e } 2T Rewrite 1l ase” ™.

1 1
=¥ 1). 2% Apply Theorem 1 on the shaded part, a=0.

1 1
Since = is the integral operator, o7 means integrating 1 with respect to x for p

times, which gives

1 1 1 1
—_— [— p —_— ax — p ax
o7 (1) o x and 5D) e ) e,

On the other hand, differentiating ¢(D) yields
¢ (D) = p(D—a)P~'¢(D) + (D—a)? ¢|(D),
¢"(D) = p(p—1)(D—a)P2¢,(D) +2p(D—a)P~' ${(D)+(D —a)? ¢{(D),

9" (D)= p(p—1)(p—2)(D—a)?>¢;(D) +3p(p—1)(D —a)P~?${(D)
+3p(D—a)? 1 ¢{(D) + (D —a)? ¢/(D),

From the shaded terms, it can be easily seen that »P(a)= p!¢,(a). Hence,

1 1
xPet*,

ax

sD) P
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Example 4.25

1

Evaluate yp = EE e
Use Theorem 4: #»(D) = (D —2)°, ¢2) =0,
¢(D)=3(D-2?%  ¢@ =0
¢"(D) = 6(D—2), ¢"(2) =0,
¢"" (D) =6, $"'(2) =6 # 0.
yp = ﬁx%u _ %x3e2x.

Example 4.26

Solve (D? 44D 4 13)y = e *sin 3x.

The characteristic equation is A2 +4A+13 =0, which gives

4t ST —ixD3
A= - X 243,

Hence the complementary solution is y. = e 2*(A cos 3x + Bsin 3x).

Note that the right-hand side of the differential equation is contained
in the complementary solution. Using the method of undetermined coefficient,
the assumed form of a particular solution is x-e~2* (a cos 3x+ b sin 3x).

A particular solution is given by

Yp = — (e7*sin3x) = e > ! sin 3x
D?44D+13 (D—-2)2+4(D-2)+13

#% Theorem 2: take e ~2* out of the operator, shift D by —2.

1 1.

—2x : —2x i3x

=¢ Y sin3x =e¢ ‘I[ e ]
D249 " DZ2+9

This can be evaluated using Theorem 4:
#(D) = D*+9, #(13) = (13)2+9 =0,
¢'(D) =2D, ¢'(i3) =2(i3) =i6 # 0.

Hence,

1
yp=e X Tm[

9'(i3)

x ei3x] 25 Theorem 4

X .
—e ‘Im[—6 x (cos 3x + isin Sx)] =e ¥ ‘Im[— %X(COS 3x +isin 3x)]
i

= — % xe ¥ cos 3x.
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4.3.3 Method of Variation of Parameters

When the right-hand side of a linear ordinary differential equation with constant
coefficients is a combination of polynomials, exponential functions, and sinusoidal
functions in the following form

eax[(ao +ax+---+ akxk) cos Bx + (by +byx + - - + bkxk) sin ﬁx],

the method of undetermined coefficients or the method of D -operator can be applied
to find a particular solution. Otherwise, the method of variation of parameters must
be employed, which is the most general method.

The method of variation of parameters is illustrated using specific examples.

Example 4.27
3

Solve the differential equation y" +y = cscx. (1)

The characteristic equation is A2+ 1 =0, which gives A = %i. The complementary
solution is
yc =Acosx + Bsinx. (2a)

Differentiating y. with respect to x yields
Yo = —Asinx + Bcosx. (2b)
Note that in equations (2), A and B are constants.

In general, for an nth-order linear differential equation, the com-

plementary solution y. is differentiated (n—1) times to obtain equations for

(n—1)
Yer Vs -oos ycn )

To find a particular solution y,, vary the constants A and B in equations (2) to
make them functions of x, i.e., A= a(x), B=>b(x). Thus the expressions for y,
and y}, are obtained

yp = a(x) cos x + b(x) sin x, (3a)
yp = —a(x) sinx + b(x) cos x. (3b)
Differentiating equation (3a) with respect to x yields

Differentiate using

r_ . . P .
yp = a'(x) cosx — a(x) sinx + b'(x) sinx + b(x) cosx ,?_‘tthe product rule,
= —a(x)sinx + b(x) cosx, 2T Compare with equation (3b).

which leads to
a'(x) cos x + b'(x) sinx = 0. (4a)
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Differentiating equation (3b) with respect to x and substituting into equation (1)
result in

¥p+yp =[—da(x)sinx — a(x) cosx + b'(x) cos x — b(x) sin x|
+ [a(x) cos x + b(x) sin x]

= cscix,

which yields

—d'(x) sinx + b'(x) cosx = csc>x. (4b)

Equations (4) give two linear algebraic equations for two unknowns a’(x) and b'(x),
which can be solved easily

Eq(4a) x cosx: a'(x) cos’x + b'(x) sinx cos x = 0,

Eq(4b) x sinx: —d'(x) sin’x 4 b/(x) sin x cos x = csc>x.

Subtracting these two equations leads to
a(x) = — csc’x. 25 sin’x+ cos’x=1. (5a)
Similarly,
Eq(4a) x sinx + Eq(4b) x cosx: b'(x) = csc’x cos x. (5b)

Integrating equation (5a) yields
a(x) = —fcsczxdx = cot x,

and integrating equation (5b) gives

d(si 1
b(x) = /csc3xcosxdx :/ (sinx) =

sin’x 2 sin’x

The general solution is then given by

y=Yc+yp=Acosx+ Bsinx + a(x) cosx + b(x) sinx

1

2sin’x

- sinx

= Acosx + Bsinx + cotx- cosx —

cos?x 1

= Acosx + Bsinx +

Example 4.28

Solve the differential equation y"' =2y +y=Inx. (1)

sinx 2sinx
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The characteristic equation is A2 —2A+1=0 = A =1, 1. The complementary
solution is

ye = (G +Co)e, (2a)
where C, and C, are constants. Differentiating y. with respect to x yields
yo = Cie" + (Cy+ Cix)e* = [(Cy+Cy) + Cx]e”. (2b)

To find a particular solution yp, vary the constants C; and C, in equations (2) to
make them functions of x, i.e., C; = ¢;(x), C; = ¢;(x), to obtain the expressions
for y, and y},

yp = [co(x) + ¢;(x) -x] &%, (3a)
¥p = {[co®) +e;(0)] + ¢ (x) - x} €. (3b)
Differentiating equation (3a) with respect to x yields:

Differentiate using

yp = [ +c1(x) - x +c; ()] " + [co(x) +¢,(x) - x] e 2% the product rule.
= {[Co (x)+¢ (x)] + ¢ (x) -x} e*, 2% Compare with equation (3b).

which leads to
cp(x) + cj(x)-x = 0. (4a)

Differentiating equation (3b) with respect to x and substituting into equation (1)
result in

Yp—29p +p
= {[cs) +c1®)] + 1) x4+ ;) } e + {[co(X) +¢; (%) ] + ¢ (x) - x} e*
- 2{[c0(x) +¢ (x)] + ¢;(x) -x} e + [co(x) + ¢ (x) -x] e’
= [cj(x) + c}(x) + ¢j(x)-x]e* =Inx. 2% Right-hand side of equation (1)

Hence,
cp(x) + cj(x) + cj(x) - x = e “Inx. (4b)

Equations (4) give two linear algebraic equations for two unknowns cy(x) and cj(x).
Subtracting equation (4a) from (4b) yields

ci(x) = e *Inx. (5a)
From equation (4a), one has

co(x) = —cj(x) -x = —xe *Inx. (5b)
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Integrating equations (5) yields

o (x) = / e *lnxdx = — / Inxd(e™™) 2% Integration by parts

= —[e_xlnx—/e;x dx].

co(x) = —fxe_x Inxdx = fxlnxd(e_x) /# Integration by parts

=xe *lnx —/e_x(lnx+1)dx =xe *lnx+e™* —fe_xlnxdx

—x
_ _ _ e
=xe *lnx+e *+e *lnx— | —dx,

x

A particular solution is then given by

yp = [co(x) +c;(x) -x] e*

—X —X
= {xe_xlnx—i—e_x—l—e_xlnx— e—dx—l— [—e_xlnx +/e dx]-x}ex
x x

—X

=1+Inx+e"(x—1) S dx
x

Example 4.29

Solve the differential equation y" -y =

ex

14ex’

1)

The characteristic equation is A> ~A=0 = A(A+1)(A—-1)=0 = A= —1,1,0.
The complementary solution is

where C,, C,, and C; are constants. Differentiating y. with respect to x yields

o= —Cre 4 G, (2b)
ye=+Ce " + Cyet. (2¢)

Apply the method of variation of parameters and vary the constants C; = ¢, (x),
C, = ¢,(x), C; = ¢5(x) to express a particular solution and its first- and second-
order derivatives as

yp = +c(x)e”* + ¢y (x) " + c5(x), (3a)

/

yp = —c(x)e +cy(x)e’, (3b)

/!

Yp=Fc(x)e”" +cy(x)e’. (3¢)
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Differentiating equation (3a) with respect to x yields:
yp= ix)e ™ —c(x)eF + x)e* + o (x)e" + 4x)
= —q(x)e " +(x)e*, 2% Comparewith equation (3b).

which leads to
ci(x)e™ + chy(x)e* + ci(x) = 0. (4a)

Differentiating equation (3b) with respect to x yields:
yp= —c®)e ™ +c(x)e 4+ x)er +cy(x)e*
=c(x)e ™ +c,(x)e*, 2T Comparewith equation (3c).

which leads to
—ci(x)e™ + ch(x)e* = 0. (4b)

Differentiating equation (3¢) and substituting into equation (1) result in

¥ —yp = [ (e —c (e + @) +6,(x) e ] —[—c (e ey (x)e]

X

=T 245 Right-hand side of equation (1)
e

which leads to

X

ci(x)e ™ + ch(x)ef = (4¢)

14e*
Equations (4) give three linear algebraic equations for three unknowns c{(x), ¢5(x),
and cj(x), which can be solved using Cramer’s Rule or Gaussian elimination:

X 2x
Eq(4c) — Eq(4b): ZCi(x) e ¥ = I-T-ex = Ci(x) = ﬁ, (5a)
x 1
Eq(4c) + Eq(4b): 2¢h(x)e" = He—ex = &x)= TS (5b)
Eq(4a) — Eq(4c): cy(x) = — I—T—ex' (5¢)

Integrating equations (5) yields

e* 1
c3(x) = _/l+ex dx = _/l—l—ex d(14+€¥) = —In(1+¢€Y).

1 2x 1 [(14e%) —1
c(x)= —/ - _dx= —/&exdx
2 14+¢e* 2 14¢e*

_1 _ 1 X _l X x
= 5/(1 1+ex)e dx = z[e In(1+¢e9],
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1 1 e * 1 1
— dx = — dx = — = de ™ +1
Q) = /1+ex X Z/e—x+1 x 2/e‘x+1 €7+

= —iln(e_x—i—l) = %[—ln(l—i—e") +x],

A particular solution is then given by

=c (e +ox)e” +c3(x)
= %[e —In(1+€%)]-e” [—ln(l—l—ex) + x]-e* — In(1+€%)
= 2[1+xe — (€ + e +2) In(1+eH)].

4.4 Euler Differential Equations

An Euler differential equation is a linear ordinary differential equation with variable
coefficients of the form

d" 4t d
anxn dx)n} +an—1xn ITn_): +- +a1x dy +a0y f(x)’
where a,, a;, ..., a, are constants. Using the D-operator, D(-)=d(-)/dx, an

Euler differential equation can be written as
(a,x"D" +a,_x"'D" 1 +...+a,xD +ay)y = f(x).
To solve the equation, use the substitution x =e? to convert it to one with constant

coefficients.

Assuming the independent variable x >0, let x=e* or z=Inx and adopt the
script & notation, & (-)=d(-)/dz, to denote differentiation with respect to z.
Hence, using the chain rule,

dy dydz dy1 dz d

— I —— O —— —:—1 = —
dx dz dx dz x o= dx dx(nx)
which yields
d d
L2 o=,
dx dz
Similarly,
dy d /dy d /1 dy
@_dx(dx) dx(;g)
_1dy 1d(dy>dz__1dy 1 d?
x2dz  xdz\dz/dx = x2dz x?dz¥’
leading to
dy dy d
=2 L — D)= (P -D)) = D@ -0,
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It can be proved, by mathematical induction, that
xX"D'") =D (D -1\ (D —-2)--- (D—n+1)(-), n=positive integer.

Hence, in terms of the script & operator, & (-)=d(-)/dz, an Euler’s equation
becomes an equation with constant coefficients.

For example, consider
(azxzDz—i—alxD—i—aO)y:f(x), D(-) =d(-)/dx.
Applying the variable substitution x = €%, the differential equation becomes
[a, D(D—1) + a, D + a5y = f(9), YD(-) =d(-)/dz,

or

Example 4.30

Solve (x*D?* —xD +2)y =x(Inx)’>, D(-)=d(-)/dx.

[a, @ + (ay—ay) D + ay]y = f(e?).

Letting x =¢*, z=Inx, and & (-)=d(-)/dz, the differential equation becomes
(D@D -1)-D +2]y =2 = (D*-29+2)y=¢e2.

The characteristic equation is A% —2A+2 =0, which gives

= (=2) £ /(=2)? —4x1x2

A > =1=i.
The complementary solution is
Yo = €(Acosz + Bsinz).
A particular solution is given by
. 1 ( . 3) Theorem 2: take e* out of the operator
yp—@2_2@_|_2 €2 and shift operator D by +1.
1 1
_ .z 3 _ o2 3
“C Wi 2@+h+2. o1
, iy Expand the operator in series
:Zl__ojz @22_”. 3 - )
“l () Iz stop at G°.
= (2> — 62).
Hence, the general solution is
y=Yc+yp=¢e(Acosz+ Bsinz) + e?(z° — 62)
Change back to

_ : 3
=x [A cos(Inx) 4+ Bsin(Inx) 4+ (Inx)” — 61n x]. ,é?_‘rthe original variable x.



180 4 LINEAR DIFFERENTIAL EQUATIONS

Example 4.31

Solve (D> +xD — 1)y =4x>, D(-)=d(-)/dx.

Let x=¢*,z=Inx, and & (-)=d(-)/dz. The differential equation becomes
(D@D -1)(D-2)+D — 1]y =47 = (D-1)’y=4e>.

The characteristic equation is (A —1¥*=0 = A=1,1,1. The complementary
solution is

yo = (Cy+ Ciz + G2 e,
A particular solution is given by

1 1 e
= fe——? = f—? = —. 25 Th 1:a=5
AT E (5-1)3 16 corem

The general solution is
y=yc+yp=(Co+Cz+ Gl + 1_16652

Change back to

_ 2 1.5
= [CO + Gy Inx + Cy(Inx) ]x T 16X 'Q—(Ithe original variable x.

4.5 Summary

Consider an nth-order ordinary differential equation with constant coefficients
¢(D)y=F(x), ¢(D)=a,D"+a, ;D" '+ - +a,D+ay D(-)=d(-)/dx.

General solution y(x) = y-(x) + yp(x).

Complementary Solution

Complementary differential equation: ¢(D)y=0. 2T R.H.S.settoO.
Characteristic equation: ¢(A) = 0 = characteristic numbers A, A,, ..., A

@ ¢$(A)=0 hasareal root A=a of p-fold

ne

yc = (C0+C1x+ PPN +Cp_1xp_1)eax

polynomial of degree p—1
@ ¢(1) =0 has a pair of complex roots A =a£ip of p-fold
yo = [(Ag+A x+ ... +A4,  xP7") cos Bx
+ (By+Byx+ ... +Bp_lxp_1) sin Bx]|

polynomials of degree p—1
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Particular Solution
1. The method of variation of parameters is the most general method that can be
used for any functions on the right-hand side.

2. When the right-hand side of the differential equation is not of the form
e“[(ag +ayx+ -+ + akxk) cos Bx + (by +byx+--- + bkxk) sin Bx],

the method of variation of parameters must be applied.

3. When the right-hand side is of this form, the method of undetermined co-
efficients, the method of D-operator, or the general method of variation of
parameters can be applied. The method of D-operator is usually the easiest
and the most efficient; hence it is the preferred method.

1. Method of Undetermined Coefficients

Corresponding to Right-hand Side F(x) Assumed Form of y,
(1) Polynomial of degree k Polynomial of degree k
(2) sin Bx, cos 8x A cos x + Bsin Bx
3) 0 C e
@| e (ag+ax+ - +a,x*) cos Bx, e [(Ag+A x4 -+ +A xF) cos Bx
e (by+b, x+ - -+ +b, x¥) sin px +(By+B,x+ - - - +B, x¥) sin Bx]
Polynomial of degree k Polynomial of degree k

If a normally assumed term of a particular solution occurs in the complementary
solution, it must be multiplied by a power of x, which is sufficiently high but not
higher, so that it does not occur in the complementary solution.

2. Method of D-Operator

& Polynomial: Used when ¢~1(D) operates on a polynomial.

1

C,+C e Coxk
anDn+an71Dn_1+‘--+a1D+a0( o+ Cix+ +Cix")

Polynomial of degree k
:i a a 1 a (C0+C1x+---+Ckxk)
Ay 14+ LD 2D24 ... L LDn
a, a, a,

Rewrite the operator in ascending order of D. Set the constant to 1.

1
=— (14b,D+b,D*+ --- +b, D) (Cy+Cyx+ - - +Cxb).
0

Expand the operator using series or long division. Stop at Dk,
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: Shift Theorem (Theorem 2): Used when ¢ ~'(D) operates on e** f(x). The
Theorem takes the exponential function e** out of the operation

Take e** out of the operator

f). 2% and shift operator D by a.

1
[eaxf(x)] — eax

1
¢(D) ¢(D+a)

 Theorem 1: Used when ¢ ~!(D) operates on exponential function e?~.
1 1
ax — e™, ¢(a) #0. 2% Replace D by a.

$D) ~ p@
IF° If ¢(a)=0, use Theorem 4.

¢ Theorem 3: Used when ¢~ (D) operates on sin Sx or cos Bx.

IR i 1 sin Bx 2 Replace D? by — 82
#(D) cos Bx _¢1(D2)+¢2(D2)D cos fx eplace y — B~

1 sin Bx
~ $(—B)+6,—B)D {cos ,Bx}
(=B — p(—p*)D {Sin ﬂx} Replace D? by — 2.
[0, ﬁz)]Z — [y~ ﬂz)]z D2 Expand the numerator.
1 ¢\(—p7) sin Bx— B ¢,(—B?) cos x
[T +B8 AT {¢1(—ﬁ2) cos Bx+ B ¢,(—p*) sin ﬁx]'

=5 If [¢1(—,32)]2+,32[¢2(—,32)]2=0, use Theorem 4.

cos Bx

@ Theorem 4: Used when the denominator is 0 when Theorem 1 or 3 is applied.

1 ax 1 p A ax ¢(ﬂ)=¢/(a)= =¢(P_1)(a)=0,
e = xte™,
#(D) » P (a) P (a) £0.

Euler’s Formula:  e'#* = cos Bx + i sin Bx,
cos Bx = Re(eP¥), sin Bx = Tm(eP).
3. Method of Variation of Parameters

1. For an nth-order linear differential equation ¢(D)y = F(x), determine the
complementary solution

yC :f(x;Cl)CZ)---)Cn))

where C,, C,, ..., C, are n arbitrary constants.

2. Differentiate y. with respect to x to yield the equations y, y¢, ..., )’(cn_l)-
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3. Vary the constants C;, C,, ..., C, to make them functions of x, and obtain
ne i ©) k= —
quations y, , k=0,1,...,n—1,

C.=c:(x)

k k

yé)(x;Cl,Cz,...,Cn) % yl())(x;cl(x),cz(x),...,cn(x)).
i=1,2,...,n

4. Differentiating y},k) with respect to x and comparing with the expressions
yl(,k+l), k=0,1,...,n—2, and substituting y, and the derivatives into the
original differential equation yield n linear algebraic equations for cj(x),
(%) .5 C(X).

5. Solve these equations for c)(x), cj(x), ..., c,(x).

6. Integrate to obtain the functions ¢, (x), ¢,(x), ..., c,(x). A particular solu-
tion y, (x; €, (%), ¢, (%) ... 5 ¢, (x)) is then obtained.

Euler Differential Equations
(a,x"D" + an_lx"_lD”_1 + -+ axD +ay)y=f(x), D(-)=d(-)/dx.
Letting x=¢€® or z=1Inx, x>0, & (-)=d(-)/dz, then
D' =D (D -1)(D-2)--- (D —n+1)(-), n=positive integer.

The Euler differential equation is converted to a differential equation with constant
coefficients.

Problems
Complementary Solutions
41 (D°-2D*+D-2)y=0 € yc=Acosx+ Bsinx + Ce**
42 (D’+D*+9D+9y=0 € yc=Acos3x+ Bsin3x + Ce ™™
43 (D’4+D*-D-1y=0 €O yc=(Co+Cix)e ™+ Ce"
44 D’+8)y=0 € yc=¢A cos(v/3x) + Bsin(\/gx)] + Ce™%*
45 (D*-8)y=0 € yo=¢"[A cos(v/3x) + Bsin(\/gx)] + Ce?*
46 (D*+4)y=0€W yc=¢€"(A, cosx+Bsinx)+e (A, cosx+B, sin x)
47 (D*+18D*+ 8l)y =0 @ yeo=(Ay+A;x) cos 3x+ (By+ B, x) sin 3x
48 (D*-4D*+16)y=0

W )= e*/gx(A1 cosx + B, sinx) + e_*/g"(A2 cos x + B, sin x)
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49 (D*-2D3+2D?-2D +1)y=0 €W yc=(Cy+C,x)e* +Acosx+Bsinx
410 (D*—-5D°+5D*+5D —6)y =0
G® o = Cle™™ + Ce" + Cie** + Cpe™
411 (D’ -6D*+9D%)y =0 €I yc=Cy+C x+Cx*+(Dy+D;x)e™
412 D°—64)y=0 € yc=Cre > + ™
+ e *[A, cos(v/3x) + B, sin(\/gx)] +€*[A, cos(v/3x) + B, sin(\/gx)]

Particular Solutions — Method of Undetermined Coefficients

For the following differential equations, specify the form of a particular solution
using the method of undetermined coefficients.

413 (D?*+6D 4 10)y = 3xe >* —2e* cosx

414 (D?>-8D + 17)y = e (x? — 3xsinx)

415 (D?>-2D +2)y =(x+¢€*)sinx

416 (D*+ 4) y = sinh x sin 2x

417 (D*+2D + 2)y = cosh x sinx

4.18 (D3+D)y=sinx+xcosx

419 (D> —2D?+4D —8)y = **sin2x + 2x*

420 (D’ —4D*+3D)y = x* + xe**

421 (D*+ D?*y=7x—3cosx

422 (D*+45D? 4 4)y = sinx cos 2x

Particular Solutions — D-Operator Method

423 (D°-3D’+1)y=9 € yp=e*

424 (D -11y=48xe* €I yp =2x""

425 (D’ -3D)y=9x* €I yp=—x—2x

426 (D°+4D”)y=7+x €I yp=gex’ (28+x)
427 (D*—D —2)y =36xe™ €I yp=2e"(3x*—2x)
428 (D*+16)y =64cos2x €I yp = 2cos2x

429 (D*+4D*—1)y =44sin3x €Y yp =sin3x
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430 (D’ + D*+5D+5)y=5cos2x €I yp = 2sin2x + cos2x
431 (D*+3D + 5)y=5e *sin2x €W yp = —e ¥(2cos2x + sin 2x)
432 (D*-Dy=4e" € yp=—xe*

433 (D*+4)y=28sin>x €W yp=1—xsin2x

4.34 (D3—D2+D—1)y=4sinx @ Yp = x(cosx — sinx)

435 (D*—D?y=2¢" € yp =xe

General Solutions
436 y' —4y' +4y=(1+x)e" +2e* +3e*

¢® y=(C,+Cx) e?* + (x+3)e* + x?e?¥ 4 3e¥
437 (D?—2D +5)y = 4¢e* cos2x

€D y = e"(Acos2x + Bsin2x) + xe” sin 2x
4.38 (D2+4)y:4sin2x @ y = Acos2x + Bsin2x — x cos2x
439 (D> —1)y = 12x*¢* + 3¢** + 10 cos 3x

€D yp = Cle ™+ Ce™ +e*(2x° —3x*+3x) + e** — cos 3x
440 y” +y=2sinx —3cos2x @ y=Acosx+Bsinx —x cos x+ cos2x
441 y'—y' =" (10+x") € y=C, +Ce + e* (37 —x?+12x)
442 (D* —4)y = 96x%e** + 47 2¥

€D y=Ce ¥+ Ce*™ + e2*(8x* — 6x* +3x) — xe™
443 (D*+2D +2)y =5cosx + 10sin2x

@ y=e *(Acosx+Bsinx)+ cosx+2sinx—2 cos 2x — sin 2x
444 (D*—2D +2)y =4x—2+2¢e"sinx

€Y y=e*(Acosx + Bsinx) +2x + 1 — xe* cosx
445 (D*—4D +4)y = 4xe**sin2x

@ y = (Cy+Cx) e?* — e2*(x sin 2x + cos 2x)
446 (D’ — D>+ D —1)y=15sin2x

€Y y = Ce* + Acosx + Bsinx + 2 cos2x + sin 2x
4.47 (D®+43D? —4)y = 40sin2x

@ y=(Cy+Cix) e ¥ 4 C,e* + cos2x — 2sin 2x
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4.48 y///_y//+y/_y:2ex+5e2x

€Y y = Acosx + Bsinx + Ce* + xe* + e**
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Applications of
Linear Differential Equations

5.1 Vibration of a Single Degree-of-Freedom System

5.1.1 Formulation— Equation of Motion

In this section, the vibration of a single story shear building as shown in Figure
5.1, which is considered as a model of a single degree-of-freedom (DOF) system, is
studied.

A single story shear building consists of a rigid girder with mass m, which is
supported by columns with combined stiffness k. The columns are assumed to
be weightless, inextensible in the axial (vertical) direction, and they can only take
shear forces but not bending moments. In the horizontal direction, the columns
act as a spring of stiffness k. As a result, the girder can only move in the horizontal
direction, and its motion can be described by a single variable x(#); hence the
system is called a single degree-of-freedom (DOF) system. The number of degrees-
of-freedom is the total number of variables required to describe the motion of a
system.

E(p) Rigid girder x(t)
——
m

Weightless columns k

~—= () Ground displacement

188 Figure 5.1 A single-story shear building.
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The combined stiffness k of the columns can be determined as follows. Apply
a horizontal static force P on the girder. If the displacement of the girder is A as
shown in Figure 5.2, then the combined stiffness of the columnsis k=P/A.

F==

T~

Figure 5.2 Determination of column stiffness.

The internal friction between the girder and the columns is described by a
viscous dashpot damper with damping coefficient c. A dashpot damper is shown
schematically in Figure 5.3 and provides a damping force —c(v5—v,), where v,
and vy are the velocities of points A and B, respectively, and (v;—v,) is the
relative velocity between points B and A. The damping force is opposite to the
direction of the relative velocity.

va(t) vp(t)
o I o
A c B

Figure 5.3 A dashpot damper.

1. Vibration of a Shear Building under Externally Applied Force F(t)

In this case, the girder is subjected to an externally applied force F(t), which can be
a model of wind load. Consider the vibration of the girder; its free-body diagram
is drawn in Figure 5.4.

x(t) m F(t)
| 1 cx(t) 1 kx(t)
) P )
/ / /
2 =TF- i
/7 C /
/ STk
/ I
#

Figure 5.4 Free-body diagram of the building under externally applied force.

The girder is subjected to the shear force (elastic force) kx(t), the viscous damp-
ing force cx(t), and the externally applied load F(t). The equation of motion is
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governed by Newton’s Second Law
— ma=)Y F = mX(t) = —kx(t) — cx(t) + F(t),
or
mx(t) + cx(t) + kx(t) = F(t). (1)
2. Vibration of a Shear Building under Base Excitation x(t)

In this case, the base (foundation) of the building is subjected to a dynamic dis-
placement x;,(t), which can be a model of an earthquake and is a known function.
The free-body diagram of the girder is shown in Figure 5.5. The shear (elastic)
force and the damping force applied on the girder are given by

Shear force = k- (Relative displacement between girder and base) = k (x —x,),
Damping force = ¢ - (Relative velocity between girder and base) = ¢ (x —x;).
Newton’s Second Law requires that

— ma=)YF = mi(t) = —k[x(t) —xo(0)] — c[x(t) —%,(D)].

Reference position | x(#) *—
| I 1¢ (k—%0) 1k (x—2xo)
. ] e !
| S /
. 7 -5}'1 //
/ c 7 /

| / sk
i ] / I

S E———
I xo(t) | ()

Figure 5.5 Free-body diagram of the building under base excitation.

Let y(t) =x(t) —x,(t), which is the relative displacement between the girder
and the base, be the new dependent variable. Then differentiating with respect
to t results in y(t) =x(t) —x,(t), y(t)=x(t)—X,(t). In terms of the relative
displacement y(t), the equation of motion is given by

i.e.,

my(t) +cy(t) + ky(t) = —mxy(t), (2)
where X, (t) is the base or ground acceleration. The loading on the girder created
from ground excitation (earthquake) is F(t) = —mX,(t), which is proportional to

the mass of the girder and the ground acceleration.
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Both systems (1) and (2) are second-order linear ordinary differential equations
with constant coefficients.

In general, a linear single degree-of-freedom system can be modeled by a me-
chanical mass-damper-spring system. The example of a single story shear building
under externally applied load or base excitation can be described using the follow-
ing equivalent mass-damper-spring system.

1. Single Degree-of-Freedom System under Externally Applied Force

x(t)
I——

mww
YVYYVYYY E(t)
C m b
+
| x(t) | Iﬁi, X
k kx
—WWWW— E(1) - E(1)
£ " I cx m -
i -

Figure 5.6 A mass-damper-spring system under externally applied force.

2. Single Degree-of-Freedom System under Base Excitation

xo(1) x()
k -
—AWWWW—
c m
[
| x(t) N X, )'C, X
Eron i k k (x—xp)
AWM — -
I'IC' L C(.?.C—J.Co) 10
o — o _—

Figure 5.7 A mass-damper-spring system under base excitation.
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(b)

Figure 5.8 Mathematical modeling of jet engine and landing gear.

In order to obtain the main dynamic characteristics and behavior, many engi-
neering systems can be idealized as single degree-of-freedom systems. For example,
consider the airplane shown in 5.8(a).

® Jet engines are supported by the wings of the airplane, which can be modeled
as cantilevers with variable cross-sections. Vibration of a jet engine in the
vertical direction can be modeled as a single degree-of-freedom system as
shown in Figure 5.8(b).

@ The landing gear of the airplane can be modeled as a mass m connected to
the airplane by a spring of stiffness K and a damper of damping coefficient c.
A spring of stiffness k is used to model the forces on the tires. The airplane
moves at a constant speed U on a rough surface with profile y,(x). Assuming
that the airplane moves in the horizontal direction only, the landing gear is
modeled as a single degree-of-freedom system as shown in Figure 5.8(c).
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5.1.2 Response of a Single Degree-of-Freedom System

From Section 5.1.1, the equation of motion of a single degree-of-freedom system is
given by

mX + cx + kx = F(t),
where F(t) is a known forcing function. It is a second-order linear differential

equation with constant coefficients, and can be rewritten in the standard form in
the theory of vibration by dividing both sides by m

.,k F(t)
X+ =X+ =x=—
m m
Denoting
k 2 )
- = wp, w, = natural circular frequency,
m
c
— = 2¢w, ¢ = nondimensional damping coefficient,
m
the equation of motion becomes
E(1)

X+ 20wk + of x = —.
m

The solution of the system x(t) consists of two parts: complementary solution and
particular solution.

¢ The complementary solution x(t) is obtained when the right-hand side of
the equation is set to zero, i.e., F(t) =0, implying that the system is not
subjected to loading. In the terminology of vibration, the system is in free
(not forced) vibration, and the solution of the equation is the response of free
vibration.

@ The particular solution x,(t) corresponds to the right-hand side of the equa-
tion or the forcing term F(t), hence the response of forced vibration.

5.1.2.1 Free Vibration—Complementary Solution
The equation of motion is the complementary differential equation given by
¥+ 2¢wyk + wix = 0.

The characteristic equation is A% +2¢wy A +wf =0, which gives

—2wy £/ (2Cwy)? — 4x1x

A= :wo(—gi\/m).

2

Whether the characteristic equation has distinct real roots, double roots, or com-
plex roots depends on the value of the nondimensional damping coefficient ¢.
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Case 1: Underdamped System 0<¢ <1

Most engineering structures fall in this category with damping coefficient ¢ usually
less than 10%. The roots of the characteristic equation are

r=wy(—¢ £ivV1-0%) = —lwytioy,

where @, =w,+/1—¢? is the damped natural circular frequency. The comple-
mentary solution is

xc(t) = e ¢! (A cos w4t + Bsinw,t),

where constants A and B are determined from the initial conditions x(0) =x, and
x(0) =v,. Since

xc(t) = —;a)oe_th(A cosw,t + Bsinw,t)
—|—e_§“’0t(—Awd sinw,;t + Bw, cos w,t)
=e "' [(—twyA+w,B) cosw,t + (—{wyB—w, A) sinw,t],

substituting in the initial conditions yields

xc(0) = A = x,
. Vo + L wyX
w
d

Hence the response of free vibration is

Vo +E WXy

xo(t) = e_g“)0t<x0 cos w;t +
®q

sina)dt), 0<¢<1.

Special Case: Undamped System ¢ =0, o,=w,
The response becomes

v
xc(t) = xq cos wyt + —= sin wyt
w,

0
Vi \ 2 X Vo ®
= x§+(—0> —Ocoswot-i— #sinwot
o, / /
0 x(% + (V()/w())2 Xé + (Vo/wo)z
— —
a cos ¢ sin ¢

= a cos(wyt —¢),

which is a harmonic function shown in Figure 5.9 with amplitude a and phase
angle ¢ given by

Vo \ 2 _ v
a= x§+(—0> > @ = tan 1( g )
Wy WyX
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xc(t)

b,

x .
7 \ Period T= %0—” / Amplitude a
: /

%
Phase angle acos(wot—¢)

Slope=v; at t=0

t

Figure 5.9 Response of undamped free vibration.

The harmonic solution has period T =27/w,; hence w, is called the natu-
ral circular frequency of the system, with unit rad/sec. The natural frequency is
f=w,/2m)=1/T, in cycles/sec or Hz. The maximum displacement is

Vi \ 2
maxxq(f) =a= [x}+ (—0> = amplitude of the motion.
w,

0

Using the trigonometric identities

sin(e+B) = sina cos B + cosa sin B, cos(a—B) = cosa cos B + sina sin 8,

the amplitude of
x(t) = A coswt + Bsin wt
can be determined as follows.

Rewrite the expression of x(t)

A B
x(t) = VA2 —{—Bz(— ————5sin a)t)
/A2 +B2 /A2 _j’_BZ
[ — [ —
cos ¢ sin ¢

= A2+ B2 (cos wt cos ¢ + sin wt sin )

cos wt +

— JA21R2 _ _B _ 1B
= v A*+B* cos(wt—¢), tango_z, ¢ = tan Z’

which gives the amplitude a=+v/A%+B2.
Alternatively,

B
x(t) = VA2 +B2(—
VA2+B?

)
— COS Wi
A2+ B?

—— —

cos sin Y

sin wt +
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o

= A2+ B2 (sinwt cos ¥ + cos wt sin ¥)

— JA2LR2 g _A U |
= VA*+ B> sin(wt+), tanw_E Y = tan 5

which also gives the amplitude a=+/A%+ B2.
Underdamped Free Vibration
The response of damped free vibration can be written as

t

xc(t) = ae % cos(wt —¢),

where

L \/xé b () g ()
wy OFEN
To sketch the response of damped free vibration, compare it with the response of
undamped free vibration. The difference lies in the amplitude: instead of having a
constant amplitude a, the amplitude ae ~¢“o’ decays exponentially with time. The
following steps are followed in sketching the response x(t) (Figure 5.10).

1. Sketch the sinusoidal function cos(w,t—¢), in which w, is the damped
natural circular frequency (rad/sec) and ¢ is the phase angle. The period
is T;=2n/w; and f;=w,/(27)=1/T, is the damped natural frequency in
cycles/sec or Hz.

2. Sketch the amplitude ae™*“0’ and its mirror image —ae ™ *“o’ in dashed
lines. These two lines form the envelope of the response.

3. Fit the sinusoidal function cos(w,t—¢) inside the envelope to obtain the

response of damped free vibration.

The response of damped free vibration can be used to determine the damping
coefficient ¢ as follows:
At time t, the response is

xo(t) = e ¢! cos(w t —@).
After a period T, the response becomes
Lo (t+T,) _ _ o —Cw,(t+T) .
xc(t+Ty) =e 0 4’ cos [a)d(H— T, (p] =e 0 @ cos(w 4t — @),

which leads to

xc(t+T)) e ¢@t+Ty cos(w,t —¢)

= e STy
xc (1) e %" cos(w,t —¢)
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cos(w,t—¢)

Figure 5.10 Response of underdamped free vibration.

Taking logarithm yields

xc(t+T))
Xc (®)

in which ¢w, T, is called the logarithmic decrement §. For lightly damped struc-

tures with 0 < ¢ <1,

ln = _C(I)OT‘p

5=t T ¢ 21 ¢ 2 27 ¢
=C{w =lwy— = {W) —=—= =
0td Owd Ow0 /—1_52 /—1_52

Hence, the nondimensional damping coefficient ¢ is given by

T
1HL+d):_2n; —_ g:LlnxC_(t)_
xc(1) 2 xc(t—I—Td)
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Figure 5.11 Determination of nondimensional damping coefficient.

In practice, it is advantageous to select the time ¢ such that x(¢) reaches the
maximum value. If #,, t,, ..., t, are the n+41 consecutive times when x(t) takes
maximum values as shown in Figure 5.11, then

x- (1, x-(t )
In C( 0) cllo) — In — =nlw,T;=2nn¢
¢ = 1 In xc(ty) '
2nw xo(ty+nT))
On the other hand, let

L In lelG)

—_— i=0,1,...,n—1,
2 xc(5+T))

¢ =

be the n estimated values of the nondimensional damping coefficient estimated
using the response values at times ¢; and t;,+ T ;. The average of these n values is
given by

- n—1
lz =1y Ly el
n = ni 2 xo(5+T))

xc () +ln xc(t)) gl xc(t,_y)
Znn

n
xc(t0+Td) xc(t,+T)) xc(t,_+Ty
[ ) s
2n7r xc(tg+ Ty xc(t,+T)) xc(t,_1+Ty
,Q_‘zxc(ti—f—Td):xC(tiH), i=01,...,n—1
_ 1 In xc(8y)

2nw xo(t,)

From the Central Limit Theorem in the theory of probability, it is known that ¢
approaches the true value of the nondimensional damping coefficient when n— oco.
Hence, by using a larger value of n in the above equation, a better estimation of ¢
is achieved.
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Case 2: Critically Damped System ¢ =1

When ¢ =1, the system is called critically damped. The characteristic equation has
adouble root A = —w, —w,. The complementary solution is given by

in which the constants C, and C, are determined from the initial conditions
x(0) =x,, x(0) =v,. Since

kc(t) = Cle_wot - (C0+C1t)a)0e_w0t,
one has

xc(0) = Cy = x, xc(0) = C,—Cywy = vy = C; = vy + wyx,.
Hence, the response is
xo(t) = [x) + (g +wpxp) t]le ™!, ¢ =1.
A typical response of the free vibration of a critically damped system is shown in

Figure 5.12, which is not oscillatory and decays exponentially.

xc(?) Slope=v, at t=0

Figure 5.12 Response of critically damped free vibration.

Case 3: Overdamped System ¢ >1

The system is called overdamped when the nondimensional damping coefficient
¢ > 1. The characteristic equation has two distinct real roots A = w, (— 2 1).
The complementary solution is given by

xo(t) = Cle @&~V =Dt 0 o=@+t

in which the constants C; and C, are determined from the initial conditions
x(0) =x,, x(0) =v,. Since

).CC(t) = —Wg [CI(C_‘/CZ—I) e—wo(g'_m)t
+C2(§+\/ Ez—l)e_wo(H\/Cz—l)t],
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one obtains

xc(0) = —w, CI(C —\/ﬁ) + Cz(f +\/E)] =,

1

C = ——==[v + (£ +V =1 0y %),

N
1
G = _T m[vo + (V21w x ).

Hence, the response of free vibration of an overdamped system is
{[Vo + (¢ +v/22=1) wyxy | e~ @&~ VDt
—[vo+(—v 4“2—1)wao]e—wo(H\/Cz—l)t}, £>1.

A typical plot of the response is shown in Figure 5.13, which is not oscillatory and

1
[) = =————
xc(t) 20, =

decays exponentially.

xc(Oh Slope=v, at t=0

Figure 5.13 Response of overdamped free vibration.

5.1.2.2 Forced Vibration—Particular Solution

For an underdamped system with 0 <¢ <1, the complementary solution or the
response of free vibration is given by

Vo+Cwax, .
xc(t) = e_f“’ot(xo cosw,t + Lotk sin a)dt),
g
which decays exponentially and approaches zero as t— 00, as shown in Figure
5.10. Hence the complementary solution is called the transient solution. Because
its value becomes negligible after some time, its effect is small and is not important

in practice.

The particular solution x,(t) is associated with the right-hand side of the differ-
ential equation and hence corresponds to forced vibration. The particular solution
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is called the steady-state solution, because it is the solution that persists when time
is large. Suppose F(t) is periodic and of the form F(t)=F;sin Qt. Then the
particular solution satisfies

v . E, .
Xp + 28 wyxp + w%xp = =2 5in Qt,
m
or, in the D-operator notation,

F,
(D + 2wy D + wj) xp = == sin Qt.
m

Hence
F, 1 )
Xp = — 5 sin Qt
m D2+ 2¢wy D + wj
F, 1 ) Theorem 3 of Chapter 4:
=2 sin Q¢
m —Q?+2tw, D + v} replace D? by — Q2.
Ey (W —Q* —2¢w,D

~ (@ —9) + 20w, D|[(@2— D) —2Lw, D] t

F, (a)é—Qz)—ZgwoD
m (wj—Q2)2—(2¢w, D)?

sin Qt

Replace D? by — Q?
/2% in denominator, and
evaluate numerator.

_ Fy (wf — Q%) sin Qt —2¢ w2 cos Qt
 m (0f —Q2)2+ (2w, Q)2

Defining angle ¢ by
a)(z) —Q?

J@r— 2+ 2rw,2)?

the response of forced vibration becomes

28 w2

J@— 2+ 2cw,)?

cos @ = sing =

F, 1 .
xp(t) = =2 e  _ in(Qt—).

TS (@E = QD)2+ (2 wyQ2)*

The applied force F(t) is maximum at Qf = %n, %JT, ...; the response x,(t) is
maximum at Qf —¢ = %ﬂ, %n, .... Hence the response x,(t) lags behind the

forcing by a time ¢/ 2. The angle ¢ is called a phase angle or phase lag.
The amplitude of the response of forced vibration is

F, 1

)], = = —————
(@ = Q)2+ (2L wy2)*
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Denoting
Q Excitation frequency )
= —— = Frequency ratio,
w, Undamped natural frequency
one has
Lo Lo
2 2
I I 17 R 10 R
Q\272 Q\2 (1—r3)2+(2¢r)?
=) T+ ()
@o @o
F 1 k
S a)(2)=—:>k=ma)§.

kJa=m2 @i m

If dynamic effect is not considered, i.e., if only static terms are considered and the
shaded dynamic terms in the following equation are dropped, one obtains

F
20 g g 0
mx 4+ cx 4+ kx =F{t)=F, sinQt = xy. = =
—— —— —— [ —
Dynamic  Dynamic  Static Dynamic
inertia  damping  elastic variation
force force force
which is the static displacement of the system under the static force F,.
Define
| Xp (t) | max 1 . . .
— = ————————— = Dynamic Magnification Factor.
Xstatic (1—r2)2+(2¢r)?

The Dynamic Magnification Factor (DMF) is plotted in Figure 5.14 for various
values of the nondimensional damping coefficient ¢. It is one of the most important
quantities describing the dynamic behavior of an underdamped single degree-of-
freedom system under sinusoidal excitation.

:a When r—0, i.e., when the excitation frequency 2—0, DMF— 1. In this
case, the dynamic excitation approaches a static force and the amplitude of
dynamic response approaches the static displacement.

® When r— o0, i.e., when the excitation frequency €2 is large compared to
the natural frequency w;, DMF — 0, which means that the dynamic response
approaches zero. This result can be understood intuitively as follows: the
system is excited (pushed and pulled) at such a high frequency that it does
not “know” which way to move so that it just “stands” still or there is no
response.

@ When r~1 or the excitation frequency €2 is close to the natural frequency
wy> 2~ w,, DMF tends to large values for small damping.
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71

63

Dynamic Magnification Factor (DMF)

Figure 5.14 Dynamic magnification factor (DMF).

@ Maximum value of DMF occurs when d(DMF)/dr =0, or

d(DMF?) :i[ ! B _2A-pCh et o
d(r?) dol(1—p)2+4¢2p [(1—p)2+4¢%p]? ’ ’

p—142 =0 = rP=1-2¢2%

r=y1-202~1-¢*~1, if ¢<1.

The maximum value of DMF is approximately

1 1
DMF__ ~DMF| = —————-—- | = —.
max \r—l /(1—72)2+(2§7)2 o 24—

Hence, the smaller the damping coefficient, the larger the DMF values or the
amplitudes of dynamic response. When ¢ =0 and Q=uw,, a response of
unbound amplitude occurs and the system is in resonance.

Resonance

When ¢ =0 and Q =), the equation of motion becomes
v 2 F, .
Xp + Wy Xp = = sin wyt,
m

and the particular solution is given by
Fy

1 F, 1
xp(t =——sinwt=—7m<—elw0t>.
p(t) m D2+ w} 0 m D2+ w}
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Applying Theorem 4 of Chapter 4,

¢(D) =D’ + w5, ¢(iwy) = (iwp)’ + wj =0,

#'(D) = 2D, ¢'(iwy) = 2iw, # 0,
L oxp(t) = ﬂ ‘Im[ ! teiwot] 25 Theorem 4 of Chapter 4
P m L/ (iw,)
F F
= ;O qm[Zia)o t(coswyt +1i sina)ot)] = — 2m(;)0t cos wyt.

It

Figure 5.15 Response of a system in resonance.

To sketch the response, Ft/(2maw)), which is a straight line, is regarded as the
amplitude of the response. This straight line and its mirror image — F,t/(2mw,)
form the envelop of the sinusoidal function — cos w)t. Fitting the sinusoidal func-
tion —cos w,t inside the envelop results in the response as shown in Figure 5.15.

Hence, when the system is undamped and the excitation frequency is equal to
the natural frequency, the system is in resonance and the amplitude of the response
of the system grows linearly with time.

Undamped System under Sinusoidal Excitation

For a damped system, the complementary solution or the response of free vibration
(due to initial conditions) decays exponentially to zero; hence its effect diminishes
when time increases. It is therefore important to focus on the particular solution or
the response of forced vibration (due to externally applied forcing).

However, for an undamped system, the effect of response due to free vibration is
significant. Furthermore, it interacts with the response due to forced vibration to
produce a response that is different from either the complementary solution or the
particular solution alone.
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The equation of motion of an undamped system under sinusoidal excitation is
. Fy .
x—i—w%x =2 sin 2t,

m

and the complementary solution and a particular solution are

() = A cos wyt + Bsin wyt (1) = o S
xc(t) = Acosw, sin wyt, xp(t) = = ——.
C 0 0 P m a)é _ QZ
Hence, the general solution is given by
. F, .
x(t) = xc(t) + xp(t) = A coswyt + Bsin wyt + 5 sin ¢,
m (w5 — Q%)

where the constants A and B are determined by the initial conditions x(0) =x,
and x(0) =v,,. Since

x(t) = —Aw, sin wyt + Bw, cos wyt + =————t—m— cos t,
) 0 0 0 0 m(w%—QZ)
one has x(0) = A =x,, and
£(0) = Beo, 1 F,Q B 1 |: F,Q ]
X = Dbw —— ), _— = |V T —
0 m(wf —Q2) 0 w, 0 m(wf —Q22)
The response of the system is
(t) [+ — Ff2 ] in @yt + ——0 in Qt
x(t) = x5 cosw —_ | vy — =—————|sinw —————— sin
0 oy L m@R-92) " mwi-Q2)
1 [ F (w,—Q F, (sin w,t — sin Qt
= Xy coswyt + — | vy + W] sin wyt — o 02 )
wy | m (w5 — Q) m (w5 — Q)
1 [ F, . F,(sin wyt — sin Qt)
= Xy COS Wyt + =— | Vy + =—————— [ sIn wyf — = > ,
w, | m(w,+£2) m (wy — $2%)
X()

in which the first two terms are sinusoidal functions of frequency w),. The last term
can be written as

X(1) = F,(sin wozt — sin Qt) _ 22F0 . <a)0 —Q t) cos (wO+Q t).
m(wy — 22) m(wy —2?) 2 2

a(t)
2Tsin A— sin B=2cos A;LB sin #

It has been shown that the response due to forced vibration is of large amplitude
when the excitation frequency is close to the natural frequency.
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Amplitude a(¢)
Vs \\ N Ve N

X(t)____

Figure 5.16  Plotting of X(¢).
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In the following, the behavior of X (t) when the excitation frequency 2 is close
to the natural frequency w is studied. For simplicity of discussion, let Q2 < w,.
The case when Q2 >, can be discussed similarly.

When Q~w, (0y+2)/2~ w, or 2, and (w,—2)/2 is small. To sketch X (),

consider
2F, A Y
a(t) = =——————sin ( t>
m (w5 — Q) 2

as the amplitude of the sinusoidal function cos [(a)O +Q)t/ 2] . The amplitude a(¢)
is itself a sinusoidal function but with a smaller frequency (w,—£2)/2 or slower
variation. The amplitude of a(t) increases when €2 approaches w,.

As shown in Figure 5.16, one can first plot the amplitude a(t) and its mirror
image —a(t); both curves form the envelope. By fitting the sinusoidal function
cos [(a)0 +Q)t/ 2] inside the envelope, one obtains the response X (t).

Note that a(t) is positive in the 1st, 3rd, 5th, ... half-periods and negative
in the 2nd, 4th, 6th, ... half-periods. It should be emphasized that when fit-
ting the sinusoidal function cos [(a)O +Q)t/ 2] inside the envelope, the maximum
and minimum values of cos [(w,+£)t/2] correspond approximately to the lo-
cal maximum and minimum values of the resulting X (¢) in the 1st, 3rd, 5th, . ..
half-periods. On the other hand, in the 2nd, 4th, 6th, ... half-periods, the maxi-
mum values of cos [(w,+£2)t/2] correspond approximately to the local minimum
values of the resulting X () and vice versa.

Since the amplitude of X (t) varies sinusoidally, X(¢) is said to be amplitude
modulated. Such functions are also called beats. Beats X (t) are obtained from the
addition of two sinusoidal functions with close frequencies w,, and €.

Typical results of X () are plotted in Figure 5.17 for Fy=1, m=1, w,=1, and
various values of 2. It can be seen that the closer the two frequencies w, and €,
the slower the variation and the larger the magnitude of a(t).

When Q— w,, it takes time t — oo for the amplitude a(t) to complete a half-
period variation; as a result, the variation of the amplitude a(t) seems to approach
a straight line. In fact, it is easy to show that

sin <a)0 _< t) sin [(a) Q) ! ]
2F, ) 1
lim a(t) = =2 1 —_—2 2 _ 0 imy 22
Q—w, m Q-o, a)(z)—Q2 m Q-w, (a)O—Q) (a)O+Q)

t, % L'Hospital's Rule

which grows linearly with time ¢ and is the same as the amplitude obtained for the
resonant case 2= w,.
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5.2 Electric Circuits

Series RLC Circuit

A circuit consisting of a resistor R, an inductor L, a capacitor C, and a voltage
source V(t) connected in series, shown in Figure 5.18, is called the series RLC
circuit. Applying Kirchhoff’s Voltage Law, one has

V(t)+R'+Ldi+1/t idt =0
1 1 C 7001 =0.

i, R x(t)=i(t)
= WW— - —
—AWWWW— V)
+ F(t)= T
@ , MM PR R
It
L=
Y4 OO
I\
C
Figure 5.18 Series RLC circuit.
Differentiating with respect to t yields
L d?i LR di N 1. dv()
— — —_—] = —
de? dt C dt
or, in the standard form,
d2i+2 di L. 1dve) 5 1
_— Wy=— + wyi = = , =—, (wy=—.
PRIV =TT 9T (T

The series RLC circuit is equivalent to a mass-damper-spring system as shown.

Parallel RLC Circuit

A circuit consisting of a resistor R, an inductor L, a capacitor C, and a current
source I(t) connected in parallel, as shown in Figure 5.19, is called the parallel
RLC circuit. Applying Kirchhoft’s Current Law at node 1, one has

I(t) Cdv+lft dt+v
=(C—4 = 4 -
dt L J_ R

Differentiating with respect to ¢ yields

dv 1dv 1 dI(t)
— t ==t -v=—,
di2 Rdt L dt
or, in the standard form,
d2v+2 dv+ 2, 1 dI(t) , 1 ;
—_— W=t OFY = = ——— (O = — Wy = —
az g T C dt °7 IC 07 2RC

The parallel RLC circuit is equivalent to a mass-damper-spring system as shown.
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v x(t)=v(t)
» ‘% L AWWM— 4
=

T
] [

)
/
@)

R %L c m=C |—m= dt

=N

Figure 5.19 Parallel RLC circuit.

Example 5.1 — Automobile Ignition Circuit

An automobile ignition system is modeled by the circuit shown in the following

figure. The voltage source V|, represents the battery and alternator. The resistor R
models the resistance of the wiring, and the ignition coil is modeled by the inductor
L. The capacitor C, known as the condenser, is in parallel with the switch, which is
known as the electronic ignition. The switch has been closed for a long time prior
to t <0~ . Determine the inductor voltage v, for ¢ > 0.

){t:O

R C
—WW——¢
i
+ Ve = * ‘ ./
O vlgL A2
. 71N
Ignition Coil Spark Plug

For Vy=12V, R=4Q, C=1uF, L=8mH, determine the maximal inductor
voltage and the time when it is reached.

@ For t <0, the switch is closed, the capacitor behaves as an open circuit and the
inductor behaves as a short circuit as shown. Hence i(07)=V,/R, v-(07) =0.

R ¥ A ICI
—WWW—L — WY

+ve(0) = |}i0) . |

+9 c +
C:) Vo v (07) C:) Vo ¢ Mesh )y LRAL

-0 -

Ignition Coil

t<0” t20"

@ At t =0, the switch is opened. Since the current in an inductor and the voltage
across a capacitor cannot change abruptly, onehas i(07) =i(07) = Vo/R, v ohH =
v(07) =0. The derivative i’ (0") is obtained from v (07), which is determined by
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applying Kirchhoff’s Voltage Law to the mesh at t =07
—Vy + Ri(0") +vo(01) + v, (0") =0 = v, (0") =V, —Ri(0") =0,

di(oh) . v (01)
) — ot) = L2 —
vi(0") =L T i'(0") = T 0.

2% A mesh is aloop which does not contain any other loops within it.

w For t >0, applying Kirchhoff’s Voltage Law to the mesh leads to
V+R'+1/t 'dt+Ldi 0
— i+ = i — =0.
0 CJ o dr

Differentiating with respect to ¢ yields

Rdz+i+Ld2i 0 d2+ d+ 0. 1 ‘o R
— — — - ., a)l CL)— ) -
dt de? de2 god 0 0 0= 5L

If¢<1, the system is underdamped and the solution of the dlfferentlal equation is

i'0M) +¢wyi(0h) }
sin (,()d
@y

i(t) = e ¢t [i(0+) cos w,t +

1)
= i(0+)e_§“’0t(cos wyt + u sin a)dt>,
@y

where w; = wy/1—¢? is the damped natural frequency.

The voltage across the inductor is

di(t w?
v (t) = Lﬁ = —Li(0") =Le ¢! sinw,t.
dt w,

For Vy=12V, R=4Q, C=1uF=1x10"°F, L=8mH=8x10""H,

1 1
= —_—= e — 1.118 x 10,
VLIC  A/1x1079%x8x1073
R 2 =250 =20 02236
C0 =30 T Txex103 §—w0— ' ’
vV, 12
w; =wg/1—2~ wy =1.118x10%,  i(07) = =2 = — =3,
d 0 0 R 4

v = —8x107° x3x 1.118 x 10* e 2" sin(1.118 x 10*¢)
= —268.32e Y 5in(1.118 x 10*1),

which is maximum when 1.118 x 10*t =m/2 or t=1.405x 10~* sec=140.5 jus
and is given by
() = —268.32¢ 230X 1405x107 — _ 959,

VL,ma.x

A device known as a transformer is then used to step up the inductor voltage to the
range of 6000 to 10,000 V required to fire the spark plug in a typical automobile.
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Example 5.2 — Second-Order Circuit

For the electric circuit shown in the following figure, derive the differential equation
governing i(t) for ¢t > 0.

()L
N

Ry i
;%ﬂ*#’ IU"'\____
Xt=0 c>

0
S

U/
=
I
AAA
\AAAAJ

or R,=62, R, =2, C=0.04F, L=1H,I,=1,=2A, find i(¢) and v (%).
For R, =6, R,=2Q, C=0.04F, L=1H, [, =1, =2A, find i(t) and v(¢)

@ For t <0, the switch is open. The inductor behaves as a short circuit and the
capacitor behaves as an open circuit. Hence, i(07) =0, i,(07) = —1,, i,(07) =1,
and

M\ 1 (!
_/ /
Ry v(0) L R (11 1% oS
VAYAVAYAV‘ O o YAVAVAYAYA — fm\
L oy 1@ ) 1, Wi b
21007 _
G) R C  v(0) CH~"c
< Q = -
t€0” = t30*

@ For t =0, the switch is closed, the current source I, and the resistor R, are
short-circuited. The circuit becomes as shown in the figure. Since the current in
an inductor cannot change abruptly, i(07) =i(07) =0. Since the voltage across a
capacitor cannot change abruptly, v-(07) =v-(0*) =R, I, — R I,.

Note that v(07) =v;(07)+v-(0")=v, (0")+R,I,—R, I,

v(0") v (0")+R, [, —RI|

i (0T =
1( ) Rl Rl

Applying Kirchhoft’s Current Law at node 1 yields

v, (0")+R, L, —R I}

L +i(0T)+i(0T) =0 = I, +0+ =
1

0,

di(0™"
V(0 = —R, I, = L 2O

R,1
i'0h) = — =22
07) T
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& For t >0,
+ Ldi-i—l t dt
h==, v=yv Vo=L—+ — i
'7 R, LP7e="dr "¢ )

Applying Kirchhoft’s Current Law at node 1 leads to

1 di 1 [t .
L+iti=0 —> Il+z+—<LE+ idt) =o0.
—o0

Differentiating with respect to ¢ yields

d* R, di I
S Eg Lo ioh=o i0hH=-=22
wrTa ol H0™) H(0%) L

For R, =6, R,=2Q, C=0.04F, L=1H, I, =1,=2A, the equation becomes

i di - -
dt2+6d +25i =0, (0" =0, '(0")=—

wy =5, 2§w0=6=>§w0=3,§=%<1, Wy =w 1—§2=4

The system is underdamped and the solution is given by

i'(0M)+¢w,i(0t
i(t) = e t®! |:i(0+) cosw,t + O7) +¢wyi07) sina)dt:| = —e sin4t.
w
d
The voltage across the capacitor is, with v¢ 0= -8,

t

1 [t
Ve = E/o i(t)dt+vc(0+) = 25/0 —e3gindr — 8

= —12+ e ¥ (3sin4t + 4 cos4t) (V).

Circuits consisting of resistors and the equivalent of two energy
storage elements, such as capacitors and inductors, are called second-order cir-
cuits, because they are characterized by second-order linear ordinary differential
equations. The governing equations are of the same form as that of a single degree-
of-freedom system. As a result, the solutions and the behavior of second-order

circuits are the same as those of a single degree-of-freedom system.

5.3 Vibration of a Vehicle Passing a Speed Bump

As an application of single degree-of-freedom system, the vibration of a vehicle
passing a speed bump is studied in this section.

The vehicle is modeled by a damped single degree-of-freedom system with mass
m, spring stiffness k, and damping coefficient ¢ as shown in Figure 5.20. The
vehicle has been moving at a constant speed U on a smooth surface.



214 5 APPLICATIONS OF LINEAR DIFFERENTIAL EQUATIONS

Figure 5.20 A vehicle passing a speed bump.

J% »y
—— m m

c(y =y l lk =y

AAAAAAAA
YYVYVYYY
bl

Figure 5.21 Free-body diagram of a vehicle passing a speed bump.

At time t =0, the vehicle reaches a speed bump with a profile of a half-sine curve
Yo(x) =hsin(wx/b), 0 < x < b. The absolute displacement of the mass is described
by y(t). Determine the response of the vehicle in terms of the relative displacement

z(t) = y(t) —y,(t) for t >0.

To set up the equation of motion of the vehicle, consider the free-body diagram
of the mass m as shown in Figure 5.21. Newton’s Second Law requires that

P ma=) F: mj=—c(y—Jyy —k(y—y.

Letting the relative displacement of the mass be z(t) = y(t) —y, (), the equation of
motion becomes

mE+y,) = —cz—kz => mi+cz+kz=—mj,. (1)

Phase 1: On the Speed Bump 0<t<T, T=b/U

Since the vehicle is moving at the constant speed U, one has x=Ut. The speed
bump is of the half-sine shape

yo(x)=hsin(%x>, 0<x<b — yo(t)=hsin<nTUt>, 0<t<T.
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The equation of motion can be written as

mi+cz+kz=mhQ?sinQt —> (D2+2§a)OD+w(Z))z=h925ith, (2)

k c aU
a)0= E’ 2§‘a)0=;, Q:T

The characteristic equation is 1% +2¢wyA+§ =0, which gives, assuming ¢ <1,

A= —lwy T wy/ii-1= —twytiv; w;=wy/1-7,2

The complementary solution is

where

zo(t) = e_g‘”Ot(A1 cosw,t + By sinw,t).

A particular solution can be obtained using the D-operator method

1

zp(t) = hQ? sin Qf
»() D2+2§%D+w§( )
1 Theorem 3 of Chapter 4:
_ 2 :
=hQ —QZ+2§'0)OD+0)§ sin €2t replace D% by — Q2.
=hQ? (w(Z) — ) —28@y D sin Q¢
(0§ — Q%)%= (2¢w,D)?
hQ? 2 2
= O (Oie ) [(a)o — Q%) sin Qf — 2{ w2 cos Qt]
0 0
2 Replace D? by — Q? in denominator and evaluate numerator.
= a sin(Qt—¢),
where .
Q 2 Q
a= Q= tan ! £

2 _02°
wy — 2

V(@ — 92224+ (21 w,Q)?
25 Use Asinf —Bcosf =+ A2+B2sin(d —¢), ¢=tan Y(B/A).
The general solution is, for 0 <t < T,

z(t) = zo(t) + zp(t) = e_f“’ot(A1 cosw,t + By sinw,t) + a sin(Qt—¢), (3)

where the constants are determined by the initial conditions z(0) and z(0). Since
the vehicle has been traveling on a smooth surface, y(0)=0 and y(0) =0; hence
z(0) =0 and z(0) =0. Since

2(t) = —Cwye $“0' (A cos wyt + B sinwt)

+ e_cwot(—Ala)d sinw,t + Byw,; cosw,t) + a2 cos(QLt—¢), (4)
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one has
z(0) = A, +asin(—p) =0 == A, =asing,
2(0) = —CwyA, + Biw; + a2 cos(—¢) =0

1
= B =—({(wyA—af2cosp) = =z (Cwysing — L2 cos @).
e e
Attime t=T, T=0b/U, the relative displacement and velocity of the vehicle are
z(T) and z(T'), which can be obtained by evaluating equations (3) and (4) at t =T.
Phase 2: Passed the Speed Bump t>T, T=b/U

Fortime t > T, T=0b/U, the vehicle has gone over the speed bump and the surface
is smooth again with y,(t) =0. The equation of motion becomes

mi+czi+kz=0 = (D*+2¢wyD+w})z=0, t=T. (5

The vehicle is not forced and the response is due to free vibration with initial
conditions at time t=T.
The complementary solution, which is also the general solution, is

z(t) = e~ ¢®0' (A, cosw,t + B, sinw,t), t=>T,
2(t) = —Lwye $®0' (A, coswyt + B, sinw,t)
+ e ! (— Ay, sinw,t + Byw, cosw,t),

where constants A, and B, are determined from the initial conditions z(T) and
z(T) obtained in Phase 1:

2(T) = e~ **T[A, cos(w,T) + B, sin(w,T)],
2(T) = e ¢@T {[—;wo cos(w;T) — w, sin(a)dT)] A,

+[—§a)o sin(w;T) + w, cos(a)dT)] Bz},

or
ap Ay +apB, =By, a0y Ay + 3By = B,
where
ay, = cos(w,T), ay = —twycos(w;T) — wysin(w,T),
ay, = sin(w,T), ay = —twysin(w,T) + wycos(w,T),
By = ef@Tz(T), By = et Tz(T).

Using Gaussian elimination or Cramer’s Rule, it is easy to solve for A, and B, as
0By — By B. — oy By — 0y By
, =

A2 - > .
0110, — @0y U110, — @0y

Z See page 307 for a brief review on Cramer's Rule.
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Numerical Results

As a numerical example, use the following parameters
fo=3Hz — wy,=2nf,=6m rad/sec, ¢=0.1,
U=18km/hr=0.5m/sec, b=05m, h=0.1m, T=b/U=1sec.

When 0 <t <1 sec, the vehicle is on the speed bump; whereas when ¢ > 1 sec, the
vehicle has passed over the speed bump. It is easy to evaluate that

w;=18.755 rad/sec, a=0.0028555m, ¢ =0.034272 rad,
A, =0.000097844 m, B, = —0.00046819 m,
z(t) = e~ 188907[0.000097844 cos(18.755¢) — 0.00046819 sin(18.7551)
+0.0028555sin(3.1416¢ —0.0343) (m), 0<t<I.

At t=1sec, z(1)=0.00011934 m, z(1) = —0.010307 m/sec. In the second phase,
t=1,

ay = 0.99554, ay, = —0.094344,
a,; = —0.10712 rad/sec, o, = 18.849 rad/sec,
By =0.00078599 m, B, = —0.067883 m/sec,

A, =0.00044846 m, B, = —0.0035988 m,

z(t) = e~ 198°07[0.00044846 cos(18.755¢) — 0.0035988 sin(18.755¢)] (m).

The relative displacement response z(t) is shown in Figure 5.22 for { =0.1 and
0.01. It can be seen that the response decays rapidly for large values of ¢.

z (m)

£=0.01

0.003 -

Figure 5.22 Response of a vehicle passing a speed bump.
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5.4 Beam-Columns

A beam-column is a structural member subjected simultaneously to axial load and
bending moments produced by lateral forces or eccentricity of the axial load. Beam-
columns are found in many engineering structures. For example, a water tower as
shown in Figure 5.23 is a beam-column; the supporting column is subjected to the
axial load due to the weight of the water tank and the lateral load due to wind.

|x
l w

w(x)=w

ELL

Water Tower Beam-Column

Figure 5.23 Water tower.

0 w(x)
.\I\_ .
P r
A y(x) i
i p
\/B‘_
X
EL L

Figure 5.24 Beam-column.

Consider a beam-column supported at two ends A and B as shown in Figure
5.24, which is subjected to the axial load P and the lateral distributed load w(x).
The flexural rigidity and the length of the beam-column are EI and L, respectively.

Study the equilibrium of a segment of the beam-column of length Ax, with its
free-body diagram as shown. The shear force V(x) at x is changed to V(x)+ AV
at x+ Ax; the bending moment M (x) at x is changed to M(x)+ AM at x+ Ax.
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For small Ax, the distributed load is approximated by the uniformly distributed
load of intensity w(x) over the beam segment.

Summing up the forces in the y direction and taking the limit as Ax— 0 yield

V2 E,=0: [V +AV] = V@) +wx)Ax=0 = %z—w(x)-

Summing up the moments about point C, which is the midpoint of the beam
segment, gives

Ax Ax
mn ZMC=0: [M(x)+AM] — M(x) + V(x)-T + [V(,C)_FAv].T

pAy—0 — M Y,
)= dx dx 7

Table 5.1 Boundary conditions.

Pinned End:
P_.ilq_}) Deflection =0 = y(I) =0
— Moment=0 = y"([) =0
Clamped End:
P_—ZIP_P Deflection =0 = y(I) =0
=

Slope =0 = y'(I) =0

Free End:
P_, p
:‘_ Moment =0 = y"(l) =0

Shear Force = 0 = y"(I) + a?y'(l) = 0

Sliding End:
— ’,:1._ Slope =0 = y'() =0
—_l Shear Force = 0 = y"(I) + a?y'(l) = 0

= y"()=0

Eliminating V between these two equations leads to

M d%y
w + Pw = w(x).

Using the moment-curvature relationship

M(x) = Ely"(x)
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results in a fourth-order linear ordinary differential equation governing the lateral
deflection y(x)

dy o w0 P
dx4 dx2  EI’ T EI’

Note that the shear force becomes

Vix) = _ —Pd—y = —Ely"(x) — Py'(x) = —EI[y""(x) + ¢ y'(x)].
I e Y y Y y

The characteristic equation is A +a?il=0 = A=0,0, +ia. Hence, the

general solution is
y(x) = Cy + C;x + Acosax + Bsinax + yp(x),

where y,(x) is a particular solution which depends on w(x). The constants
A, B, C, and C, are determined using the boundary conditions at ends x =0
and x = L. Some typical boundary conditions are listed in Table 6.1.

Example 5.3 — Water Tower

Consider the water tower shown in Figure 5.23, which is modeled as a cantilever

beam with P =W and w(x) =w. Determine the lateral deflection y(x).

The differential equation governing the lateral deflection y(x) becomes
dy e W
dx* dx?  EI’ EI'

Using the method of D-operator, a particular solution is

(x) = 1 (W)_ 1 1 (W)_W 1(1)_wx2
P = piteep2\El) T D2 R “wD T ow
a2

The general solution is then given by

y(x) =Cy+ C;x + Acosax + Bsinax + ;V—W,
where A, B, C;, and C, are determined from the boundary conditions:
x =0 (clamped): y(0) =0, y'(0) =0,
x =L (free): y"(L)=0, y"(L)+a*y'(L) =0.
Since

/ . wx
y (x) =C; —Aasinax + Ba cosax + W
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w
y”(x) = —Aca®cosax — Ba?sinax + W’

y"(x) = Aa’ sinax — Ba® cos ax,
one has

)/W(L)-FOIZ}//(L) =0:

wx
(Aoz3 sinax — Ba? cos ax) +a? (Cl—Aa sinax+Bo cos ax+ W> =0,

wlL

Clz__,

w

0)=C +Ba=0 —> B=_1_XL
Y= N a aw’

w(l—aLsinaL)

" 2 2 .: w
y'(L)=—Aa”cosal — Bu smotL+W=0 = A=

a?W cosal
(0)=CotA=0 Coe —A— w(l—aLsinal)
Y=t A= 0 N a?W cosaL
Hence, the general solution becomes
) w(l—aLsinozL)( 4 wL( . )+ wx?
x) = cosax — —(sinax —oax) + ——.
7 a?W cosaL aW 2W
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When the lateral load w(x) includes distributed load over only a

portion of the beam-column or concentrated loads, it can be better expressed

using the Heaviside step function or the Dirac delta function. The differential

equation can be easily solved using the Laplace transform as illustrated in Section

6.6.2.

Example 5.4 — Buckling of a Column

Consider the simply supported column AB subjected to axial compressive load.

A

rotational spring of stiffness « provides resistance to rotation of end B. Set up the

buckling equation for the column.

Since the lateral load w(x) =0, the differential equation governing the lateral de-

flection y(x) becomes

dy ,dy ,_ P
@4‘0[ @—0, OK—E.

The solution is
y(x) = Cy+ C;x + Acosax + Bsinax,

where A, B, C,, and C, are determined from the boundary conditions:
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EL L

S e

support A, x=0:  y(0)=0,  y"(0)=0,
support B, x =L: y(L)=0, M(L)=EIy"(L)= —«y'(L).

Since
y'(x) = C; — Aa sinax + Ba cos ax,
y"(x) = —Aa? cosax — Ba? sinax,
one has
y'(0)= —Aa* =0 =— A=0,
YO =Co+A=0 —> Co=-A=0,

sinaL

y(L)=C,L+BsinaL =0 —— C,=— - B,

EIy"(L) = —«y'(L) — EI(—Ba?*sinaL) = —k (C;+Bacosal),

sinaL 5 .
K<— T +otcosotL)—EIa sinaL; B=0.

When the column buckles, it has nonzero deflection y(x), which means B #0.
Note that sin oL # 0, otherwise, B=0. Hence, the buckling equation is given by

sinaL 5 .
K<— +acosaL)—EIoe sinal = 0,

kL 2 , P
— (eLcotaL—1) — (x¢L)* =0, o= -
EI EI
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5.5 Various Application Problems

Example 5.5 — Jet Engine Vibration

As shown in Figure 5.8, jet engines are supported by the wings of the airplane. To
study the horizontal motion of a jet engine, it is modeled as a rigid body supported
by an elastic beam. The mass of the engine is m and the moment of inertia about its

centroidal axis C is J. The elastic beam is further modeled as a massless bar hinged
at A, with the rotational spring « providing restoring moment equal to 6, where
0 is the angle between the bar and the vertical line as shown in Figure 5.25.

For small rotations, i.e., |0 ‘ <1, set up the equation of motion for the jet engine

in term of 6. Find the natural frequency of oscillation.

Figure 5.25 Horizontal vibration of a jet engine.

The system rotates about hinge A. The moment of inertia of the jet engine about its
centroidal axis C is J. Using the Parallel Axis Theorem, the moment of inertia of
the jet engine about axis A is

Ja =]+771L2-

Draw the free-body diagram of the jet engine and the supporting bar as shown.
The jet engine is subjected to gravity mg. Remove the hinge at A and replace it
by two reaction force components R,, and R 4+ Since the bar rotates an angle 6
counterclockwise, the rotational spring provides a clockwise restoring moment 6.

Since the angular acceleration of the system is 6 counterclockwise, the inertia
moment is | Aé clockwise.

Applying D’Alembert’s Principle, the free-body as shown in Figure 5.25 is in
dynamic equilibrium. Hence,

~ YM,=0: J,6+«k6+mg-Lsind =0.
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For small rotations {9‘ <1, sin @~ 0, the equation of motion is
(J4+mL*) 6 + (k +mgL)6 = 0.

Since e+ mgL

J+mL?

the natural circular frequency w,, of oscillation is given by

Kk +mgL
wn = —
0 J+mL?

Example 5.6 — Piston Vibration

Oil enters a cylinder as shown in the following figure through a constriction such

6 + 0=0 = 6+wi=0,

that the flow rate is Q=a(p;— p,), where p; is the supply pressure, p, is the
pressure in the cylinder, and « is a constant. The cylinder contains a piston of mass
m and area A backed by a spring of stiffness k.

1. Assume that the oil is incompressible, there is no leakage past the piston, and
the inertia of the oil is neglected. Set up the equation of motion for the piston
displacement x.

2. If there is a sinusoidal variation in p; of the form p;(t)=P;+P, sin Qt,
where P, P;, and Q2 are constants, determine the steady-state displacement
Xp(£).

x(t) I——x, X, X

Area A

1. To set up the equation of motion, consider the free-body of the piston as shown.
The piston is subjected to two forces: the force due to the internal oil pressure p,A
and the spring force kx. Newton’s Second Law requires that

— ma=)_F: mx = p,A — kx.
Since the oil is incompressible, in time At,

Inflow = QAt = a(p;— p,) At = AAx,
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where Ax is the displacement of the piston displaced by the oil inflow. Solving for
P, yields

_ A Ax

Taking the limit as At — 0 leads to
_ A dx
Po - pi a dt .

Hence, the equation of motion becomes

2
. A, L A%
mx = (pi——x)A —kx =— mX+ Fx—i—kx = p;A,

o
A2
itk —x = —=p,.
oam m m

2. Since p;(t) =P, + P, sin Qt, using the D-operator, the equation of motion can
be written as

A A? k
(D? +¢D 4 w})x = = (Py+ P, sin Qt), (=—, wi=-—.
m am m
A particular solution is given by
Xp(t) = == = (P, + P, sin Qt
p(®) mD2+cD+a)(Z)( ort )
AP, AP, 1 . Theorem 3 of Chapter 4:
= >+ 5 5 sin Qt, N 2
mawj m —Q2+cD+w; replace D* by —Q~.
AP, AP 2-Q%—cD
= T 1 (@) )¢ sin Qt

mawy  m [(0f—2*)+cD][(wj—R2) —cD]

AP, AP, (0}—Q*—cD
= + sin 2t
mw} m (wf—Q*)?—c2D?

APy AP, (0j—Q%)sinQt—cQcosQt __ Replace D? by — Q2 and
2 T 2 2)2 20)2 1 h
mawy m (wy — %)% + Q2 evaluate the numerator.

AP, AP in(Q2t —
o, AR sin( ®) -

cQ2
— —_— ¢ .
meg - m V(@2 —Q2)2 + 2Q2 wg—

25 Use Asind —Bcos =+ A2+B%sin(0 —¢), ¢ = tan (B/A).




226 5 APPLICATIONS OF LINEAR DIFFERENTIAL EQUATIONS

Example 5.7 — Single Degree-of-Freedom System

The single degree-of-freedom system described by x(t), as shown in Figure 5.26(a),

is subjected to a sinusoidal load F(t)=F,sin Qt. Assume that the mass m, the
spring stiffnesses k; and k,, the damping coefficient ¢, and F, and 2 are known.
Determine the steady-state amplitude of the response of x, ().

k, —=x(0)
FosinQ2t

I—— X, x, X
k Fo sinQ2t
B m i
ky(x—y)
Q Q
(b)

Figure 5.26 A vibrating system.

Introduce a displacement y(t) at A as shown in Figure 5.26(b). Consider the free-
body of A. The extension of spring k, is y and the compression of spring k, is
y—x. Body A is subjected to three forces: spring force k, y, damping force ¢y, and
spring force k,(y —x). Newton’s Second Law requires

— myy =) F: myy=—ky—cy—ky(y—x).
Since the mass of A is zero, i.e., m, =0, one has

. (ky+ky)y+cy
= —k2 .
Consider the free-body of mass m. The extension of spring k, is x—y. The mass

is subjected to two forces: spring force k,(x—y) and the externally applied load
F, sin Qt. Applying Newton’s Second Law gives

(1)

— mxX =) F: mx = Fsin Qt — k,(x—y).
Substituting equation (1) yields the equation of motion

Kok e b4k .
m(l Dy +cy (ki thky)y+cy _y}’
k, k,
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cma m(k; +k,) ..

Y+ =—=y+cy+k y=F,sinQt,
ky k,

or, using the D-operator

K, +k
[0+ mhath) e opy ki |y = Fysin©r.
k2 k2

A particular solution is given by

1
yp = ek TRy
k2 k2

F, sin Qt
D2 +¢D +k,

1

= kafo [m(k, +ky) D2+ k k] + c(mD>+k,) D
= k,F, |

[—m(k, +k)Q2+k k,] + c(—mQ2+k,) D

/25 Theorem 3 of Chapter 4: replace D* by — Q7.

[k, —m(k; 4+ k) Q*] —c(k, —mQ*) D
[k k, —mk, +k,)Q2]" — 2 (k, —mQ?)2 D2
[k k, — m(k, +k,)Q?] sin Qf — cQ (k, — mQ?) cos Q1
[k k, — mk, +k,)Q2]" + ¢ (k, —mQ2)2 Q2

sin Qt

sin Qt

sin Qt

= kzFo

=k20

% Replace D* by — Q? and evaluate the numerator.

Ik, —m(k, + k) Q2] +2Q2(k, — m@2)? sin(Q1 )

= kaFy 2124 202 2)2
[k Kk, —m(k; +ky) Q2]+ 2Q2 (k, — mQ2)

25 Use Asin —Bcos =+ A2+B2 sin(@ —¢), ¢= tan” {(B/A).
= kyasin(Qt —g),

where
F,

Vkik, —mk, +ky) Q2]+ 2Q2 (k, — mQ2)?
Using equation (1), one obtains
o) = (ki +k)yp +cyp  (ky+k,)-kyasin(2t —g) + c-k,aQ cos(Qt —¢)
p(t) = =
k, k,

= a[(k;+k,) sin(Qt — @) + cQ cos(Q —¢)].

a =

The amplitude of xp(t) is 2T x=Asinf+Bcosh = Xymplitade = V A2+ B2

xP,amplitude = a\/(kl +k2)2 + c2Q2.
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Example 5.8 — Flywheel Vibration

A pair of uniform parallel bars AB of length L and together of mass m are hinged

at A and supported at B by a spring of stiffness k as shown. The bars carry a
uniform flywheel D of mass M and radius r supported in bearings, with AD=1.
When the system is in static equilibrium, AB is horizontal. The flywheel rotates
at angular velocity 2 and has a small eccentricity e, i.e., DG=e, where G is the
center of gravity of the flywheel. Determine the natural frequency of vibration of
the system and the total vertical movement of B (assuming no resonance).

The moment of inertia of the bars AB about hinge A is

]Ears — %mLZ.

The moment of inertia of the flywheel about its axis of rotation D is

Flywheel 1 2
Ip = EM re.
Using the Parallel Axis Theorem, the moment of inertia of the flywheel about hinge
Ais

]ilywheel _ ]Blywheel +M lz _ % M TZ +M 12‘

Hence, the moment of inertia of the system about hinge A is

Ty =I5 4 I = Sl 4 MR 2P,
Suppose bars AB has a small angular rotation 6(¢) about hinge A as shown.
The upward vertical displacement of end B is y(t)=L6(t), 6 <1. Hence, the
downward spring force applied on bars AB at B is ky =kL6.

When the flywheel rotates at angular velocity €2, the center of gravity G moves
on acircle of radius e with angular velocity €2, resulting in a centrifugal acceleration
eQ2. Hence, the centrifugal force is M .e2%. The moment of the centrifugal force
about point A is (Me2?) x AH, where AH is the moment arm given by

AH = AD- sin ZADH = [sin Qt. 2T /ADH = Qt—0 ~ Qt, for <1
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Consider the free-body diagram of the bars AB and the flywheel. The inertia
moment of the system about point A is ] 8, where § is the angular acceleration of
the system about point A. From D’Alembert’s Principle, the system is in dynamic
equilibrium under the inertia moment J,6 and the externally applied forces, i.e.,
the spring force kL6, the centrifugal force MeQ?, and the two components R, ,
Ry, of the reaction force at hinge A. Summing up the moments about A yields

A Y My =0: —]A§+Me92-lsin9t—kL9-L:0,

. 1 5 . . 2 _MelQ2
Ja0 + kL0 = MelQ°sin Qt == 0+ wyb =

sin Qt,
A

where o, is the natural circular frequency of the system given by

, kL? kL?
Wy = — = .
Ja SmI2 4 SMG2+2P)

The response of the forced vibration is, assuming no resonance, i.e., 2 # (O

0,(1) 1 (Mele . Qt)
= sin
P D2 + Cl)é ]A
_ MelQ* 1 O Theorem 3 of Chapter 4:
Ty -2 SHLSE replace D? by — Q2.

The amplitude of the forced vibration is

Qe MelQ?
a ]A}wg_gﬁ"

and the total vertical movement of B is 2a.

Example 5.9 — Displacement Meter

The following figure shows the configuration of a displacement meter used for mea-

suring the vibration of the structure upon which the meter is mounted. The struc-
ture undergoes vertical displacement, which may be modeled as y,=a, sin Qt
with a, and © to be measured by the displacement meter. The structure excites
the mass-spring-damper system of the displacement meter. The displacement of
tip D of rod AD is recorded on the rotating drum. The record shows that the
steady-state displacement of tip D has a peak-to-peak amplitude of 2a and the
distance between two adjacent peaks is d. The rotating drum has a radius r and
rotates at a constant speed of v rpm. Determine the amplitude a, and the circular
frequency €2 of the displacement of the structure.
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To establish the differential equation governing the displacement y, consider the
free-body diagram of rod AD. D’Alembert’s Principle is applied to set up the
equation of motion.

Since the relative displacement of tip D is y, the relative displacements at B and
C can be determined using similar triangles

L L,
)’1—L3)” )’2—L3)’

The extension of the spring is y,, resulting in the spring force ky, applied on
rod AD at point B. Similarly, the damping force applied on rod AD at point B
is cy,. The inertia force applied at point C depends on the absolute acceleration
of point C, i.e., y,+ ¥, hence, the inertia force is m(),+ j,), opposite to the
direction of the absolute acceleration. Because the rod is supported by a hinge at
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A, two reaction force components R,, and R 4y are applied at A when the hinge is
removed.

Rod AD is in dynamic equilibrium under the spring force ky,, the damping
force cy,, the inertia force m(y,+ ), and the support reaction forces R,,, R Ay
Summing up the moments about point A yields:

~ Y M, =0: m(y,+yo) Ly + (cyy + ky)-L; =0,

or

LZ"L+ Ll'—i—k L, L 5L
m-==y-L, (C‘—)’ ‘—)’)‘ 1= MYy L.
Ly L, L,

Noting that y, = a, sin ¢, one obtains

mlL2 § + cL? j + kL2 y = aymL,L,Q* sin Qt,
(MD? 4+ CD +K)y = a, sin Qt,

where
M=mL3, C=cL}, K=kL}, a,=aymL,L;Q*
The steady-state response is given by

1 .

yp(t) = ag MDD T CD +Kstt

1 in O Theorem 3 of Chapter 4:
% —MQ2+CD+K st 2ah replace D2 by —Q2

(K—MQ?) —CD .
= a, sin 2t
[(K—MQ?) + CD][(K—MQ?) — CD]

_ (K—MQ?) —CD
~ % K—MQ2)? — D2

sin Qt

(K —MQ?) sin Qt — CQ2 cos Qt Replace D2 by —2? and
s (K—MQ2)2 + C2Q2 ’ evaluate the numerator.
e in(Qi—o).

VK —MQ2)? + C2Q2

2% Use Asinf —BcosO =+ A2+B?sin(@ —¢), ¢=tan Y(B/A).

Hence, the amplitude of the steady-state displacement of tip D is

a, aOmL2L3§22
(| = ——— e ——
_ 22 202
VE=MQI)*+ CQ° (k12 —mI2Q2)2 + (cL3Q)?
which leads to

\/ (kL2 —mL2Q2)? + (cL2R)>
B mL,L,Q2

a, a.
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On the record paper, the distance d between two adjacent peaks is measured in
length, which needs to be changed to time to yield the period T of the response.
Since the drum rotates at a speed of v rpm, i.e., it rotates an angle of 2w v in 60
seconds, hence the time T it takes to rotate an angle 6, as shown in the figure, is

given by
T 6 300
_——e— = T = —
60 2y TV

Furthermore, since d =r6, which is the arc length corresponding to angle 6, one

has
30 d 30d

The frequency of vibration of tip D is

1 Trv
I =T =504
Since the steady-state response and the excitation have the same frequency, one
obtains
Q = 2nf w2ry
= LT = .
15d
Problems

5.1 Acircular cylinder of radius r and mass m is supported by a spring of stiffness
k and partially submerges in a liquid of density y. Suppose that, during vibration,
the cylinder does not completely submerge in the liquid. Set up the equation
of motion of the cylinder for the oscillation about the equilibrium position and
determine the period of the oscillation.

A . N _ m
€C®» mj+ (k+ynr)y=0, T=2n /m

m
'M’J’
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5.2 A cylinder of radius r, height h, and mass m floats with its axis vertical in a
liquid of density p as shown in the following figure.

=" Archimedes’ Principle: An object partially or totally submerged in a fluid
is buoyed up by a force equal to the weight of the fluid displaced.

x(t)

Equilibrium
Position

Liquid Level

4
e -

——————
Y
1
1
1
I

4
A

Sum=

AY

1
1
1
1

4
-

e ————————

4
A

Sum==

1. Set up the differential equation governing the displacement x(t), measured
relative to the equilibrium position, and determine the period of oscillation.

2. If the cylinder is set into oscillation by being pushed down a displacement x;
at t =0 and then released, determine the response x(z).

. 2 _ 2 Tm. _ _ Jo¥i1
@ mi+pnr‘x =0, T==[=——; x(t) =xycoswyt, wy=71,[=—
Jo

r m

5.3 A cube of mass m is immersed in a liquid as shown. The length of each side
of the cube is L. At time ¢ =0, the top surface of the cube is leveled with the surface
of the liquid due to buoyancy. The cube is lifted by a constant force F. Show that
the time T when the bottom surface is leveled with the liquid surface is given by
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5.4 A mass m is dropped with zero initial velocity from a height of h above a
spring of stiffness k as shown in the following figure. Determine the maximum
compression of the spring and the duration between the time when the mass con-
tacts the spring and the time when the spring reaches maximum compression.

D Vo = %(2h+%>+%, T:\/%(%_i__tan—l %)

m

qh

5.5 A uniform chain of length L with mass density per unit length p islaid ona
rough horizontal table with an initial hang of length [, i.e., y=1I at t =0 as shown
in the following figure. The coefficients of static and kinetic friction between the
chain and the surface have the same value p. The chain is released from rest at time
t =0 and it starts sliding off the table if (14-p)/> L. Show that the time T it
takes for the chain to leave the table is

T = L cosh_l[;].
(1+w)g (1+m)l—puL

| e —
» )y
¥(1)

5.6 A uniform chain of length L with mass density per unit length p islaid on a

smooth inclined surface with y =0 at t =0 as shown in the following figure. The
chain is released from rest at time ¢ =0. Show that the time T it takes for the chain

L 1
re L on(-L)
(1—sinf)g sin 6

to leave the surface is
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yo W0y

5.7 A uniform chain of length L with mass density per unitlength p ishungona
small smooth pulley with y(¢) =1 when t =0, [ > L/2, as shown in the Figure 5.27.
The chain is released from rest at time ¢ =0. Show that the time T it takes for the
chain to leave the pulley is

T = \/g coshfl(%).

D — a
8 l - s 0
| ¥ 353 )
“WWW— | B
k
y(t) 2 L
. r
Figure 5.27 Figure 5.28

5.8 A pendulum as shown in Figure 5.28 consists of a uniform solid sphere of
radius r and mass m connected by a weightless bar to hinge O. The bar is further
constrained by two linear springs of stiffnesses k, and k, at A and B, respectively.
It is known that the moment of inertia of a solid sphere of radius r and mass m
about its diameter is % mr?. Show that the equation of motion governing the angle
of rotation of the pendulum about O and the natural period of oscillation of the
pendulum are given by

m(% r? +L2)
kya? +k,b>+mgL’

m(%r2+L2)§ + (k1a2+k2b2+mgL)9 =0, T=2r
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5.9 A mass m is attached to the end C of a massless rod AC as shown in the
following figure. The rod is hinged at one end A and supported by a spring of
stiffness k at the middle B. A dashpot damper having a damping coefficient c is
attached at the middle. A sinusoidal load F sin Q¢ is applied at end C.

A > B "

L L ’

i FsindV 1

1. Show that the equation of motion governing displacement x(¢) of end C is

4mx + cx + kx = 4F sin Qt.

2. Show that the natural circular frequency w,; of the damped free vibration of
the system is given by

) c? 1 |k
w;=w — , Wy = =] =—.
d— ™0 16km "7 2Vm

5.10 A massless rod is hinged at one end A and supported by a spring of stiffness

k at the other end D as shown in the following figure. A mass m is attached at % of
the length from the hinge and a dash-pot damper having a damping coefficient c is
attached at % of the length from the hinge. A sinusoidal load F sin Q¢ is applied at
end D.

]
c k§§
A .B C D
L LML | L
1 1 X
Fsith'

1. Show that the equation of motion governing displacement x(¢) of end D is

mx + 4cx + 9kx = 9F sin Qt.

2. Show that the natural circular frequency w; of the damped free vibration of
the system is given by

4c2 k
a)d:a)o 1—%, a)0:3 ;
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5.11 A damped single degree-of-freedom system is shown in the following figure.
The displacement of the mass M is described by x(¢). The excitation is provided
by x,(t) =asin Qt.

x,(1) x(t)

1. Show that the equation of motion governing the displacement of the mass M

is given by
X4 2wy % + wf x = a sin Qt + B cos Q,
where
K,+K c+c akK Qac
wp = 12 twy =2, g=—L, = L
M M M M

2. Determine the amplitude of the steady-state response x(t).

@ V@@l -2 +200,pQ] + [B0R -2 — 26 0y’
(0f — Q)2 + 2L wyQ)?

5.12 The single degree-of-freedom system shown in the following figure is sub-
jected to dynamic force F(t) = F sin Qt.
l—— x(t)

k E(t)
—WWWW\— —

c m k

—{F—— —WwWww—

1. Set up the equation of motion in terms of x(¢) and determine the damped

natural circular frequency.
2. Determine the steady-state response of the system x,(t).

. . . 2k c?
€D mi+cx+2kx =FysinQt, w,; = —(1——)
m

Fy[ (2k—mQ?) sin Qt — ¢ cos Qt ]
k—m2)2 + 22




238 5 APPLICATIONS OF LINEAR DIFFERENTIAL EQUATIONS

5.13 The single degree-of-freedom system shown in the following figure is sub-
jected to dynamic displacement x,,(t) =a sin Qt at point A.

l——x(t)

k
Akaika .
VYYYYVYY k, A X, (t)=asinQt
I m ——

+

1. Set up the equation of motion in terms of of x(¢).

2. If the system is lightly damped, determine the steady-state response of the
system xp(t).

€Y mi + cx + (k, +ky)x = ak, sin Qt

(k, +k2—m§22) sin Qt — ¢ cos Qt
(k; +k, —mQ?)? 4 2Q?

xp(t) = ak,

5.14 A precision instrument having a mass of m =400 kg is to be mounted on a
floor. It is known that the floor vibrates vertically with a peak-to-peak amplitude
of 2 mm and frequency of 5 Hz. To reduce the effect of vibration of the floor on
the instrument, four identical springs are placed underneath the instrument. If the
peak-to-peak amplitude of vibration of the instrument is to be limited to less than
0.2 mm, determine the stiffness of each spring. Neglect damping.

€D k=897kN/m

5.15 The single degree-of-freedom system, shown in the following figure, is
subjected to a sinusoidal load F(t) = F, sin Qt at point A. Assume that the mass m,
the spring stiffnesses k, and k,, and F; and 2 are known. The system is at rest
when t=0.

- (1)
i ky

A m
F()=FosinQt QO

1. Show that the differential equation governing the displacement of the mass
x(t) is

k k k
it olx=fsnQt o= |—ak ok o
¥+ wpx =fsin “o m(k, +k,) f m(k, +k,) 0
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2. For the case 2 # w,), determine the response of the system x(t).

3. For the case Q2 = w,), determine the response of the system x(t).

f Q. :
6D 2. Q0 x(t) =— <——smw0t+sms2t>;
“o

2
—-Q oM

3. Q=w,: x(t) = —

Wy

—sinwyt + wyt cos wyt
0 0 0

5.16 A vehicle is modeled by a damped single degree-of-freedom system with
mass M, spring stiffness K, and damping coefficient ¢ as shown in the following
figure. The absolute displacement of the mass M is described by y(t). The vehicle
is moving at a constant speed U on a wavy surface with profile y,(x) = 1 sin Qx.
At time t =0, the vehicle is at x=0.

1. Show that the equation of motion governing the relative displacement of the
vehicle given by z(t) =y(t) —y,(¢) is

. . 2 21712 .8 _ K — ¢
Z+2lwyz+wyz = pQ°Usin(QUL), w,= T Zg“a)O—M.

2. Determine the amplitude of the steady-state response z(t), which is a partic-
ular solution of the equation of motion.

3. Assuming that the damping coefficient ¢ =0, determine the speed U at which
resonance occurs.

,qu U? \/_
V(@5 —22U%)? + (2t w, QU)2

5.17 The landing gear of an airplane as shown in Figure 5.8 can be modeled as a
mass connected to the airplane by a spring of stiffness K and a damper of damping
coefficient c. A spring of stiffness k is used to model the forces on the tires. The
airplane lands at time =0 with x=0 and moves at a constant speed U on a
wavy surface with profile y,(x) = sin Qx. Assuming that the airplane moves in
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the horizontal direction only, determine the steady-state response of the absolute
displacement y(t) of the mass m.

@ () = kusin(QUt — ) ] cQU

—_,— . ¢p=tan —™—™—
VEK+k—mQU?)? + (cQU)? K+k—mQ2U?

5.18 In Section 5.1, it is derived that the equation of motion of a single story
shear building under the base excitation x,(t) is given by

mjy(t) + cy(t) + ky = —mxy(t),
or

() + 20wy J (1) + iy = =%, (t),
where

W = 2Lw, = d
0= 0=
and y(t) =x(t) —x,(t) is the relative displacement between the girder and the base.

Rigid girder x(t)
——
Weightless columns k

(1) = a sinQ2t

For x,(t) =asin Qt, determine the Dynamic Magnification Factor (DMF) de-
fined as
’)’ P () }max

DMF = s
‘xO(t) ‘max

where y,(t) is the steady-state response of the relative displacement or the par-
ticular solution due to the base excitation. Plot DMF versus the frequency ratio
r=Q/w, for £ =0,0.1,0.2,and 0.3.

r? Q

DMF = ——— =
> St | o

5.19 Consider the undamped single degree-of-freedom system with m =10 kg,
k=1 kN/m. The system is subjected to a dynamic load F(¢) as shown in the
following figure. The system is at rest at time t =0.

Determine the analytical expression of the displacement as a function of time up
to t =10 sec. €Y x(t) =0.02(10t —sin10t), 0<t<5
x(t) = 1.005 cos 10(£ —5) + 0.0007 sin 10(t —5), 5<t<10
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x(1) | F(1) (kN)

I——

k F
A'A'A'A'A'A'A'Ar m ;t)

3 —
0 5 10 ¢ (sec)

5.20 The following figure shows the configuration of a displacement meter used
for measuring the vibration of the structure that the meter is mounted on. The
structure undergoes vertical displacement a sin Qt and excites the mass-spring-
damper system of the displacement meter. The displacement of the mass is recorded
on the rotating drum. It is known that m=1 kg, k=1000 N/m, c=5 N-sec/m,
and the steady-state record on the rotating drum shows a sinusoidal function with
frequency of 5 Hz and peak-to-peak amplitude of 50 mm. Determine the amplitude
a,, and the frequency f =Q/(2m) of the displacement of the structure.

@ a,=4.0mm, f=5Hz

cao sin€2¢

5.21 For the circuit shown in Figure 5.29(a), the switch has been at position a for
a long time prior to t =07. At t =0, the switch is moved to position b. Determine

i(t) fort>0. @B i(t) =(3-91)e " (A)

5.22  For the circuit shown in Figure 5.29(b), the switch has been at position a for
a long time prior to t =07. At t =0, the switch is moved to position b. Show that
the differential equation governing v (t) for t >0 is

d*v. Rdvg 1 V(1) dv.(0™)
—C Ly = 0t)=—RI,, —“———=0.
a2 'L da Ic'¢T IC ve@) 0 dt

For R=6%Q, C= % F, L=1H, I,=1A, V(t) =39sin2t (V), determine v(t)
for t > 0. @ ve() = 7e 3 (2 cos 4t — sin 41) + 35 sin 2f — 20 cos 2t (V)
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0.02F 140

L  SXt=0
+ N\
i 2H b 12V({ _
— . 20
t=0
6Q2
A
\
o
(a) (b)
L R
C R, .
Y F—T—WW— T —AWA—
t=0 t=0
+ < +
V(t) gRl C, A=~ "Vc 1(t) §R2 C = Ve
® 1 - :
- OVO
O/
(o) )

Figure 5.29 Second-order circuits.

5.23 For the circuit shown in Figure 5.29(c), show that the differential equation
governing v (t) for t >0 is

d*v,. dv, dv ()

dv(0h) _ V(o)
dr R,C,
For R, =19, R, =2, C,=2F, C,=1F, V(t) =12e~* (V), determine v(¢) for

with the initial conditions given by v(07) =0,

o2}

t>0. @ ve(t)= —ge_% + %(1+3t)e—t (V)

5.24 For the circuit shown in Figure 5.29(d), show that the differential equation
governing v(t) for t >0 is

d*ve  R+R, dve 1 Vy+R,1(t) dv.(0T)
—y = o=V, ———==0.
TE T 4 1c'’C IC @)=V, 1

For R,=R,=5%Q, C=0.2F, L=5H, V,=12V, I(t)=2sint (A), determine
ve(t) for t > 0. @ ve() = 5(1+t)e " +12 —5cost (V)



PROBLEMS 243

5.25 Consider column AB clamped at the base and pin-supported at the top by
an elastic spring of stiffness k. Show that the buckling equation for the column is

kL? 3 , P
— [tn@D) — @]+ @)’ =0, o=

5.26 Consider the beam-column shown in the following figure. Determine the
lateral deflection y(x).

@ o= [F0-7) w5l g

sinaL




The Laplace Transform
and Its Applications

The Laplace transform is one of the most important integral transforms. Because
of a number of special properties, it is very useful in studying linear differential
equations.

Applying the Laplace transform to a linear differential equation with constant
coefficients converts it into a linear algebraic equation, which can be easily solved.
The solution of the differential equation can then be obtained by determining
the inverse Laplace transform. Furthermore, the method of Laplace transform is
preferable and advantageous in solving linear ordinary differential equations with
the right-hand side functions involving discontinuous and impulse functions.

In this chapter, Laplace transform and its properties are introduced and applied
to solve linear differential equations.

6.1 The Laplace Transform

Definition — Laplace Transform

Let f(t), t >0, be a given function. The Laplace transform F(s) of function f(t)
is defined by

Ees)=2{fn} = /Ooo e ' f()dt, s>0.

The integral in the Laplace transform is improper because of the unbounded interval
of integration and is given by

00 M
/ e ' f(H)dt = lim / e ' f(t)dt.
0 M— o0 0

244
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There are tables of Laplace transforms for various functions f(t), similar to
tables of integrals. Some frequently used Laplace transforms are listed in Table of
Laplace Transforms (Appendix A.4).

Example 6.1

Determine the Laplace transforms of the following functions

sin wt
1. f(t) =1; 2. f(t) = e 3. f(t):{ }

cos wt
o0 1 00 1

1. P(s>=${1}=f e ldt=—=e ==, 5>0
0 s t=0 s

00 00
2. F(s) = ozp{eat} — / e St e dt = / e—(s—a)tdt
0 0

1

— —

s—a

00 1
= — s>a.
t=0 s—a

—(s—a)t

3. Note Euler’s formula e!®’ = cos wt+1i sin wt. To determine the Laplace trans-

forms of coswt and sin wt, consider the Laplace transform of elot:

. w . w .
zg{elwt} — / et . i@t gy — / e—(s—lw)t df = —
0 0

1 stiw _ st+iw
s—iw  (—iw)Gs+iw) L4+ o

(i) o
S—1w t=0

s>0.

Since cos wt = Re(el®?) and sin wt = Tm(el®?), one has

iw S
,,2’{cosa)t} = Re[f{e t}] = 52+—wz,

Z{sinwt} = qm[z){eia)t}] o

o2t
Properties of the Laplace Transform

1. Note that

Ll i)+ ah0) = foo e e fi(H) + ¢, ,(1)]dt, ¢; and ¢, are constants
0

=q /OO e—stfl(t)dt + CZ/OO e_Stfz(t)dt
0 0
=aZ{iO} +o2{L®)

.. The Laplace transform .Z’{ -} is alinear operator.
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2. Laplace Transform of Derivatives

2{f0) = fo T et de = / T e d[ )]

0

— et f(t)‘ooo _ / > f(O)(—se ) de # Integration by parts
1= 0
=—f(0)+s f ” e f(r)dt,
0

2{f'®} =sEs) - £0).

Using this result, Laplace transforms of higher-order derivatives can be derived:

2{f'm)=sz2{f ) -f ), 2 f'1)=[f®]
= s[sF(s) — f(0)] — f(0),

21"t} = s F(s) — s f(0) — £1(0).

In general, one obtains
2{fW @)} =s"Fs) — s"71 f(0) —s"2 f1(0) — -+ - — s fPD(0) — FPD(0).

The Laplace transform of the nth-order derivative f(t) of function
f(t) is reduced to s" F(s), along with terms of the form sif("_i_l)(O), i=0,1,...,
n—1.

3. Property of Shifting

o0
Given the Laplace transform F(s) = / e ' f(t)dt, replacing s by s—a leads to
0
o o0
Es—a) = / e TV f(H)dt = / e [e"f(t)]dt = 2{e" f(1)},
0 0

Z{e"f(t)} = Fs—a) = 2{f(1)}

s—(s—a) ’

The Laplace transform of f(¢) multiplied by e? is equal to F(s—a), with s shifted
by —a.

4. Property of Differentiation

o0
Since F(s) = f e f(t)dt, differentiating with respect to s gives
0

o0

F'(s) :/Oo(—t)e“f(t)dtz —f e[t fm]dr,
0 0
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2t fn} = —F(s).

Differentiating with respect to s again leads to

F'(s) = — / oo(—t)e—sf [t f()]dt = /
0 0

z{ fn} = Fs).

Following this procedure, one obtains

o0

e[ f(t)]dt,

d"F(s)
ds

2{t" f(} = (D"F"(s) = (=D)"

Example 6.2

, n=1,2,....

247

Determine the Laplace transform of f(t)=t", n=0, 1, ....

Solution 1: Using the formula of Laplace transform of derivative

20} =s 2{f(O) - f0), with f(t) =",

one obtains

:
Hence, for n=1, 2, ...,
n=1 )=-2fij=g5 & 2{i)=<
=2 )=l =2 5200
I R g R
in general,
j?{t”}:%, n=0,1,.... 2Zt0l=1

Solution 2: Use the property of differentiation
: d"E(s)
f’{t”f(t)}:(—l)”v, n=1,2,...,

1
with f(t)=1 and F(s) = —. Note that
s

d/1 1 d? /1 d/ 1 1.2 2!
w5 =7 Q) -zl3)-=-F-7
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ds”\'s
Hence
d /1 1
=t )= zf)=-2(3) =5
d /1 2!
n=2: GZ’{tz}:(,Z’{tz'l}:@(;) ==

=)=y (1) =

ds? \ s Sn—H'

Example 6.3

Evaluate ff{e"t cos a)t} and (g{e“t sin a)t}.

Note that s ”
(z){cosa)t} = m, O??{sina)t} = 52+_w2

Applying the property of shifting .2’{e* f(t)} = F(s—a), one obtains

oo [ at _ S _ S—a
f{e coswt} = _52+a)2 = —(s—a)z—i—wz’
s—(s—a)
. t - . w . w
AAesinot) = 573 e T
s—(s—a)

Example 6.4

Evaluate .2 {t sin t} and f){tz sin t}.

j?{sincut}:sz_’_w2 - ,f?{sint}:sz_i_1 = F(s).
Apply the property of differentiation f{t”f(t)} =(=D"F™ (), n=1,2, ....
dF(s) _ d 1 _ 2
ds  ds\s2+1/) (s2+1?%
d?F(s) _d [dEGs)|]  d 2s . 652 —2
ds2  ds| ds | ds 2+ D2 (2+13¥
. dF(s) 2s 5 . d?F(s) 65> —2
L Litsint} = — = , L1t tt = = .
' { - } ds (s2+1)2 { - } ds? (s2+1)3
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Example 6.5

Evaluate ;Z){ te? sin wt } .

leads to
s—(s—a)

Using the property of shifting .2{e” f(t)} =F(s—a)=2{f(1)}

w w

- (s—a)? +w?

Z’{e”t sina)t} = f{sina)t} e 52+—2
S—>(s—a [0))

s—(s—a)

d
Applying the property of differentiation .Z{t f(1)}=— = 2{fmn}

f{t . e“tsina)t} = —disz){e“tsina)t} = _d;ds {(s—a)ﬁ}

2w(s—a)
[(s —a)? + w2]2 .

6.2 The Heaviside Step Function
The Heaviside step function is defined by

0, t<a,
H(t—a) =
1, t>a,

where a is a real number, and is shown in Figure 6.1.

H(t—a)

1F=-=--

[y E—

0

Figure 6.1 Heaviside step function.
The Laplace transform of H(t —a) is given by
o0
Z{H(t—a)} :/ e " H(t—a)dt
0
a o0
= / e S"H(t—a)dt +f e S"H(t—a)dt
0 a

@ > 1 4™ 1
= f e St.odt —I—f et 1dt= —=e ¥ == 5,
0 a S
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E{H(t—a)} = %e_’”, s>0,

and, for s>a >0,
Z{ft—aH(—a)} = foooe—“f(t—a)H(t—a)dt
= /_Oo e f(r)H(r)dr, t—a=r,
= fo T f(r)dt = e F(s),

Z){f(t—a)H(t—a)} =e ¥F(s), s>a=0.

The Heaviside step function is very useful in dealing with functions with discon-
tinuities or piecewise smooth functions. The following are some examples:

(1

fl(t)’ <t /\f(t)
t) =
f@ { 0, ~1, h()

= fiO[1—H(t—1p)];

(2)
0, t <ty f®)
) =
s £®), t>t, t:o :
= L(OH(t—t); \[(t)-\
(3)
(), t<ty, /\f(t)
t) =
J® L), t>t,, Hi® _/E
: t
B LO+[LO-[®]- 0, t<t, To
LO+[LO-fO]- 1, t>1, \%\

= fi®) + [ —fLO]H(E—1,)
= fiO[1-HE—1t)] + fLO H(t—1p).

Since Case (3) is the combination of Cases (1) and (2), the result

obtained reflects this observation.
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If function f(¢) has nonzero values only in the range of a < x < b as shown in the
following figure, than it can be expressed as

0, t<a, f(1)
ft) =14 gx), a<t<b, g(t) _/i
0, t>b, /\ i
H 1 t
= g(x) [H(t—a) — H(t—b)], a b

since
0, t<a,

H(t—a)—H(t—-b)=11, a<t<b,
0, t>b.

As a generalization, function f(¢) of the following form can be easily written in
terms of the Heaviside step function

0, t<ty
), ty<t<ty,

HM), t<t<t,,

ft) =

fu®), t,_ <t<t,

0, t>t,,

= O [H(E—t) —HE—1)]+ L [H{E—1) — H(t—1,)]

+ -+ £, () [H(t—tn_l) _H(t_tn)]'

Example 6.6

Express the following functions in terms of the Heaviside function

1. 0, t<0, 2.
t, t<-—1,
1, O0<t<l, ) ) )
= =Jt°Y — t ,
=91, 1ica f© =t=
2, t>1.
0, t>2;
L f(o=1-[Ht-0)—H(-1)] 25 f(t)y=1, 0<t<l
+2-[H(t-1) — H(t—2)] 25 f(Hh=2, 1<t<2

=H({t)+H(t—1) —2H(t—2);
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2. fty=t-[1-H@E+D] 25 f(t)y=t, t<—1
+ 2 [H(t+1) — H(t—1)] 25 f=t), —l<t<l
+13-H(t—1) 25 f(ty=13, t>1

=t+ (=) HE+1) + (=) H(t—1).

Laplace transforms of functions involving the Heaviside step function can be
determined from the definition by direct integration or using the properties of the
Laplace transform.

Example 6.7

Evaluate . 2{tH(t—2)}.

Solution 1: Using the definition of Laplace transform

o0 o0
f{tH(t—Z)}:/ e‘“-tH(t—Z)dt:/ e tdt
0 2
1 o0
= ——f td(e™™), /% Integration by parts
S J2
00 o0
—/ e_“dt)
t=2 2
00 1 1
[ _2 —25__ —2s
t:2) 5< € s © )

= l te_St
S

_l _ze—ZS + le—st
s s

e % 1
=—(2+-).
s s
Solution 2: Using the following results

1
Z{H({t-a)} = —e 2t fn} = —F(s)

leads to

—_

Z{tH@t-2)}

gl =-g(5e)

1 1 —2s 1
= —[——2e_25 + —e_zs(—Z)] = e_<2+ —).
N S S S

Solution 3: To use the formula 2{ f(t—a)H (t—a)} =e ¥ F(s) in evaluating
f{f(t)H(t—a)}, one must rewrite f(t) as f[(t—a)—i—a] =g(t—a).
L{tHt-2)} = 2{[t—-2)+2]H(-2)}
= 2{(t-2H(t-2)} +2.2{H(t-2)}

1 1 2
N N S
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Example 6.8

253

Evaluate . Z{e*H(t) —e " H(t—4)}.

Three methods are used to evaluate 2’{e‘” H(t—Db) }

Method 1: By definition
@]
,?{e“tH(t—b)} = / e St e"H(t—b)dt, b>0
0

o
= / e M, 2% H(t—b)=0, fort<b
b

1

— —_e

s—a

—b(s—
—(s—a)t e0 _ € (s=a)

= , S>a.
t=b s—a

Method 2: Using the following results

1
Ha-b} = = 2 f) = 2| f(t)}’H(s_a)
leads to
2" H(t—b)} = Z{H(t—b)) _ Llots _ e
: ¢ o s—(s—a) o S ¢ s—(s—a) - s—a

Method 3: Using the result Z’{f(t —a)H(t— a)} = e ¥ F(s) resultsin

2l H(t-b)} = 2{e" I H(t—b)} = e 2{e* " "D H(t - b))

— eab . e—bs f{eut} — e—b(s—a) 1 )
s—a
Hence,
—0-(s—2) —4-(s+3) —4(s+3)
e e 1 e
2l H(t) —e ' H(t—4)} = — = —
s—2 s+3 s—2 s+3

Example 6.9

Evaluate  F(s) = .2{cos2tH(t— %) + (9 +2t—1)H(t—2)}.

Fo) = 2 cos[2(t— &)+ T H(t—F) + [0 ¢~ 4t +4)+38t =37 H(t—2) |

= j?{[cosZ(t—%) cos%—sinz(t—%) sin %]H(t—%)

+ [0(t—27+38(t-2)+39] H(t—2)

= %e_%sf{cos 2t — sin2t} + e_25${9t2+38t—|—39}
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1 (= 2 ) +e7(9 2 382 439 1)
= —C — e . — . — fp—

V2 2422 2422 s3 s2 s
_ g s=2 7233952+38s+18'

— e
V2(s2+4) s3

6.3 Impulse Functions and the Dirac Delta Function

Impulse functions have wide applications in modeling of physical phenomena. For
example, consider an elastic ball of mass m moving at velocity v, toward a rigid
wall as shown in Figure 6.2.

Yo V1
—— g -0

1y ty<t<tyte tyte
In contact

Figure 6.2 An elastic ball colliding with a rigid wall.

At time ¢, the ball collides with the wall; the wall exerts a force f(¢) on the ball
over a short period of time ¢. During this time, the ball is in contact with the wall
and the velocity of the ball reduces from v,, to 0 and then changes its direction,
finally leaving the wall with velocity —v;.

f(®

to tote  t

Area

Figure 6.3 Contact force between the elastic ball and rigid wall.

The force f(t) on the ball, shown in Figure 6.3, depends on the contact between
the elastic ball and the rigid wall. The force f(t) is negative because it is opposite to
the direction of the initial velocity ;.

The area under the force curve is called the impulse I, i.e.,
tyte
I= f(t)dt.
tO
The Impulse-Momentum Principle states that the change in momentum of mass m
is equal to the total impulse on m, i.e., m(—v,) — mv, = I.
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As a mathematical idealization, consider an impulse function f(t) over a time
interval t, <t <t,+e& with constant amplitude I/¢ as shown in Figure 6.4, such
that the area under the function f(¢), or the impulse, is I.

10 ) — 10
N }
: Area=I: Area=]
L, 1 1 1 L
i 1 1 1 | &2
1 Area=] 1 | L : 1
| 1 £ 1 :
! ! 5 1 1 4 t
t, & tht+e t, & ot t,
o! | ! oT€ ol 2 | 0te e—0>0
(a) (b) (c)

Figure 6.4 The Dirac delta function.

The impulse function f(¢) can be expressed in terms of the Heaviside step
function

I
f) == {H(t—1) — H[t— (ty+2)1}.
When ¢ decreases as depicted in Figure 6.4(a) and Figure 6.4(b), the width of the
time interval over which the impulse is defined decreases and the amplitude I/e
of the function increases, while keeping the area under the function constant. For

I =1, the limiting function as ¢ -0, i.e.,

H(t—t,) — H[t—(t,+¢)]
8 b

lim f() = li
S0 = I,

is called the unit impulse function or the Dirac delta function (Figure 6.4(c)) and is
denoted by §(t — ).

Properties of the Dirac Delta Function

1. 8(t—a) =0, if t#a;

2. 6(t—a) — +o0, as t—a;

ata
3. / S(t—a)dt =1, a>0;
a

—u

4. Shifting Property If g(¢) is any function,

a+to
/ gt)s(t—a)dt = g(a), o>0.

—

0, t<a, dH(t—a)
= ——

=6(t—a).
1, t>a, dt

t
5. / 8(t—a)dt =H(t—a) = {

—00
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o
6. ff{S(t—a}} :/ e *.8(t—a)dt = e ®, a>0. 2% Shifting property
0

7. f{f(t)a(t—a)}=/Oooe—“.f(t)a(t—a)dt=e—“5f(a), a>0.

8(t —a) is not a function in the usual sense; it is known as a generalized function.

Example 6.10

Evaluate F(s) = f{cosntS(t—l—l)—i—Z cos %t5(t—2)—|—(t3—2t2—|—5)e4t8(t—3)}.

Note that, if a >0,
o

8(t4+a) =0, for t=0 — ,%{f(t)é(t+a)}=/ e f(t)8(t+a)dt =0,
0

and ~
Z2{fnsit—a)} :f e f(t)8(t—a)dt = e *f(a).
0
Hence

F(s) =0+ e *-2cos (%2) +e 3. (33-2.3245)et 3 = e 4 1401273,

Applications of the Dirac Delta Function

Consider a distributed load of intensity w(x) over a length of width ¢ as shown in
Figure 6.5(a).

e—>0

| | » > ]

a

w(x) Area=W lW

E—— 3 -

ES ES
(a) (b)

Figure 6.5 Distributed and concentrated loads.

The resultant force of the distributed load is
u—l—%
W = / w(x)dx.
a$

When ¢ — 0, the distributed load approaches a concentrated load W, as shown in
Figure 6.5(b). In terms of the Dirac delta function, the load can be expressed as
w(x) = W34 (x—a), so that

a+5 a+5
/ w(x)dx = W/ S(x—a)dx =W.
a—% a-%
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As an example, consider a beam under two concentrated loads W, and W,,
applied at x=a, and x=a,, respectively, and a uniformly distributed load of
intensity w,, over b, <x < b, as shown in the following figure.

W, W2

l .

ay bl b2 a, {é X

J

The deflection y(x) of the beam is governed by the differential equation

d? d?y
2 {EI(X) @} = w(x),

where EI(x) is the flexural rigidity of the beam, and the loading is given by
w(x) = wo[H(x—b)—H(x—b,)] + W,8(x—a,) + W,8(x—a,).

6.4 The Inverse Laplace Transform

Given the Laplace transform F(s) of function f(t), F(s) = fﬁ{ f(t) }, the inverse
Laplace transformis f(t) = ,Z’fl{ F(s) }

Inverse Laplace transforms of frequently used functions are listed in Table of
Inverse Laplace Transforms (Appendix A.5). Hence, to determine the inverse
Laplace transform 2’_1{1:(5)}, F(s) has to be recast into a combination of the
known functions so that the formulas in the Table of Inverse Laplace Transforms
can be applied.

Properties of the Inverse Laplace Transform

Corresponding to the properties of the Laplace transform, the following properties

of the inverse Laplace transform can be readily obtained.

1. (Z’{ . } is alinear operator — .2 _1{ : } is a linear operator;

2. Z{e"f(} =Fs—a) = L HFs—a)}=e" 2 YFs)} =e"f(t);
3. 2{t"f()} = (—D"FP(s) = Z27YFP ()} = (—D""f(1);

4. 2{ft—a)H(t—a)}=e""F(s—a) = 2 e “F(s)}=f(t—a)H(t—a).
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Example 6.11

Evaluate 21 u .
(s—2)°

s (s=2)+2 1 2

M= = ~ 6o T oo

(1 .y . at e
wf =zt vatz 5] e 2T Fe—a)) = 2 Ee)

u £ u t! o 1] "1
e 3!+ e 1 = D]
= 1—12e2tt3(2 +1).
Example 6.12
1 —3s
Evaluate $>_1{ +: }
s
l1+e> 1 1
P(S): 54 =S—4 e 55_4
Note that
-1 1 tnil —1f _—as
N3l 2ROl = fe-oH -0,
Hence,
B (t-3)3

fo =27 HFo)} =5+ H(t—3) = £ [ + (t=3)*H(-3)].

Convolution Integral

Theorem — Convolution Integral

If 2 YF(s)}=f1) and .27 G(s)} =g(1), then

t t
2_1{F(S)G(s)} = /(; f(w) g(t—u)ydu = /0 gu) f(t—u)du = (f*g)(t),

in which the integral is known as a Convolution Integral.

Example 6.13

Evaluate 1 - .
(s2+4)2
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Note that

2
ﬂ?f_l{m} = sin 2t, ﬂ?—l{ﬁ} = cos 2t.
s s

Using convolution integral, one has

o—1 S _ 1) 2 S _ 1.
Z {m}— 22 {mm}— ZSIHZt*COSZt

t
= %/ sin2ucos 2(t —u)du, 2% SinACOSB:%[sin(A+B)+sin(A_B)]
0

t

| —

t
= %/ [sin 2t + sin(4u—2t)] du = % usin 2t — %COS(4u—2t)]
0

u=0

tsin 2t.

= %[t sin 2t — %cos 2t + %cos(—zt)] = %

Partial Fractions

Partial fraction decomposition is an essential step in solving ordinary differential
equations using the method of Laplace transform. Some important aspects of
partial fractions are briefly reviewed.

Consider a fraction N(x)/D(x), where N(x) and D(x) are polynomials in x of
degrees ny and np), respectively.

w If ny =np, ie., the degree of the numerator N(x) is greater than or equal
to the degree of the denominator, the fraction can be simplified using long
division to yield

N (x) N, (x)

) = P(x) + Do)

where P(x) and N, (x) are both polynomials in x, and the degree of N, (x) is
less than that of D(x). Hence, without loss of generality, the case for ny <n,
is considered in the following.

- Completely factorize the denominator D(x) into factors of the form
(ax+p)" and (ax*+bx+o)",
where ax?+bx+c is an unfactorable quadratic.

For each factor of the form (ax+ )™, the partial fraction decomposition
includes the following m terms

Am Am—l Al

(ax+pB)m + (ax+p)m—1 toet (ax+pB)
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For each factor of the form (ax?+bx+c)", the partial fraction decomposi-
tion includes the following n terms
B,x+C, B, x+C,_; P B, x+C,
(ax?+bx+c)"  (ax?+bx+c)"! (ax?+bx+c)’

For example,

5x342x+7 5x34+2x+7

2x84+7x7—10x5—6x%t—x3  x32x—1)(x2+2x—1)2
Ay A, n A B C,x+D, C,x+D,

e = _
x> x2 x 2x—-1  (xX242x-1)?  x242x-1

Summing up the right-hand side, the numerator of the resulting fraction is a
polynomial of degree 7. Comparing the coefficients of the numerators leads
to a system of eight linear algebraic equations for the unknown constants.

The Cover-Up Method

Suppose D(x) has a factor (x —a)™, then the partial fraction decomposition
can be written as

Nx)  N® A A, A, N

m

Dx) (x—a)"D,(x) (x—-a" (x—am! +"'+(x—a) D,(x)’

in which D, (x) does not have (x—a) as a factor. Multiplying both sides of
the equation by (x —a)™ yields

N(X) _ _ _ym—1 Nl(x)
D AT Amam @t A ema) T T

(x—a)™.

Setting x = a gives the value of A,

. N(x)
" D, (x)

X=a
This result can be restated as follows: to find A,,, “cover-up” (remove) the
term (x —a)™ and set x =a:

N(x)

A = —_—
=2 D, (x)

m

X=a

#1 The cover-up method works only for the highest power of repeated
linear factor.

For example,
4 A A, B
(x—12(x+1) (x—1)2  x—1 x+1°
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To find A,, cover-up (x —1)? and set x=1:

2 x+1 x=1 -
To find B, cover-up (x+1) and set x= —1:
4
B= 5 =1.
(x=1) x=—1

A, cannot be determined using the cover-up method. But since A, and B
are known, A, can be found by substituting any numerical value (other than
1 and —1) for x in the partial fraction decomposition equation. For instance,
setting x =0:
4 2 A, 1
5 = 5 + +
(0—1)2(0+1) (0—1)2  0—1 ' 0+1

Example 6.14

8
Evaluat 271 .
vatuate {(5—1)(52+25+5)}

A1: _1.

Solution 1: Using partial fractions
8 A Bs+C

Fo = (s—1)(s2+25+5) 51 + s24+25+5
_ A(s*+2545) + (Bs+C)(s—1)  (A+B)s’+(2A—B+C)s+(5A—C)
(s—1)(s2+2s5+5) (s—1)(s2+25+5) ’
To find A, cover-up (s—1) and set s=1:

8 __8
©s242s+5(,  1+42+5

Hence, comparing the coefficients of the numerators leads to
s A+B=0 — B=—-A=—1,
s: 2A-B4+C=0 =— C=B—-2A=-1-2-1= -3,

1: 5A — C =8. 2% Usethis equation as a check: 5-1—(—3)=38.
1 543 1 (s4+1) +2
F(s) = — = —
s—1  s242s4+5 s—1 (s+1)2422
1 (s+1) 2

T 51 G+D2+ 22 02422
Using the property of shifting .Z”Y{F(s—a)} =e“ f(t) along with the results

‘z)—l{l}:l, ,%_1{ > }:cosa)t, 0?5)_1{ @ }:sinwt

s 24 w? s2 4?2
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yields
ft) = 27 YF(s)} = e' —e " cos2t —e ' sin2t.

Solution 2: Using convolution integral

I 8 _ S 1 2
J0=2 {<s—1><s2+2s+5>}_4‘2) {s—l (s+1)2+22}

t
=4e x (e_t sin 2t) = 4/ e “sin2u- e *du
0
—2u t

t
= 4et/ e 2sin2udu = 4¢! | —————
0 (—2)2422

(—2sin2u — 2 cos 2u)i|
0

; eth ) 1
=4e T(—Zstt — 2cos2t) — E(_Z)

= —e !(sin2t + cos2t) + €.

Example 6.15

Evaluate 1 L .
(s24+1)(s2+9)

Solution 1: Using partial fractions

s+1 As+B Cs+D (As+B)(s249)+(Cs+D)(s>+1)
F(s) = = =
(s24+1)(s24+9) 241 249 (s2+1)(s2+9)
_ (A+0C)s’ + (B+D)s* + (9A+C)s + (9B+D)
o (s24+1)(s2+9) ’

Hence, comparing the coefficients of the numerators leads to
$: A+C=0,
s’: B+D=0,

s: 9A+C=1,
1: 9B+D=1.
Eqn(3) —Eqn(l): 8A =1 =>A=%,
: = -1
Eqn(4) —Eqn(2): 8B=1 = B=g,
: — A= _41L
Eqn(1): C=-A= -5,
. D=-B=_4
Eqn(2): D= =-3
1/s4+1 s+1 1 s 1 s 1 3
- P(S):_(Z _2_>:_<2 st e T o 3 Tas
8\sc+1 5249 8 \s*+1 sc+1 <43 3 s4+43

(1)
(2)
(3)
4)

)
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f(t) = 27 HE@s)) = %(cost + sint — cos 3t — % sin St).

Solution 2: Using convolution integral

-1 s+1 ol $ -1 1
{(52+1)(52+9)}_‘29 {(s2+1)(52+9)}+”2 {(52+1)(52+9)}

S 3 1 _ 1 3
B aunl N —— i
{52+12 52+32}+ 3 {52+12 52+32}

1

3

%(cost*sin3t+sint*sin3t)
1 [t

= 3/ (cosu+sinu) sin 3(t —u)du
0

t
= %/ {%[sin(3t—2u)—sin(4u—3t)]—
0

NI»—!

[ cos(3t —2u) — cos(4u — 3t)] } du

o [

[% cos(3t—2u)+ % cos(4u—3t)+ % sin(3t —2u) + % sin(4u— 3t)]

t
u=0

= %(cost—l—sint—cosSt— %sin3t).

6.5 Solving Differential Equations Using the Laplace
Transform

Consider an nth-order linear differential equation with constant coefficients
a, Y@ + a,_ Y@ 4+ ay () + agy(1) = f(0).
Taking the Laplace transform on both sides of the equation and noting that
2{ymn} =Y,

21y} = sY(s) = y(0),
2Z{y" ()} = Y(s) — s y(0) — y'(0),

2y ®) = s"Y(s) =" y0) —s"2y0) — - — sy P (0) — y D (0),
lead to an algebraic equation for Y(s)

n n—1
a, [s” Y(s) — Zs”_iy(i_l)(O)] +a, [s”_lY(S) - Sn_l_i}’(i_l)(o)] +e
i=1

i=1

+a,[sY(s) —y(0)] +ay Y(s) = Z{f(1)}.
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Solving for Y (s) yields
n k
2{fot+ 3 > a =D (0) sk~
Y(s) = k=}11:1
2 a;s
i=0

Taking the inverse transform y(t)= .2 _I{Y(s)} results in the solution of the dif-
ferential equation.

Example 6.16

Solve  y” —8y’ +25y = e sin 3t.

Let Y(s)=.2{y(t)}. Using the property of shifting, .2’ {e? f(1)} = F(s—a), one
has

3 B 3
C(s—4)? 432

f{e‘“ sin3t} = .2{sin 3t} I
s—>s—

s—>s—4

Taking the Laplace transform of both sides of the differential equation yields

2 . o _ _ — —
[$°Y(s) = s (0) — y'(0)] = 8[sY(s) — y(O)] +25Y(s) = T

or, denoting y(0) = y,, y'(0) =v,,

(s* — 85+ 25)Y(s) = yy5 + (v, —8y,) +

(s—4)2 + 3%
Solving for Y(s) leads to
Yo (s—4) vo—4Y, 3

W=7 T+ T

Taking the inverse Laplace transform and using the property of shifting

Z)_I{P(s—a)} = e“tz’_l{P(s)}, (5?_1{(52_’_—1[12)2} = 2—23(sin at —at cos at),

one obtains

y) =27 YY)} = e4t=zj{)’o- 5 Vo—4), 3 1 }

+ . +3.
52 4 32 3 52432 (s> 4 3%)2
—4)

4t Yo . 3 .
=e [)’o cos 3t + sin 3t + >3 (sin 3t — 3t cos 3t)]

t
_)’()+_) sin 3t — gcos3t].

= e‘“[yo cos 3t + < 3
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Denoting
vy — 4y 1
A = , B = u _|_ _
70 3 18

the general solution of the differential equation can be written as

t
y(t) = e [A cos 3t + Bsin 3t — < cos St].

Example 6.17

Solve  y” 49y =18sin3tH(t—7x), y(0)=1, y'(0) =0.

Let Y(s) =2 { y(t) } Taking the Laplace transform of both sides of the differential
equation yields

[52 Y(s) —sy(0) — y/(O)] +9Y(s) = 18${sin 3tH(t—7r)},
where

ZL{sin3tH(—m)} = 2{sin[3(t—n)+3n|H(t—m)} 2% sin(37 +6) =—sin 6

= —2{sin3(t—-n)H(@t—-m)} 2t 2{ft—-a)H(it—a)}=e"*2{f1)}
3

= —e_ﬂsi’{sin 3t} = —e_”ssz_i_—sz.

Hence, solving for Y(s) leads to

N
Y(s :__54377”_'
© =77 (s2+9)2

Noting that

1 1
n—1 _ .
Z { EEEDY } =5 (sin 3t — 3t cos 3t),

and using the property of shifting .2’ ~'{e®F(s)} = f(t —a) H(t — a), one has

542)1{6”5 } = [sin3(t—m) — 3(t—m) cos 3(t —m) | H(t —7)

=[—sin3t + 3(t— ) cos 3t | H(t — 7).

25 sin(0 —37) = —sin(37 —0) = —sin B, cos(@ —37w) = cos(37w —0) = —cos
The solution of the differential equation is

s 1
=271 —54. 77 e — o
y(0) {52+32} {e (52+32)2}

= cos 3t + [sin3t — 3(t—n’)cos3t]H(t—n).
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Example 6.18

Solve y”'—y"+4y'—4y=40(t>+t+1)H(t —2), y(0) =5, y'(0) =0, y"(0) = 10.

Let Y(s) =.2'{ y(t)}. Taking the Laplace transform of both sides of the differential
equation yields
[$*Y() = $*y(0) = 5y'(0) = y"(0)] = [ Y(s) = sy(0) = y'(0)]
+4[sY(s) — y(0)] — 4Y(s) = 2{40(* +t+ 1) H(t —2)},
where, using . Z{f(t—a)H(t—a)} =e~=.2{f(1)},
2407 +t+ D) H(t—2)} = 40 2{[(* — 4t +4)+5t — 3] H(t —2)}

=40.2{[(t—2)*+5(t—2)+7]|H(t—2)}
1!

2! 1 n!
_ =25 o[ 42 _ -2 ) _
= 40e” . 2{t*+5t+7} = 40e 5(5—3+5-S—2+7:) ﬁz{t"}_sm

5, 40(7s*+55+2)
s3 '

Solving for Y(s) gives

552 —5s+30  _,. 40(7s>+5s+2)
e — € .
3 —s24+45—4 s3(s3—s2+4s—4)

Y(s) =

Using partial fractions, one has

55—55+30 A Bs+C (A+B)s*+(—B+C)s+(4A—C)

(s—1)(s2+4) s—1 e T (s—1)(s2+4)
To find A, cover-up (s—1) and set s=1

_58°—554+30]  5—-5+30
o (244) |, 144
Comparing the coefficients of the numerators leads to

2. A+B=5 =—> B=5-A=5—6=—1,

s: - B+4C=-5 =— C=B—-5=—-1—-5= -6,
1: 4A — C =30. 2% Usethisequation as a check: 4-6—(—6)=30.

Hence,
P 55 —55+30 _ 1l 8 N —5—6
(s—1)(s*2+4) s—1  s244
1 S 2

=0§5)_1{6- } = 6e! — cos2t — 3sin 2t.

_ _3.
s—1 s2422 s2 422
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Similarly, using partial fractions, one has

40(7s*4+5s+2) A, A, Ay B Cs+D

SG_1)(2+4) s £ s 51 44

Comparing the coefficients of the numerators leads to

1 A +B+C=0, (1)
st —A+A,—-C+D=0, (2)
0 4A; —A,+A;+4B—-D=0, (3)
s —4A| + 44, — Ay =280, (4)
st —4A, +4A; =200, (5)
1: —4A; =380, (6)

from Eqn (6): A; = —20,
fromEqn (5): A, = A;—50 = —70,
fromEqn (4): A; = T(4A,—A;—280) = —135,

to find B, covering-up (s—1) and setting s =1:

_ 400845542 H00+54)
BTG R 1-5 T

fromEqn(1): C= —A; —B= —(—135) — 112 =23,
fromEqn (6): D=A; —A,+C= —135—(—70) + 23 = —42.

Hence,
_[40(7s*+55+2) ) 4 20 70 135 112 L B4
S(s—1(s2+4) | 3 s s s—1  s2422

= —135— 70t — 10> 4+ 112¢' + 23 cos 2t — 21 sin 2¢.

Applying the property of shifting .2 ~'{e*F(s)} = f(t —a) H(t —a), one obtains
the solution of the differential equation

) = 2! 552 —55+30 ot s 40(7s%+5s+2)
J) = 3 _2445—4 (P —s2+4s—4)

= 6e' — cos2t — 3sin 2t + [—135 — 70(t—2) — 10(t—2)* + 112" 2
+23cos2(t—2) — 21sin2(t—2)|H(t —2)
= 6e' — cos2t — 3sin2t + [—10£* — 301 — 354 112¢' 2
+ 23 cos(2t —4) — 21 sin(2t —4)|H(t —2).
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Remarks:

@ Using the method of Laplace transform to solve linear ordinary equations is
a general approach, as long as the Laplace transform of the right-hand side
function f(t) and the resulting inverse Laplace transform Y(s) can be readily
obtained.

@ The Laplace transforms of the Heaviside step function and the Dirac delta
function are both continuous functions. As a result, the method of Laplace
transform offers great advantage in dealing with differential equations
involving the Heaviside step function and the Dirac function.

@ The determination of inverse Laplace transforms is in general a tedious task.
As a result, for a linear differential equation with continuous right-hand side
function f(t), the methods presented in Chapter 4 are usually more efficient
than the method of Laplace transform, especially for higher-order differential
equations.

6.6 Applications of the Laplace Transform

6.6.1 Response of a Single Degree-of-Freedom System

Consider a single degree-of-freedom system as shown in Figure 6.6 under externally
applied force f(t). The initial conditions of the system at time t =0 are x(0) =x,
and x(0) =v,,.

I——x(t)
f()
—

m

Figure 6.6 A single degree-of-freedom system.

As derived in Section 5.1, the equation of motion of the system is
mx + cx + kx = f(t), x(0) =xp x(0) =v,.
Dividing the equation by m and rewriting it in the standard form yield
1 k c
%+ 20wk + wix = = (1), 2=, 2w, = —.
X+ 20wy x + wyx mf() Wy = — L, —
Applying the Laplace transform, .2’ {x(t) } = X(s), one obtains

1
[s*X(s) — 5x(0) — %(0)] + 2¢wy[sX(s) — x(0)] + w§ X(s) = ~ 2{fn}.
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Solving for X(s) leads to

X(s) = XS + (Vo +2L wyx,) n 1 2{fn}
2+ 20wy s + w} m s2+20wys+ w}

Xree(s), freevibration X 4(s), forced vibration

in which the first term is the Laplace transform of the response of free vibration
Xpree(t), due to the initial conditions x(0) and x(0); whereas the second term is
the Laplace transform of the response of forced vibration xp_ . 4(¢), due to the
externally applied force f(t).

Free Vibration

The response of free vibration is given by

Xinee D) = 271X (s)}=$l{xOH(VO*”“’OxO)}.

2+ 2L wys + w?

@ For0<<¢ <1, wd=w0\/1—§2,

x0(5+§w0) +(V0+§wox0)}
(s+iwy)? + wf(1—1¢2)

Xps + (vy+Cwyx,)
2+ wi(1-¢2)

:e—g“wot[xog—l{ S }+ Vo + L wpXy 2)—1{ @y }i|)

2 2 2 2
S +a)d w, s —i—wd

Xpree () = ‘2)_1{

— e—Cwotjj—l{ } , 25 27 Fs—a)}=e" 2 HF(s)]

Vo + L wpXy

Xpree () = e_‘h“’0t<x0 cosw,t +
@y

sina)dt>, 0<¢<l.

a For ¢ =1,

g (t) = Z)_l{ XS + (VO+2waO)} _ 2_1{ Xo (s+w,) + (v0+a)0x0)}

2+ 2w,s + &) (s+wy)?
Xos + (vy+wyx,)
2

— e—a)ot‘z;—l{

1 1
= e_wot[xof_lig} + (vy+wpxy) ,2?_1{5—2”,

xFree(t) = e—wot[xo + (v0+a)0x0) t]) = 1.

:a For ¢ >1,

Xpree (f) = (Z’_l{ Xo(s+8wy) + (Vo-i-{woxo)}

(s+lwy)?—wi(g?-1)
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_ e—;wot(z)—l{ Xo S + Wy +E@pXy)
s2 = wj(¢2=1)

Vot wx, . Vo wyx,
/1 O w121
s —wyy/ 21 s+ w21
_ e—{wot'l[<x0 n V0+§w0xo>ewo./;2—1t n (xo _ V0+§w0x0)e—w0«/{2—lt:|’
2 wyy/¢2—1 wey/¢3—1
1 2
Xpree (F) = —{ Vo + @, (¢ +/72—1) x, e~ @0¢ — V=Dt
Free Za)o\m [0 0( ) O]
D5 VI e VT, g

} #¢ Using partial fractions

X0
— e—{a)ot . l(za—ll
2

These results are the same as those obtained in Section 5.1.2.1 and
correspond to the complementary solutions.
Forced Vibration

Some examples are studied in the following to illustrate the determination of re-
sponse of forced vibration using the Laplace transform.

Example 6.19 — Single DOF System under Sinusoidal Excitation

Determine x; __.,(t) of a single degree-of-freedom system with 0<¢ <1 under
external excitations f(t) =msin Qt and f(t) =m cos Qt.

For f(t) =msin Qt, one has
2’{sin Qt} Q
2+ 20wy s + w} N (52+2§a)05—|—a)§)(52+522)'

XForced(s) = Xsin(s) =

Applying partial fractions

Q _ As+B Cs+D
(2420 wys+ ) (2+ Q) $24+2Lwyst+wi  $P+Q2

Summing up the right-hand side and comparing the coefficients of the numerators,
one obtains

$: A4+C=0, (1)
s:  B+2¢{w,C+D=0, 2)
st QA+ w*C+2twyD =0, (3)
1: Q°B+wiD=., (4)

fromEqn(1): A= —C,
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Q+2LwyQ*C

2 . _
Eqn (2) xQ2“ —Eqn(4): D= o

Substituting into equation (3) yields

20w, Q(wg — %)
C=— =—-A = D= :
(0§ —22)2 4 (2 ()2 (w5 — 22+ (2L 0yR)?

From equation (4),

2 2 2
B:L(Q_sz): Q[(2Lwy)*+Q a)o]‘
Q2 (03— Q2)2+ (2L 0, Q)?

Hence,

A-(s+¢wy) B—twyA w, n C-s +D Q
(s+iwy) 4+ w; (o)) P+ Q P+ Q

X’sin (5 ) =

Taking inverse Laplace transform results in

xsin(t) = ”Zg_l{xsin(s)}
B—tw,A D
= e_{th(A cosw,t + 40)%) + Ccos Qt + 5 sin Qt.
sin

x-(t):f_l{ j?{sith} }

2+ 20w, s + W}

1
= — 2L w2 cos Rt + (w2 — Q?) sin Qi
(w3—92)2+(2cw09>2{ 5% =
Q2 2.2 QZ_ 2
+e_§wot[2§a)09coswdt+ @ oyt ) sina)dt”
w
d

Similarly, for f(t) =m cos Q2t, one has

f){cos Qt} s
P24 2twps + 0} (FH20wys+ ) (2 Q%)

XForced(S) = Xcos (s) =

. (t):,,Z)l{ .,Z?{coth} ]

2+ 2L wys + 0}

1 2 2 0
T (@ — )+ 200, Q)? {(w" ) cosat o 2L ol sin 2t

2 QZ
+ e_C“’ot[— (a)é— 822) cosw t — M sina)dt] }

@y
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The results x; (t) and x.(t) arevery useful for vibration problems
of a single degree-of-freedom system under loads that can be expressed in terms of
sinusoidal functions, in which the response of the forced vibration can be expressed

in terms of x_. (¢t) and x

sin cos(t). An example using these functions is presented in

the following.

Example 6.20 — Vibration of a Vehicle Passing a Speed Bump

In Section 5.3, the vibration of a vehicle passing a speed bump is studied. The
equation of motion is solved and the response is obtained separately for two time
durations: vehicle on the speed bump and passed the speed bump. Solve this
problem again using the Laplace transform.

Since the speed bump occurs for 0<x<b or0<t<T, T=0b/U, it can be more
easily expressed using the Heaviside step function:

. . U
Yo(x) = hsin (%x)[l —H(x—b)], or y,(t) = hsin <nTt>[l —H(t—T)].

Referring to Section 5.3, the equation of motion for the relative displacement
z(t) = y(t) — y,(t) becomes, for t >0,

U
mi+ci+kz=mh@sinQ1-HE-D], Q==
or, in the standard form as in Section 6.6.1,
. .2 1
Z42lwyz 4+ wyz ==f(t), 0<¢<l,
m

where f(t) =mhQ?sin Qt[1-H(t—T)].
Since z(0) =z(0) =0, the response of free vibration is zp . (f) =0.

The Laplace transform Zp _.(s) of the response of forced vibration is

1 Z{fw}
Zrorced(s) = m 2+ 20wys + @}’

where, using the property .2{f(t—a)H(t —a) = e~ F(s)},
2{f} = mhQ* 2{sinQt[1-H(t-T)]},
Z{sinQt[1-H(t-T)]} = Z{sinQt} — 2{sin[Q—-T)+QT|H(t—-T)}
= 2{sinQt} — 2{[sinQ(t—T) cos QT + cos Q(t —T) sin QT|H(t— T)}
= 2{sinQt} — cos QT e~ . 2{sin Qt} — sin QT -e~"*.2"{ cos Qt}

= (l—cos QT-e*TS)oZ’{sin Qt} — sin QT-e*TSOZ’{cos Qt}.
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Referring to Section 6.6.1, in terms of X (s) and X_(s), the Laplace transform

Cos
of the response of forced vibration is

,é?{sin Qt}
2 + 2L wys + &
2){cos Qt} ]
2+ 20wy s + w}
(s) +sinQT-e X (9]}

Zrorced®) = hQ? [(l —cos QT - e_TS)

—sinQT-e s

= h*{ X, (5) — [cos QT -e~T°X

sin

Taking inverse Laplace transform and using .2 _l{e_“SP(s)} =f(t—a)H(t—a),
the response of forced vibration is, in terms of x; (¢) and x4 (t),

Zporced = N x40 () — [ cos QT -x, (t—T) + sin QT -x o (t — T)|[H(t — T) }.

Using the Heaviside step function, the speed bump and the flat surface
canbe expressed as a compact analytical equation. Applyingthe method of Laplace
transform, the equation of motion with the loading involving the Heaviside step
function can easily be solved. Both the solution procedure and the expression of

the response are much simpler than those presented in Section 5.3.

Example 6.21 — Single DOF System under Blast Force

Determine x_.4(f) with 0<¢ <1 and f(#) being a model of a blast force, which

can be expressed as f(t) = L;(T—t) [1 —H(t— T)].

f(@

Applying the formula .2{f(t—a) H(t—a)} =e~*_.2{f(1)}, one has

T 1 1
Z{fn} =L7?,,Z>{T—t+(t—T)H(t—T)} :L]Q(;_S_ZJrs_ze—Ts))

1 21 ()
XForced(S) == 2 {f } 2
m s+ 28wys + wy

1 1
:A[T > +(_1+e_Ts). 5 }
mT s (2 +2Cwys + wp) s2 (s> + 2L wys + o)

Y,(s) Y,(s)
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Applying partial fractions to Y (s)
1 A, B;s+ C,;
= = —
s(s2+2¢w,ys + ) s 2+ 20wys+ of
_ (A +B)s* + (2Lwy A +C))s + wj A,
B s (2 + 2L wys + @)

Yl (s)

and comparing the coefficients of the numerators, one obtains

1

2’
@y
2¢
W
1
2,
)
Hence,
1 2
11 [_E(SH%)JF aﬂ N ;4“
Y, () =— -—+ L 2 2, w;=wyy/1—-¢2,
1) wp s (s+Cwp)? + o d—0 ¢
11 B 1 (s+<¢wy) S w,
a)(z) s w(z) (s+Lwy? + a)é wyw,; (s+Lwy)? + wé’
1 1
n(t) = DZ)*I{Yl(s)} =———-e Gt cos w,t — -e*{"’ﬂtsinwdt,
Wy Wy WyW,
(1) = z—l{ 1 }
= s (2 +2¢wys + )
1 e 4@ (1 ¢ .
== — cosw,t + =——smuw,t |.
w; w, w, w,
Similarly, applying partial fractions to 1, (s)
1 A,s+ B, C,s+ D,
1) = 5= N 2 2 2
5 (8% + 28wy s + wp) s $*+ 20 wys + wp

_ (A,+C))$° + 2wy A, +B,+D,)s* + (wj A, +2¢wy By) s + o} B,
B s2(s2 + 2¢wys + wf)

and comparing the coefficients of the numerators, one obtains

1

@y
2 2¢ 2¢



6.6 APPLICATIONS OF THE LAPLACE TRANSFORM 275

4721
52: 2;6{)0A2+Bz+D2 =0 — D2 = —2§a)oA2—Bz = ga)z 5
0
3. 28
0
Hence,
2¢ 2027 42%-1
|:—3(s+§a)0)——2i|+ 7
Y, (s) 2¢ 1+ 1 1 Wy wy Wy
§) = — m—— - — e —
2 wy s wy s (s+Lwp)? + o
o211 12 (s+Cwy) 2021 w,
T St e T Citerital | we Gitoyiial
0 0 0 0 d 0%d 0 d
n, (1) = DZ)_I{YQ(S)}
2 1 2 2021
= ——i—i——z-t—{——i-e_{wotcoswdt—i— < e ! sinwt,
wy W w; Wy,
1
t)y=.2""
2(1) {52 (s2 +2§a)05+a)(2))}

w,t—2 e St /2 20%2—1
=2 §+ (—gcosa)dt—l— 3 sina)dt).

3 2
Ch Wy ) @y

Noting that i)_l{e_asf(s)} = f(t—a)H(t —a), one obtains the response of the
forced vibration in terms of functions n, (t) and 7, (t)

xForced(t) = ’Z)_l{XForced(s)} = % [Tnl(t) - Uz(f) + nz(t_ T)H(t_ T)]

The inverse Laplace transforms n,(¢) and n,(t) are very useful for
vibration problems of a single degree-of-freedom system under piecewise linear
loads, in which the response of the forced vibration can be expressed in terms of

n,(t) and n,(1).

6.6.2 Other Applications

Example 6.22 — Electric Circuit

Consider the circuit shown in the following figure. The switch is moved from

position a to b at t =0. Derive the differential equation governing i(¢) for ¢ > 0.

The voltage source V() gives impulses of amplitude 1V periodically with period
1 sec as shown. Given that R, =R, =2Q, V,=4V, L=64H, a =1, determine
i(t) for the following three cases:

(1) C=4F; (2) C=2F (3) C=%F
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R

2

V(t)H(t) T V(t) (V)

1' 1 1 1

'+
(XV1<_ e o o
t (sec)

0 1 2 3

@ For t <0, the switch is at position a and V (t)H (t) =0. The inductor behaves as
a short circuit and the capacitor behaves as an open circuit.

Applying Kirchhoff’s Voltage Law on the bigger mesh gives

—1,(07) + v, (07) + Vo +v,(07) =0 = —R,[—i(07)]+R,i(07)+V, =0,

i(07) = — Yy , 1 (07)=R,i(07) = — Ry Vo.
R, +R, R, +R,

Applying Kirchhoff’s Voltage Law on the right mesh yields

—av(07) —vo(07) +v(07) + Vy, =0,

_ _ aR,+R,
VC(O )=VO+(1—OI)V1(O )=m 0
1 2
- v07) +  +v(0) - - v + + v -
(1)
o+ f 'iz R + ’ic ki
1507 ve0) ¢ o

) 06 vo @) B i'

avy(07) i(O‘)' oeV1<1'>
L L
o—o L[[IN
- ‘[/L(Oi) + -— VL +
t<0” t20"

@ At t =0, the switch is moved from position a to b. Since the current in an
inductor cannot change abruptly,

1%
i(0N) =i(07) = — —2—.
R,+R,
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Since the voltage across a capacitor cannot change abruptly,
aR;+R,

ve(0) = vo(07) = T
1 2

Applying Kirchhoff’s Voltage Law on the right mesh yields
—av(01) —vo(0F) + v, (01) + v, (07) = 0.
Since i(07) =i(07), one has v, (0") =v,(07). Hence

di(0™)
dt
a For t >0, applying Kirchhoff’s Voltage Law on the right mesh

A= (0 = v = —Vyy  v,(0H) =L — 07 =2,

—avy —ve+v,+vp =0,

. Ve dv, dv,
ve=0—-a)v,+v, = ic= ?:C[(I—Ol)?—l-?]

Applying Kirchhoft’s Voltage Law on the bigger mesh leads to
V@) —vy+v+vp=0 = v, ==V(t) +v+v, ip===.
. . di
Noting that v, =R,i, v, =L E’ one has
ic =C|(1—a)R di+LdZi i . V(t)+R'+Ldi
ic= - —_— — |, Iy = =—| — i — |
c O TR TS 27 R, T
Applying Kirchhoff’s Current Law at node 1 yields i+i, +i, =0. Hence

| + ! V() +R '+Ldi +C|(1—a)R diJrLdzi
TR T e P ’

5 dr?
d%i di :
R,CL— + [L+C(1— )RRy | — + (R, +Ry)i = V (1),
de? dt
with initial conditions
V V
i(0h) = - —2—, i'(0T) = =2,
R +R, L
The differential equation is of the standard form
d%i di =, 1
= +2§woa +wyi = ;f(t),
where
R, +R L+C(1—a)R,R
o= |RtRy o, JLECUTORER R f) = v,

2R,CL
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As discussed in Chapter 5, a second-order circuit is equivalent to a
single degree-of-freedom system. Thus, the results obtained for a single degree-
of-freedom system can be applied to a second-order circuit.

The solution is i(f) = ip .. (£) +ip, . .q(t), Where i (f) is the complementary so-

lution or the response of “free” vibration.

Using the Dirac delta function, the forcing function f(t) =V (¢) is
0
fO)=vEH)=1-8¢-1)+1-8(t=2)+1-8(t=3)+---= > 8(t—n).
n=1

Applying the Laplace transform

—ns

M2

zlst-a} = = 2{f} =Y 2{st-n}=

n=1

3
I
—_

Case 1. Underdamped System

For R, =R,=2%Q, V,=4V, L=64H, a=1, C=4F, the differential equation
becomes

% 1 di 1 1
e la 1 vy ioh=-1 i0h=4,
s T T m s W 10 HO0T) =15

which is of the standard form with m =512, f(t)=V(t), and

1 1
Wy = =— 20y = = —> :—<1’ W, =w 1— 2:—,
V=3 fwg=3 = ¢ d =% =1

The system is underdamped and

t

i'(07) 4+ wyi (0" - t
Iree (F) =e_{“’0t[1’(0+) cos w,t + O+ ¢ il )sina)dt] = —e RCOSE.
w
d

The Laplace transform of the “forced” response I, _.4(s) =.Z { Lrorce d(t)} is

S 1) IS Y S
Forced m 52+2§a)05+a)§ 512 ;5 52+%5+1—;8
1
1 (1)

1 (o)

(116) () ()

Taking the inverse Laplace transform, one has

1 _
) 1 > % 1| —nGs+5) (E) } 2 HF(s—a)}
lForced(t) 32 ; { )2 s :eatf{P(S)}
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1 Z1f —
_ LSk h {e_m (1—6)1 2} P L iO}
32,5 $2 4+ (ﬁ) =f(t—a)H(t—a)
1 X &= - -1 w )
=§n§:le 1o gin =—— H(t—n) 2L {52+w2}=smwt

Hence, the current i(t) is

. . . -& t 1 & - t—n
i(1) = ipree() + fpoeeq(H) =—€ *cos—+ = > e '°sin =T H(t—n) (A).

Case 2. Critically Damped System
For R, =R,=2Q, V,=4V, L=64H, a=1, C=2F, the differential equation
becomes
di 1di 1 1 1
—_—t et —i= —V(t), i(0T)=—1, i'(0")=—,
dt2+4dt 64 256 ) " ") 16

which is of the standard form with m =256, f(t)=V(t), and
a)oz%, 2§a)0:% = ¢ =1.

The system is critically damped and

—£
8

t
iFree(t) = {i(0+) + [i/(0+) +Cl)0 i(0+)] t}e_wot = — (1 + 1_6) e
The Laplace transform of the “forced” response I, _.;(s) = 2’{ Thorce d(t)} is

A DL 2 /0] BN S
Forced m $2+2§w05+a)3 256 ;71 $2+%$+6—14'

Take the inverse Laplace transform, one has

. I & % _ | —nG+d 1 (Z)_I{F(s—a)}
Iporced (1) = 2—56 nzles z 1{e 8 _(S_|_l)2 } :eat(zp{f'(s)}
B 8

ooz

I
| -
M2

¢ —1f ,—as
e 'e_EoZp—l{e—nsi} ﬁz) {e P(S)}

256 =4 s2 =f(t—a)H(t—a)
! io: _t_Tn(t YH(t—n) 25 ?*1{ 1} t
=— D> e —n —n). . —-t=
256 n=1 52
Hence, the current i(t) is
_tzn
8

i1(t) = ipree(t) + fporeeq () = — <1+i) e_é + L e (t—n) H(t—n) (A).

16 256 =
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Case 3. Overdamped System
For Ry=R,=2Q, V,=4V, L=64H, a=1, C= % F, the differential equation
becomes
i 4di 1 1 1
—_— ==t —=i==—=V(), i(0")=-1, I"(0")==—,
dt2+7dt+281 112 ® 107 £ 16
which is of the standard form with m=112, f(t)=V(t), and
4 1 21
—_— -—={=—=>1, o —1=—.
¢ oV ¢ T2

wy = , 2Lwy,=
02\/7 §0 7 \/7

The system is overdamped and
1 2
'ree ) = — 17T + + 2_1)i0h)]e @0 — v -t
ipgee (1) 2wo\/m{[u )+ g(£ /2771 i(0)] eV
= [1107) + oy (¢ —VE2=1) i) [ e E+ VD)

The Laplace transform of the “forced” response Iy, .4(s) =2 { Iporce d(t)} is

1 Zifm} 1 &= 1

Lorced(5) = = - == " :
Forced m 52+2§a)05+a)3 112,; 24 5+%

AN[ N

Take the inverse Laplace transform, one has

. 122 [ —nstd) 2 HF(s—a)}
lForced(t) =T Ze £ 1{6 ’ )2}

T = 2{F0)

, o1

_ Lyt z—l{e—"s—l } ot O

112 /= §2 _ (%)2 =f(t—a)H(t—a)

1 X _&m ] 3(t—n 1 sinh at
=—>e '/ sinh ( )H(t—n) [»L‘I:CZ)_I{ }z

112 /= (l s2—a? a

14

1 o0 2(t—n) 1 3(t—n) _3(t=n) at_e—at
==>e ' .=le™™ —e " }H(t—n) 2% sinh at = ——

24 = 2 2

1 @, _t=u _izm
— 1 2
=—> (¢ ™ —¢ 7 )Ht-n

48 n=1

Hence, the current i(t) is

) ) ) 1 49 - 1 /- -
() = irree(D H iporeeq (D =35 € =3z € T30 (¢ T —e T )H(t—m) (A)
n
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Example 6.23 — Beam-Column

Consider the beam-column shown in the following figure. Determine the lateral

deflection y(x).

ba

Using the Heaviside step function and the Dirac delta function, the lateral load can
be expresses as
w(x) =w[l—H(x—a)] + W8(x—b).

Following the formulation in Section 5.4, the differential equation becomes

dty , %y A P wo oW
Y s —Hx- Wokx—b), o’=—, W= —) W=—,
T T ge = VI HE= o]+ Wok=b), o' =0, =0 I

Since the left end is a hinge support and the right end is a sliding support, the
boundary conditions are

atx=0: deflection =0 =— y(0) =0,

bending moment = 0 = y"(0) =0,

atx=1L: slope =0 = y'(L)=0,
shear force =0 = V(L)= —EIy"(L)—Py'(L)=0

"

= y"(L)=0.

Applying the Laplace transform Y(s) =.2’{ y(x)}, one has

[s*Y(s) — £ y(0) — s*y'(0) — sy”(0) — y"(0)] + &* [$* Y (5) — s¥(0) — y'(0)]

A

w .
= —(1—e %)+ We b,
s

Since y(0) = y”(0) =0, solving for Y(s) leads to

’ " 2.7 27 —bs ~
Y(s) = y'(0) [y 0)+ay (0)]+We w

— 1_ —as .
§2 4 o s2(s2+a?) 53(52+a2)( €)

Applying partial fractions

I __A B C, DstE
S(s2+a?) & 2 s £24a?]
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Summing up the right-hand side and comparing the coefficients of the numerators,
one obtains

—2 A:—Z’
s Ba’=0 — B=0,
5 2 A 1
st A+Ca"=0 = C=—-——=——,
o o
s° B+E=0 — E=—B=0,
1
st C+D=0 —> D=-C=——.
o
Hence,
Yes) y'(0) « +(1 1 )[y”/(O)—l—azy/(O)]—l—We_bs
§) = —= —— —_- —
a s24o? 2 $24a? o?
+A(1 1+1 s )(1 ~as)
Wl——m — — + — ——— ) (1—e"%).
a3 ats ot s24a?
Taking inverse Laplace transform results in
1 ///O
y(x) = ;‘Z’_I{Y(s)} = y'(0)-x + (x——sinozx) J 2 )
o o
1 w oxr 11
+[(x—b)——sina(x—b)]—H(x—b)+w(x———+—coso¢x>
o o 202 ot ot
[ L L cosae—)| He-a)
—-w —— 4+ —cosa(x—a x—a),
202 at ot

in which y’(0) and y”’(0) are determined from the boundary conditions at x = L.

At the right end of the beam-column, x =1L, i.e., x >a, x> b, giving H(x—a) =1,

H(x —b) = 1. The lateral deflection is simplified as
y l//(o)

y(x) = y'(0)-x + (x—ésinozx) — + [(x—b)—ésina(x—b)]

w
a2

1vAv[Otz(Zax—az) +2cosax—2 cosa(x—a)]
20 '

Differentiating with respect to x yields

— oS ax

, , 1 /// W[l— cosa(x—b)]
yx) =y O)+ ———y 0+

o2

ﬁ/[aa— sin aex + sin a(x—a)]

+ 3 >

o

fv[sinax— sina(x—a)]

y”/(x) = cosax-y/”(O) + Wcosa(x—b) +
o



283

6.6 APPLICATIONS OF THE LAPLACE TRANSFORM

Denoting

{W[l—cosa(L—b)] + K[om—sinozL—i—sinoz(L—a)]},
o

W, = W cosa(L—b) + it [sinaL— sinoe(L—a)],
o
and applying the boundary conditions at x =L lead to
, , l1—cosax ,,
y @) =y(©)+ o 0)+Ww, =0,
y”’(L) = cosozL-yW(O) + W, =0,
W.
")y = — 2 .
70 cosaL

W,(1—cosal)

which results in
a2 cosaL

y'(0) = —-W, +

6.6.3 Beams on Elastic Foundation
Structures that can be modeled as beams placed on elastic foundation are found

in many engineering applications, for example, railroad tracks, foundation beams
and retaining walls of buildings, and underground infrastructures (Figure 6.7).
Networks of beams such as those used in floor systems for ships, buildings, bridges,

shells of revolution such as those used in pressure vessels, boilers, containers, and

large-span reinforced concrete halls and domes can also be analyzed using the

theory of beams on elastic foundation.

Figure 6.7 Examples of beams on elastic foundation.

Winkler’s model of an elastic foundation assumes that the deflection y at any

point on the surface of the foundation is proportional to the stress o at that point,
i.e., 0 =k,y, where k; is called the modulus of the foundation with dimension

[force/length?].
of the distributed load on the foundation along the length of the beam, i.e., p=0b,

where b is the width of the beam. Hence, as shown in Figure 6.8(a) and from

In the study of beams on elastic foundation, let p be the intensity per unit length
Winkler’s assumption, p =ky, where k =k,b with dimension [force/length?].
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Surface

Rigid Base Gt enin it il A=t e
(a) Y P(x):ky(x) (b)

Figure 6.8 Winkler's model of elastic foundation.

For a beam on an elastic foundation under the action of a distributed load w(x)
as shown in Figure 6.8(b), the flexural deflection y(x) is governed by the equation

d4y
51@ = w(x) — p(x),

where EI is the flexural rigidity of the beam. Substituting p(x) =ky(x) into the
equation leads to a fourth-order linear ordinary differential equation

d4y w(x) k
— 4+ 4B8%y = —, 4p% = —.
P P =%

The constants in the solution of the differential equation are determined from the
boundary conditions of the beam, which are given by the end supports of the beam.
Some typical boundary conditions are listed in Table 6.1.

Table 6.1 Boundary conditions.

Pinned End:

;_ Deflection =0 — y(I)=0

Moment =0 = y"([) =0

Clamped End:
Deflection =0 — y(I) =0

=]
x——' /
Slope=0 — y'(I)=0
Free End:
= Moment =0 = y"([) =0

Shear Force =0 = y"(I) =0

Sliding End:
= | R

Shear Force =0 = y”(I) =0
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Example 6.24 — Beams on Elastic Foundation

Determine the deflection of a beam free at both ends under a trapezoidally dis-

tributed load as shown in the following figure.

Using the Heaviside step function, the distributed load can be expressed as
W
b—

The differential equation becomes

w(x) = [wl—l— (x—a)] [H(x—a)—H(x—b)].

d4
d_x);_i_4’34y:%:[ﬁ/1+ﬁ/(x—a)] [H(x—a)—H(x—b)],
where N N
N AW - WaTW W Wy
"M=F MTE YT U-oE  b-a’

Since both ends are free, the boundary conditions are

y//(o) — y///(o) — )’//(L) — )’W(L) —0.

Applying the Laplace transform gives

2|l +wx-a][Hx-a-Hx-b)]]

= z{[i+wa-a]He-a |- 2| (i +#[c-b+ -]} Hx-b)|

= z{[i+wx-a]Ha—a| - 2{[i+7-b]Hx-b)]

= e 2| +wx} —e b 2, +wx} 2% Z{f(x—a)H(x—a)} =e “F(s)

Cas (WL WN Wy W N 1 1
_er (B By en(BE) ppyel =t
and the differential equation becomes

[s*Y(s) — 5° y(0) — s*y'(0) —sy"(0) — y""(0)] + 4B* Y (s)
1. —as _ ~ _—bs 1 _ —as —bs
::(wle —wye b)-i—s—zw(e —e b).
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Since y”(0) = y""(0) =0, solving for Y(s) leads to

$3 2
Y(s) = y(0) =—— + y'(0) ————
O=OTZm P Oam
1 1 . as o~ b 1 |
?-m(wle as—er S)+S—2'mw(e e S).

Using the notations and formulas in Table 6.2 and using the property of shifting
z _l{e_“s F (s)} = f(t —a)H(t —a), one obtains the deflection of the beam

yx) = 27 HY()} = y(0)-¢5(x) +y(0) - ¢, (x)

. 1—¢5(x—a) 1—¢5(x—b)

+ Wy VL H(x—a) —w, VL H(x—Db)
_[(x—a)—¢,(x—a) (x—b)—¢,(x—b)
+w{ 4,342 H(x—a) — 4;342 H(x—b)}.

For x>b>a, H(x—b)=H(x—a)=1, and y(x) is simplified as
Y6 = 7009500 +'© 65 + 1 [ 65— ) = i d3(x—0)
+ i [y (x—b) — ¢2(x—a)]}. 2% Noting W, — W, +w(b—a) =0
Differentiating y(x) with respect to x three times yields

y"(x) = y(0)-¢5(x) + y'(0) - $5(x)

1
[ty = 04—+ 9 =)~ o]}

= —4p*[y(0)- ¢, (x) + ¥(0) - ¢y (x)]

{01 e=b) = i, 9, (x—a) + 7 [y (x— ) — By x—a)] |,
y"x) = —4B*[7(0) - $(x) +'(0) - $()]

it — i) + 9 [ —D) — gy )]
= —4B*[7(0)-$,(x) +y'(0)- ¢, (x)]

— i,y (x—b) — W, ¢y (x—a) + i [ ¢, (x—b) — qﬁl(x—a)]}.

Using the boundary conditions at x =L leads to

y'(L) = —4B4[ y(0)- ¢, (L) + y(0) - ¢y (1)]

- {fvzdn(L—b) — Wy ¢ (L—a) + W [dy(L—b) — ¢O(L—a)]}
:0,
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Table 6.2 Useful formulas of inverse Laplace transforms for beams on elastic foundation.

1

Po(x) = D L G 4—;3 (sin Bx cosh Bx — cos Bx sinh Bx),

st +4p4

S

p(x) = L —m 1t = 2—/132 sin Bx sinh Bx,

st +4p4

52

D, (x) = oHH— 1= % (sin B8x cosh Bx + cosBx sinh Bx),

st +4p4
ps(x) = .27 ﬁ — cos Bx cosh Bx,
< %'s‘l +14ﬂ4} N 1_47;1(36)’
£ 512'54 +14ﬁ4 B x;Zi(x)’
2 _
“ si3's4+14,84 - - sfefl(x)’
2 514'54 +14,34 = ;46;0(36)’

Po(x) = 2—/132 sin Bx sinh Bx = ¢, (x),

Py(x) = L (sinBx cosh Bx + cosBx sinh Bx) = ¢, (x),

2B
@5(x) = cosPx coshBx = ¢5(x),

¢3(x) = — B(sinBx cosh Bx — cos Bx sinh Bx) = —4,84¢0(x),

P (%) = ¢1(x) = ¢, (),

¢1(x) = ¢5(x) = ¢5(x),

P5(x) = Pi(x) = —4p ¢y (x),

$5(x) = —4B*Pi(x) = —4B* ¢, (x),
9y (x) = By(x) = ¢5(x),

¢]'(x) = Pix) = —4B* (%),
9y'(x) = —4B% po(x) = —4p4p, (%),
¢y'(x) = —4BPi(x) = —4B% ¢, (x).

287
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y"(L) = —4B*[ y(0)-¢,(L) + y'(0)- ¢, (1)]

- {%%(L—b) — W ¢y (L—a) +w[¢ (L—b) — ¢1(L—a)]}
=O’

which results in two algebraic equations for two unknowns y(0) and y’(0)
{ ¢ (L) - y(0) + ¢y (L) - y'(0) = s
#,(L)- y(0) + ¢, (L) - y'(0) = a,

1
@, = —{w2¢>1(L—b) — i ¢ (L—a) + W [y (L—b) — ¢0(L—a)]},

-
%:—Z%b%@@—m—m@@—m+wwﬂfm—@@—@ﬂ,
and gives
) = a, ¢ (L) — az¢,(L) J(0) = oz ¢ (L) — o, ¢, (L)

T 92(L) — ¢y(L) (L) T P2(L) — (L) (L)

Example 6.25 — Beams on Elastic Foundation

Determine the deflection of a beam free at both ends under a concentrated load as

shown in the following figure.

Using the Dirac delta function, the concentrated load can be expressed as
w(x) = Wé(x—a).

The differential equation becomes

d4y+44 _w(x)_v_v(s( ) W—W
dxt Py= EI x—a T EI

Since both ends of the beam are pinned, the boundary conditions are
y(0) = y"(0) = y(L) = y"(L) = 0.
Applying the Laplace transform Y(s) = .2 { y(x)} and .2 {5 (x— a)} =e % gives
[54 Y(s) — s> y(0) — s*y'(0) — sy"(0) — »"(0)] + 4B8%Y(s) = We ™.
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Since y(0) = y"(0) =0, solving for Y(s) leads to

2
, S " 1 3 1 -
Y(s):y(O)ery (0)S4+4ﬂ4+ws4+454e ©

Employing the results and notations as in the previous example, one obtains the
deflection of the beam

yx) = Z7HY(©)} = y'(0)- ¢, (x) +y"(0) - y(x) + W py(x—a) H(x —a),

"

in which the unknowns y’(0) and y”’(0) are determined from the boundary con-

ditions y(L) = y”(L) =0. For x > a, the deflection y(x) is simplified as

y(x) = y'(0)-$5(x) + y"(0) -y (x) + W ¢y (x —a).
Differentiating y(x) with respect to x twice times yields
y"(x) = y'(0)-$3(x) + y"(0) - 5 (x) + W ¢p(x —a)
= —4B4Y'(0)- ¢(x) + y"(0) - $,(x) + W p(x—a).
Applying the boundary conditions at x =L gives
y(L) = y'(0)-$5(L) + y"(0) - ¢ (L) + W ¢y(L—a) =0,
(L) = =4y (0)-¢o(L) +y"(0) - $,(L) + W $(L—a) =0,
which leads to two algebraic equations for two unknowns y’(0) and y”’(0)
$2(L) - y'(0) + ¢o(L) - y"(0) = oy, ay=—W ¢o(L—a),
—4B%y(L)- y'(0) + ¢,(1)- y"(0) =y, a,=—W¢,(L—a),

and results in

_ o d)z (L) — oy ¢0(L)
¢3(L) + 4B42(L)

oy, (L) + 4By Py (L)

/0 1 O —
y o O = T 4L

6.7 Summary

@ The Laplace transform F(s) of function f(t) is defined as
o0
Fs) = 2{f(0)} = / e f(ydt, 520,
0

Some important properties of Laplace transform and inverse Laplace trans-
form are listed in Table 6.3.
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Table 6.3 Properties of Laplace transform and inverse Laplace transform.

2{f®} = E@s)

Z7HE$) = fo

1. Linear operator

Z{f(1)} is alinear operator

1 { E(s) } is a linear operator

2. Property of shifting

e f()} = F(s—a)

27 NFis—a)} =e"f(1)

3. Property of differentiation

d”F
2l = (1 =2 (S)

1{ d"F(s)

T } = (=D"t"f(t)

4. Property of integration

][

2 [T [ Fower| = L2

5. Laplace transform of integrals

{f ff( ><d>} £

Fo

SH

-

}=/ / f)(dw)”
0 0

6. Convolution integral

Z{(f *g) 0} = F(5)G(s)

t
2’{/ f(u)g(t—u)du}
0
t
?{/ g(u)f(t—u)du}
0

Z7HE©G©) = (f+g)®)
t
= /(; fwyg(t—u)du

t
=/0 gu) f(t—u)du

7. Heaviside function

ZL{ft—a)H(t—a)} = e “F(s)

L7 e ™F(s)} = ft—a)H(t—a)

8. Dirac delta function

Z{fnst—a)} =e*f(a)

L7 e ™} =8(t—a)

9. Laplace transform of derivatives

Z{f 0} = sFe) —f(0)
2{f"®} = s F(s) —sf(0) —

2{f"®} =s"Fs) —s"' £(0) —

£

Sﬂfzf/(o) _

_ Sf(n72) _f(ﬂfl)(o)
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@ The Heaviside step function defined as
0, t<a,
H(t—a) =
1, t>a,

is very useful in describing piecewise smooth functions by combining the

following results

f(), t<a,

fO[1-H(t-a)]=
0, t>a,
0, t<a,

f[H({t—a) —H({t—b)] =13 f(t), a<t<b,

0, t>b,
0, t<a,

fOH(t—a) =
ft), t>a.

@ The Dirac delta function §(t —a) is a mathematical idealization of impulse
functions. It is useful in modeling impulse functions, such as concentrated or
point loads.

@ Applying the Laplace transform to an nth-order linear differential equation
with constant coefficients

a,y " () +a,_ TV @ + - ay () + agy (1) = f(©)

converts it into a linear algebraic equation for Y(s) =.2 { y(t)}, which can
easily be solved. The solution of the differential equation can be obtained by
determining the inverse Laplace transform y(t) =.2 _I{Y(s) }

® The method of Laplace transform is preferable and advantageous in solving
linear ordinary differential equations with the right-hand side functions f(t)
involving the Heaviside step function and the Dirac delta function.

Problems

Evaluate the Laplace transform of the following functions.

24—4s5+5s°
61 f(y=4f—20+5 €I Fs) = ——>°
N
6.2 f(t) =3sin2t —4cos5t W Fs) 0 A
. = 1 — o —
s24+4 2425

4s+23

6.3 ) = e ¥ (4 cos 3t + 5sin 3t W F(s) = ———
f(t) = e *(4cos3t +5sin3t) €W Fs) T
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64 f(t)=3coshot +8sinh3t @D F(s) = e + —n
R = JCOS Sin S) = —
s2—-36  s2-9
3(s2—4) 2
6.5 ) = 3tcos2t + t2e E(Gs) =
) > e (s2+4)2  (s—1)°
2 2
. s24+4  10(3s2—25) 6
6.6 t) = t cosh 2f + % sin 5¢ + ¢ I(s) = -
) TS @ O = Gt T
_ 7(s+5) 72
6.7 t) = 7e > cos 2t + 9 sinh? 2t AW F(s) =
f@® + 9si €D Fis) Groiid i 16
0, t<m, e
6.8 t = t:@ P §) = —
Uy {sint, t>7. ©) 241
0, t<1, 8 11 1
6.9 f(t)= Qo) = (5 +5 - _)
f {4ﬂ+3t—& t>1. s sz s
o, t<1, 5 5
2(s+1)e° —(3s*+4s+2)e **
610 f(t)=1t2—1, 1<t<2, €W Fis)= =
0, t>2.
sin t, t<m, 1 e TS(11s243)
6.11 ) = €D Fis) = _
uu {4sin3t, t>o. ©) 241 (s24+1)(s249)
2t, O0<t<?2,
241, 2<t<4, 2—e B _e ¥ 4 7 10s
6.12 t) = c@ ()=
f® 10—t, 4<t<10, ©) s?
0, t>10.
6.13 f(t)=t8(t—2)+3cos5t8(t—m) W F(s) =8e > —3e ™
6.14 f(t) =sinh4t8(t+2) + e 8(t—1) + t?e > §(t —2) + cos wt §(t —3)

@ 1:(5) — e2—s + 4e—6—23 . e—3s

Express the following periodic functions using the Heaviside function or the Dirac

function and evaluate the Laplace transform.

6.15 U

a 1 r— —
1 1 ) 1 1
1 1 1 1 1 e o o

0 : ' : : : t

Tt 2T 371 4T 5T
) ) 1 )
1 1 1 1
7] STy yepp—— ——
0
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t
0 T 2T 3T 4T 5T
almw e
—nTs
Do) =5 ) ¢

B

€D Feo)=1-) (-1
n=0

Evaluate the inverse Laplace transform of the following functions.

® ()= (-5
@ f(t) = 7e3 et

€D f(t) =e ' (3cost—7sint)

S
6.19 P(S) = m

4(2s+1)
s2—25—3
3542
T 2165110
3524251
30
T @D -9)
13s
(s2—4)(s2+9)
_ 40s
(5D (s+2)(s2

6.20 F(s) =
6.21 F(s)

622 F(s) = €D f(1) =35(t) +32&" — 15¢*

6.23 F(s) € f(t) = —3sint + sinh 3t

624 F(s) = @ f(t) = — cos 3t + cosh 2t

6.25 F(s) ) G (1) =10e 7 —16e ¥ + 5+
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6.26 F(s) = m @ f(t) =2cost + -2
-
(s+1)(s+2)3

_ 8 it —t e
6.28 P(S)_(s—l)(s+1)2(52+1) @f(t)_e 2t+3)e "+2cost—2sint

162
$3(s2—9) €D f(t) = —9t* =2+ 2cosh 3t

6.27 F(s) = €D f(t) = (P +t+)e —e!

6.29 F(s) =

Evaluate the inverse Laplace transform of the following functions using convolution
integral.

1
630 Y(s) = ABIOES F(Z —2 cos at —at sin at)
a

1
4
piEEw
16
6
5

2 .
635 Y(s) = m @ y(t) = —e t(2 sint+cost)+1

1
6.31 Y(s) = ABIOES ﬁ(Zat—i-at cos at — 3 sin at)
a

632 Y(s) €D yt) =1-Qt+1)e ™

6.33 Y(s) = €D y(t) = —Q2t+3)e H+212—41+3

634 Y(s) = GD yt) = —3e ' +e 42

Solve the following differential equations.

636 y ' +4y +3y==60cos3t, y0)=1, y'(0)= —1
@ y(t) = 5e3 —2e " —2cos3t + 4sin 3t

637 y'+y —2y=9¢"%, y(0)=3,y'(0)=—6 € y(t)=e'—(3t—2)e

638 y' —y —2y=224+1, y(0)=6, y'(0)=2
@ y(t):Se_t+3e2t—t2—|—t—2

639 y"+4y=28sin2t, y(0)=1, y'(0)=4
@ y(t) = (—2t+41) cos2t 4 3 sin 2t

640 y" -2y +y=4de " +2¢, y0)= -1, y'(0)=2
@ y(t) = e+ (2 +5t—2)¢

641 y" -2y +2y=28e 'sint, y0) =1, y'(0)= —1
@ y(t) = —elsint + e " (cost+sint)



PROBLEMS 295

642 y" -2y +5y=28e'sin2t, y(0)=1, y'(0) = —1
@ y(t) = —(2t—1)e’ cos2t
643 y '+ y —2y=54te”*, y0)=6, y'(0)=0
G® () = — (9 +61)e* 4 6¢'
644 y' —y —2y=9e*H(t—1), y(0) =6, y'(0)=0
€D (1) =4e +2e +[Bt—e + T |H(E-1)
645 y ' +2y +y=2sintH(t—m), y0)=1, y'(0)=0
€D y1) =(+De " —[cost+ (t+1—m)e" " |H(t—m7)
646 y"+4y=38sin2tH(t—m), y(0) =0, y'(0) =2
€D y(t) =sin2t + [2(7 —1) cos 2t + sin 2t |H(t — )
6.47 y'+4y=8(t>+t—1)H(t—2), y(0) =1, y'(0) =2
€D y(1)=sin 2t + cos 2t + [ 262 +2¢ —3—9 cos(2t —4) —5sin(2t —4) |H(t —2)
648 y" -3y +2y=¢eH(t—2), y0) =1, y'(0)=2
@ y(t) = e + [(l—t) e + e2t—2]H(t—2)
649 y"—5y ' +6y=358(t—2), y(0)= -1, y'(0)=1
@ y(t) = —4e? 3% + [e3(t_2) — ez(t_z)]H(t—Z)
650 y"+4y=4H(t—m)+28(t—m), y(0)=—1, y'(0)=2
@ y(t) = sin2t — cos2t + (1 +sin2t — cos 2t) H(t —m)
651 y" —y"+4y ' —4y=10e"", y0) =5, y(0)= -2, y(0)=0
@ y(t) = —e ' +5e" + cos2t — 4sin2t
6.52 y"" —5y"+4y=120e"H(t—1), y(0) =15, y'(0) = —6, y"(0) =0,
y"0)=0 €I y(t) =6e' +14e " —2e* —3e 7 + (10e' T2 —5¢ "1
—10e* T 4 2e7 T 13 H(t —1)
653 y" +3y" —4y=40tH(t—2), y(0)=y'(0)=y"(0)=y"(0)=0
€D (1) =[-10>—15+40€'>+8e* " +7 cos(2t—4) +4sin(2t —4) | H(t—2)
654 y" +4y=QE2+t+18(t—1), y0)=1, y'(0)=-2, y"(0)=0,
»"0)=0 €W y(t) =e " cost —sintcosht + [ sin(r—1) cosh(t—1)
— cos(t—1) sinh(r — 1) | H(t— 1)

6.55 Determine the lateral deflection y(x) of the beam-column as shown.
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| - "
p ELL P x
e
Y
W[a(L—a)—sina(L—a)] W[l—cosa(L—a)]
W, = 5 W, = >
> o3El ! o2El
W, (1—cosal) W. o
0) = —t—_—m———— W, "0) = — —t—m,
7 o sinaL 0 70 sin oL
1— cosax Wla(x—a)—sina(x—a)|H(x—a)
y6) = y(0) + ———y"(0) + [ —= ] .

For the single degree-of-freedom system shown in Figure 6.6, determine the forced
vibration response x; _.,(t) due to the externally applied load f(t) shown. The
system is assumed to be underdamped, i.e., 0 < ¢ < 1.

6.56 1)
fop——t
i ,
0 T
€D xporea®) = % [ (t) —m(t—T)H(t—T)]

(] ETS——

2T 3T

@ xForced(t) = i [772(0 - 772(1‘— TYH(t—T)

mT
—n,(t—2T)H(t —2T) + n,(t —=3T)H(t —3T) ]

6.58 f(@)
Jop———1 — —

0 2T 3T 4T 5T

1
1
1
1
1
L
T
L
m

D =2 [nl(t—ZnT)H(t—ZnT)
=0 —nl(t—(2n+1)T)H(t—(2n+1)T)]
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6.59

2T 3T 4T 5T

1

1

1

1

!

T
@xForced(t)_LT{UZ(t) 22[’72 t—(2n 1)T) (t—(2n—1)T)
"~ —nz(t—ZnT)H(t—ZnT)]}

6.60 For the circuit shown in Figure 6.9(a), the current source I(t) is
I(t) =I,H(—t) + I, () H(¢).

Show that the differential equation governing i(¢) is

di L+RRC., R +R, di L) . | R I, i(0%)
—_ 1 _——— 1(0 ) = S = 0.
dt R,LC R/LC dt LC R;+R, dt

For R, =19, R,=8Q, C=+F, L=4H, I(t)=13sin2t[H(t) ~H(t —7)] (A),
I,=0A, determine i(t) for t > 0.

€ ()= (Er2)e™ —[Br2e-—m]e " DH@E—7)

+1_13 (5sin2t—12 cos 2t) [1 —H(t—JT)] (A)

I(t)

=
ANAAA
VWWWy
o
M\
/1
h
M
/1
O
h
$3
AY |
/1

(a) (b)

Figure 6.9 Electric circuits.

6.61 For the circuit shown in Figure 6.9(b), the voltage source V (¢) is
V() =VyH(—t)+ V(1) H().
Show that the differential equation governing i(¢) is

d’i L Gt6 d%i L Ldi 1 ] d*v, (1) 1 dvy(®)
— — — — — 1] = = s
d* * RC,C, d2 ' LC,dt  RLC,C, L dt* ' RLC, dt
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with the initial condtions

i0h = o di(0™)  vOhH-Vv, d%0O"H) 1 [dV(oﬂ V(0+)—VO]
=y, = — Z - .

dt L 7 dr? dt RC,
L
— 20
determine i(t) for t > 0. @ i(t)y=—3e 2 + (24 cost—3sint)e”" (A)

For R=8Q, C,=%F, C,=3c F, L=5H, V() =10H(—1)+10e > H(t) (V),

6.62 Determine the deflection of a beam pinned at both ends under a uniformly
distributed load as shown.

€D y(x) = y'(0)-9,(x) + y"(0) - gy (x)

w
+W{[l—¢3(x—a)]H(x—a) — [1—¢3(x—b)]H(x—b)},
ayP, (L) —a, ¢y (L) o,y P, (L) +4 8%y ¢y (L)
/O — 0¥2 2¥0 , ///0 — 2% 07*0 ,
y o ¢3(L)+4B4¢3 (L) y© P(L)+4B4p2(L)

w w
QOZW[¢3(L_Q)_¢3(L_Z7)]: 0= _E[¢1(L_a)_¢1(]~_b)]-

6.63 Determine the deflection of a beam clamped at both ends under a concen-
trated load as shown.

A ~ W
€D 0 =y"0)-¢;(0) +y"(0)-py(x) + W pg(x—a)H(x—a), W=—

EI
g by (L) — oy (L) o, by (L) — oy (L)
//0=()1 1()’ ///0=11 02’
YO=S0 ewen L VTR0 -abe0

ay=-We¢,(L—a), o, =—-Wo,(L—a).
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6.64 Determine the deflection of a free-clamped beam under a triangularly dis-

tributed load as shown.

|
€D y(x) =y(0)-¢5(x) +'(0)-d,(x)+W | [(x—a) —p,(x—a) | H(x—a)

(=@ —py(x—b)— (b—a)gsx—b) ] Hx—b)],

A w

YT L b—a)EIpT

y(0) = 20 2 6,(1) y'(0) = oy 5 (L) + 484 ey ¢y (L)
¢3(L) + 4846y (L) (L)’ R+ 469, ,(L)

ay = —W[¢y(L—b) — p,(L—a) + (b—a)p;(L—Db)],
a; = =W [p3(L—b) — p5(L—a) — 4" (b—a)py(L—Db)].

6.65 Determine the deflection of a sliding-clamped beam under a triangularly

distributed load as shown.

€D y(x) = y(0)-¢5(x) +y"(0)- ¢ (x) — W {x — a — ¢, (x) + ap;(x)
—[(x—a) —p,(x—a)|Hx—a)}, W= TEE
ayd, (L) —o; ¢, (L)

0) = 0¥2 171 ,
YO = DD+ P s Do D)
@y =W[—¢,(L) +ags(L) + ¢, (L—a)],

o) = W[ —¢5(L) —4aB*@y(L) + ¢3(L—a)].

b

N(O): a1¢3(L)+4ﬁ4a0¢0(L)
¢, (L) (L) +4B%py(L) p, (L)



Systems of
Linear Differential Equations

7.1 Introduction

When a system is described by one independent variable and more than one de-
pendent variable, the governing equations may be a system of ordinary differential
equations. In the following, two motivating examples will be studied to illustrate
how systems of differential equations arise in practice.

Example 7.1 — Particle Moving in a Plane

Derive the governing equations of motion of a particle with mass m moving in a

plane in both rectangular and polar coordinate systems.

I

Fy(x, ;1)
F r("x 6,t)

A
0

Figure 7.1 A particle moving in a plane.

1. Rectangular Coordinates: The particle moves along a trajectory in the x-y
plane as shown in Figure 7.1(a); at time ¢, its coordinates are (x, y). It is subjected

300
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to externally applied forces F,(x, y,t) in the x-direction and Fy(x, y,t) in the
y-direction.

The equations of motion are given by Newton’s Second Law
in the x-direction: mx = F,(x, y, t),
in the y-direction: my = F,(x, y,1),
which is a system of two second-order ordinary differential equations.

2. Polar Coordinates: At time t, the particle is at point A with polar coordinates
(r,0) as shown in Figure 7.1(b). Since x=r cosf, y =rsin#, the position vector
is given by

r=xi+yj=r(cosfi+sinbj) = rf,
where = cos@i+sinf ] is the unit vector in the direction OA or r. The unit
vector normal to ¥, denoted as 0 , 1s 6= —sin@ i+ cos o j

The velocity and the acceleration of the particle are
v=it=xi+yj a=t=%i+Jjj
Since, differentiating x and y with respect to time ¢ yields
% = icos — rsind -6, y =#sinf 4 rcos6 -0,
X = (fcosh —sinf-0) — (Fsinf-0 — rcosO-6% — rsin6 -9)
=¥cosh — 270 sinh — rb* cosd — ré sin b,
y = (¥sinf + 7cos0-0)+ (fcos@-0 —rsinf-0% + rcosh-6)
— ¥sinf + 276 cos® — rf*sin + rb cosb,
the acceleration vector becomes
a = (fcosh — 276 sinf — r6? cosd — résinf) i
+ ('fsin& + 270 cos® — rf?sinb + récos@)j
= ( — r6?) (cos i + sin0)) + (276 + rf) (— sin O + cos )
=GF—r0)t+Qi6+rH)0 = a,f'-l—a@é,
where
a, =7 —rb? ag =270 +ré
are the radial and angular accelerations of the particle in the ¥ and 0 directions,
respectively. Hence, the equations of motion are, using Newton’s Second Law,

in the t direction: ma, =) F, — m@F —r6?) = F.(r,0,1),
in the @ direction: may, =) Fy — mQRio +r6) = Fy(r,0,t),

which is a system of two second-order ordinary differential equations.
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Example 7.2 — Vibration of Multiple Story Shear Building

Derive the equations of motion of an n-story shear building as shown in Figure
7.2(a).

Fy(t) _ my

Xn
. 1
k |
n I R [T ——— -l
Xy x ) e ——————— 1
1 ™ k7+1,' I’ CT+1 ,'
I ,l - -—) ,l
- - 1 l’ I' l' ( . )
“ “ C Xyrp1—X,
— r+1\Ar+1 r
Fz(t) m, x, 1 kr+1(xr+1 xr) m, ( )
i F(t
r
: .kr (xr_xr—l )
1 4
I r
I

Figure 7.2 An n-story shear building.

The rth floor, r=1,2, ..., n, is assumed to be rigid with mass m, and is subjected
to externally applied load F, (¢). The combined stiffness of the columns connecting
the (r —1)th and the rth floors is k,, and the damping coefficient of the dashpot
damper, due to internal friction, between the (r —1)th and the rth floors is c,. The
displacement of the rth floor is described by x,.(¢).

Consider the motion of the rth floor, whose free-body diagram is shown in
Figure 7.2(b). Note that the columns between the (r—1)th and the rth floors
behave as a spring with stiffness k,.

To determine the shear force applied on the rth floor by the columns
between the (r —1)th and rth floors, stand on the (r —1)th floor to observe the
motion of the rth floor. The rth floor is seen to move toward the right with a
relative displacement of x, —x,_;; hence the columns will try to pull the rth floor
back to the left, exerting a shear (spring) force of k,(x, —x,_,) toward the left.
Similarly, the damping force is c,(x, —x,_,).

On the other hand, to determine the shear force applied on the rth floor by
the columns between the rth and (r+1)th floors, stand on the (r+1)th floor to
observe the motion of the rth floor. The rth floor is seen to move toward the left
with a relative displacement of x, | —x,; thus the columns will try to pull the rth

floor back to the right, resulting in a shear force of k,(x, ; —x,) toward the

r+1
right. The damping force is ¢, ; (X, | —X,).
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Applying Newton’s Second Law, the equation of motion of the rth floor, r=1,

2, ..., n, 18

mX, = F.(t) + k1 (X, 1 —x,) + ¢, 1 (X, —X,) — k. (x, —x,_1) — ¢, (X, —%,_}),

or

m, X, —c,x,_+(c,+c, )X, — ¢, 1%, —kx,_+(k,+k )X~k 1%, =F.(b),

where x, =0, €pp1 =0, and kn+1 =0.

In the matrix form, the equations of motion of the n-story shear building can be
written as
Mx + Cx + Kx = F(?),

where
x={xp X ..0r %} B = {F(0), B0, ..., Fut)}"

are the displacement and load vectors, respectively. M, C, and K are the mass,
damping, and stiffness matrices, respectively, given by

M = diag{m,, m,, ..., m,},

ate  —o
—C Gt G
C: . . . R
—Ch Cn—1+cn Cn
L 6 Cp |
k,+k, —k,

_kn—l kn—1+kn —k
“k,  k

n

n

Hence, the motion of an n-story shear building is governed by a system of n
second-order linear ordinary differential equations. The system is equivalent to the
mass-spring-damper system shown in Figure 7.3.

x,(2) x,(1) Xy_1(1) x,(1)
|_— Fl(t) |_— Fz(t) |_—Fn—1(t) |_— Fn(t)
K — r — — r —
1 2

— W] 712, W] 171, |— o o o —Im,, W] 11,
+ + — 0 0 ¢ — +

1 [o o) 2 oo [o o) n_ o0

Figure 7.3  An equivalent mass-spring-damper system.
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7.2 The Method of Operator

In this section, the method of D-operator is employed to obtain the complementary
and particular solutions of systems of linear ordinary differential equations.

7.2.1 Complementary Solutions
Consider a system of two linear ordinary differential equations
$11(D) x; + ¢15(D) x, = 0, D() =d()/dt, (1a)
(D) x; + ¢(D) x, = 0, (1b)
where qbij(D), i, j=1, 2, are polynomials of D with constant coefficients.

To find x,, eliminate x, as follows:
operate ¢,,(D) on (1a): $22(D) ¢11(D) x; + ¢55(D) (D) x, =0,  (2a)
operate ¢;,(D) on (1b): $12(D) ¢,1(D) x; + ¢15(D) ¢pp(D) x, = 0. (2b)

Subtracting equation (2b) from (2a) yields

[¢22(D) $11(D) — ¢1,(D) ¢21(D)]x1 = 0. (3)
Similarly, to find x,, eliminate x, as follows:
operate ¢,,(D) on (1a): $,1(D) ¢ (D) x; + ¢51(D) ¢,(D)x, =0, (4a)
operate ¢;,(D) on (1b): $1:(D) ¢51(D) x; + ¢11(D) $,5,(D)x, = 0. (4b)
Subtracting equation (4a) from (4b) yields
[#11(D) ¢55(D) — ¢51(D) $1(D) ] x, = 0. (5)
It can be seen that equation (3) for x; and equation (5) for x, have the same form
¢(D)x, =0, ¢(D)x, =0,
where
¢11(D)  ¢,5(D)
$,1(D)  ¢,,(D)

which is the determinant of the coefficient matrix of system (1) of differential

¢(D) = ¢11(D) ¢55(D) — ¢15(D) $,1(D) =

b

equations. Instead of a matrix of constant coefficients, as for systems of linear
algebraic equations, the matrix here is a matrix of operators.

I When evaluating the determinants, operators must precede functions.
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In general, for a system of 7 linear ordinary differential equations
¢1(D) x; +¢12(D) x5 + - - 4 ¢1,(D) x, = 0,
$21(D) X1 + ¢pp(D) %, + -+ - + b, (D) x,, = 0,

¢1(D)x; + ¢,p(D)xy + - -+ + ¢,,(D) x,, = 0,

the differential equations for x,, x,, ..., x,, have the same form

(6)

¢(D)x; =0, ¢MD)x, =0, ..., ¢D)x,=0,

where ¢ (D) is the determinant of the coefficient matrix
¢11(D) ¢12(D) e ¢1n(D)

¢(D)= ¢21(D) ¢22(D) d)zn(D) )

¢n(D) ¢,5(D) -+ ¢,,(D)

Hence, the unknowns x,, x,, ..., x,, all have the same characteristic equation
¢(A) =0 and, as a result, the same form of complementary solutions.

The complementary solutions of system (6) contain arbitrary constants, the
number of which is the degree of polynomial of ¢(D). It is likely that the comple-
mentary solutions x, -, X, ..., X, ¢, Written using the roots of the characteristic
equation ¢ (1) =0, will contain more constants. The extra constants can be elim-
inated by substituting the solutions into any one of the original equations in
system (6).

Example 7.3

solve X _3x_ey—0 x4+ i3,-0
olve — —3x—6y=0, X 4 -t = 0.
ar ) ar 7

Using the D-operator, D (-) =d(-)/dt, the differential equations become
(D-3)x—6y =0, (1a)
3x+ (D+3)y =0. (1b)

The determinant of the coefficient matrix is

D-3 -6

¢(D) = = (D-3)(D+3)+18 = D*+9.

The characteristic equation is ¢(A) =1%>+9=0 = A= +i3. The complementary
solutions of x and y have the same form and are given by

Xc = A, cos 3t + B sin 3t, yc = A, cos 3t + B, sin 3t. (2)
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which contain four arbitrary constants. However, since ¢(D) is a polynomial of
degree 2 in D, the complementary solutions should contain only two arbitrary
constants.

Substitute solutions (2) into equation (1a) to eliminate the two extra constants
(D=3)xc—6yc = [(—SA1 sin 3t + 3B, cos 3t) — 3 (A, cos 3t + B, sin 3t)]
— 6(A, cos 3t + B, sin 3t)
=(—3A,4+3B,—6A,)cos3t+ (—3A,—3B,—6B,)sin 3t
—0. (3)

Since cos3t and sin 3¢ are linearly independent, equation (3) implies that the
coefficients of cos 3t and sin 3¢ are zero:

~3A,+3B, —64,=0 = A,= —2(A,~B),
~3A, —3B,— 6B, =0 => B,= —3(A;+B)).
Hence, the complementary solutions are
Xc =A cos3t+ B;sin3t, yo=— ; (A;—B,;)cos 3t — %(A1 +B,) sin 3t.

Example 7.4

Solve (D*+3D4+2)x+(D+1)y=0, D()=d(-)/dt, (la)

(D+2)x+(D—1)y =0. (1b)

The determinant of the coefficient matrix is

D?4+3D+2 D+1 (D+1) (D+2) D+1

$(D) = -
D+2 D-1 D+2 D-1
1 1
= (D+1)(D+2) . 25 Take (D+1) and (D +2) out.
1 —1

= (D+1)(D+2)(D—-2).
Hence, the characteristic equation is
d) = A+DO+2)(A—2) =0 = r=—1, —2,2.
The complementary solutions of x and y have the same form and are given by
xc = Cre™" + Ce ™ + Cye?, Yo =Dje '+ Dye ¥ + Dse*. (2)

Since ¢(D) is a polynomial of degree 3 in D, the complementary solutions should
contain only three arbitrary constants. The three extra constants in solutions (2)
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can be eliminated by substituting them into either equation (1a) or (1b). Since
equation (1b) is simpler, substituting solutions (2) into equation (1b) yields

(D+2)xc +(D—-1)yc
= [(—Cie™" —2C,e +2C5e*) +2(Cre™" + Cye ™ + Cye)]
+[(=Dye™" —2D,e™* + 2D5e*) — (Dye ™" + Dye ¥ + Dye?')]
= (C,—2D))e " —3D,e " + (4C;+D;)e* =0. (3)

t,e7%, and e?' are linearly independent, each coefficient must be zero:

Since e™
C,—2D,=0 = D, =-3C,
Hence, the complementary solutions are

xc = Cre™" + Cye ™ + Cye?, Yo = %Cle_t —4C;e*.

7.2.2 Particular Solutions

Review of Cramer’s Rule

For the following system of n linear algebraic equations
allxl + a12x2 + e + alnxn == bl’

a21x1 + a22x2 + te + 02nxn - bz,

A Xy + Xy + -+ a,, X, = bn’

the solutions are given by

xi:X, i:1,2,...,n,

where A is the determinant of coefficient matrix, A; is the determinant of the
coefficient matrix with the ith column replaced by the right-hand side vector, i.e.,

a a, . b, a, . a
all alz aln 11 1,i—1 1 1,i+1 1n
A=|%1 92 0 G| A =|%1 T hia by 4 on
; .
a a PR a
YY) nn a,, 4, b, Ay i a,,
——

ith column




308 7 SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

For a system of linear ordinary differential equations

¢11(D)x1 + ¢12(D)x2 +---+ ¢1n(D)xn = f](t))
¢21(D)x1 + ¢22(D)x2 +---+ ¢2n(D)xn = fz(t))

1 (D)x; +¢,,(D)xy +-- -+ ¢,,(D)x, = f,(t),
where D(-) =d(-)/dt, a particular solution is given by, using Cramer’s Rule,
A(t
xip(t):ﬁ i=1,2, ..., n,

¢(D)’

where ¢(D) is the determinant of the coefficient matrix as studied in the previous
section for complementary solution, A;(t) is ¢(D) with the ith column being
replaced by the right-hand side vector of functions, i.e.,

¢,(D) - ¢1,i71(D) f;(® ¢1,i+1(D) o (D)
A(t) = ¢ (D) -+ ¢y, (D) f[,() ¢, (D) - $2(D)|

¢n(D) - ¢, (D) [, () ¢, (D) - ¢,,(D)

I It should be emphasized that, since the elements of the determinant are
operators and functions, operators must precede functions when evaluating
determinants. Furthermore, since A,(t), i=1, 2, ..., n, are functions, when

determining x;p, ¢~ (D) should precede A (t).

Example 7.5

Solve (D-3)x—6y =0, D()=d(-)/dt, (1a)

3x+ (D+3)y = 18te™ . (1b)

This system and the system in Example 7.3 have the right-hand sides. Hence, they
have the same complementary solutions given by

Xc = A, cos 3t + B sin 3t, (2a)
yc = A, cos 3t + B, sin 3t. (2b)

A particular solution is given by

0 —6

A(t) = = 108te™ ",

18te™3* D43
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D-3 0
A1) = =18(e > —3te ) —3.18re 3 =18e > —108te >,
3 18te™ ¥
A 108 A _3 1 Theorem 2 in
= #(D) D2—|—9(te ) = 108¢ (D—-3)249 g Section 4.3.2
1 1
= 108¢ ¥ —— = e t
D2—6D+18 _(ip_Lp2
+ 1-(3D-5D?)
3 1 1 ~2 Expand the operator in series;
= 6e t[1+(§D_ED)+”']t stopatD.
=2e (3Bt +1), (3a)
A () 18 108
Y -3t -3t
= = — t
W=D T s ) T pryele )
18 Apply Theorem 1 in Section 4.3.2

3t _2e7¥(3t4+1) 2% for the first term. Use result of xp
for the second term.

= —e (6t +1). (3b)

ST

The general solutions are

X =xc+xp =A,cos3t + B, sin3t +2(3t+1)e >, (4a)
¥y =yc+yp=A,co83t + Bysin3t — (6¢t+1)e . (4b)
Since ¢(D) is a polynomial of degree 2 in D, the general solutions should

contain only two arbitrary constants. The two extra constants can be eliminated by
substituting equations (4) into either (1a) or (1b).

Substitute solutions (4) into equation (1b) to eliminate the two extra constants
3x+ (D+3)y
= 3[A; cos3t + B sin3t +2(3t+1)e ] 2T 3x
+[—3Azsin3t+3Bzcos3t—6e_3t+3(6t+1)e_3t] #Zc Dy
+3[A,cos3t + Bysin3t — (6t+1)e '] 2t 3y
= 3(A,+A,+B,) cos3t + 3(B,—A,+B,)sin3t + 18te >
= 18te . 245 Right-hand side of equation (1b)

Comparing the coefficients of similar terms gives

cos 3t: A +A,+B, =0,
sin 3t : By —A,+B,=0.
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Since the purpose is to eliminate two arbitrary constants, one can express any two
constants in terms of the other two from these equations. Hence

or
1 1

The general solutions become
x = —(A,+B,) cos 3t + (A, —B,) sin 3t + 2 (3t +1)e ",
y = A, cos3t+ B,sin3t — (6t+1)e .
In the solution above, the general procedure is followed to illustrate

all the steps in solving systems of linear differential equations using the method of

operators. However, for this example, it can be solved more easily as follows.

Having obtained the complementary and particular solutions for x, i.e., x in
(2a) and x;, in (3a), or the general solution x in (4a), the general solution y can be
determined from equation (1a)

y=2(D-3)x= %{[—3,41 sin3t + 3B, cos 3t + 6e " —3-2(3t+1)e ]
—3[A; cos 3¢ + By sin 3¢ + 2 (341 e}
= —2(A,~B))cos3t — (A, +B,)sin3t — (61+1)e .

It is important and efficient to exploit the differential equations to

devise an easy way to solve the problem.

Example 7.6

Solve (D—3)x — 6y = 2cos 3t, D()=d()/dt, (1a)

3x + (D+3)y = 2sin3t. (1b)

This system and the system in Example 7.3 have the right-hand sides. Hence, they
have the same complementary solutions given by

Xc = A, cos 3t + B, sin 3t, Yo = A, cos 3t + B, sin 3t.

A particular solution is given by

2cos3t —6
A (1) = = 2(D +3) cos 3t + 12 sin 3t = 6 cos 3t + 6 sin 3¢,
2sin3t D+3
D—3 2cos3t
Ay(t) = = 2(D —3)sin 3t — 6 cos 3t = — 65in 3¢,
3 2 sin 3t




7.2 THE METHOD OF OPERATOR 311

A 1

Xp = 50 = (6 cos 3t + 6sin 3t),
#(D) D249
Ay 1

(—65in 3t).

P = D) T D2to
Theorem 3 fails in Section 4.3.2 fails when evaluating x, and y,. Hence, Theorem

4 in Section 4.3.2 must be applied:
¢(D)=D*+9,  ¢(i3)=0,
¢'(D) = 2D, ¢'(i3) = i6,

131’ _ 1 l3t _ 1 o . _ t . s t
—(e""") = =——te'”" = —1t(cos3t +isin3t) = —sin 3t — i — cos 3¢,
D2+9 @'(i3) i6 6 6

1 s 1 s
Xp = 6‘R6(D2+9e1 ) +6‘1m(D2+9e1 )

t t
=6 E sin 3t + 6(— g cos 3t> = t(sin 3t — cos 3t),

1 . t
=—-61 ( em) = —6(——cos3t> = t cos 3t.
P "\ D219 6

The general solutions are
X = Xxc + xp = A; cos 3t + B sin 3t + £ (sin 3t — cos 3t),
Yy =yc+yp=A~A,cos3t+ B,sin 3t + t cos 3¢.
Substitute the general solutions into equation (1a) to eliminate the extra constants
(D-3)x —6y
= [— 3A;sin 3t + 3B, cos 3t + (sin 3t — cos 3¢) + t (3 cos 3t + 3 sin 3t)]
-3 [A1 cos 3t + B, sin 3t + ¢ (sin 3t — cos 3t)]
— 6(A2 cos 3t + B, sin 3t 4 t cos 3t)
= (3B;—3A,—6A,—1)cos3t + (—3A;—3B;—6B,+1) sin 3t
= 2 cos 3t. 2 Right-hand side of equation (1a)
Comparing the coefficients of similar terms gives
cos3t:  3B—3A—6A,~1=2 = A,=—3(4,—B) -3,
sin3:  —3A4,—3B,—6B,+1=0 == B,=—=(A;+B)+ %
The general solutions become

x = A, cos 3t + By sin 3t + t (sin 3t — cos 3t),
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—[-%4,-B)) — 3] cos3 1(A,+B)) + £]sin3 3
y_[—z( 1— l)—2]cos t+[—2( 1+ 1)—i—6]sm t + t cos 3t.

Substitute the general solutions into one of the original differential
equations to eliminate the extra constants in the complementary solutions. This
also serves as a check for the particular solutions obtained.

Example 7.7

Solve (D?*—-3D)x — (D—2)y = 14t + 7, D()=d(-)/dt, (la)

(D-3)x+Dy=1. (1b)

The determinant of the coefficient matrix is

D?2—-3D —(D-2)
D-3 D

= (D-3)(D*+D-2) = (D-3)(D+2)(D-1) = D°—2D*-5D +6.

#»(D) = = D*(D—-3) + (D —2)(D—3)

The characteristic equation is ¢(A)=(A+2)(A-1)(A—-3)=0 = r=-2,1,3.
The complementary solutions are

xc=Cre 2 +Ce' +Cye¥,  yo=D,e? + D,e' + Dye’.

A particular solution is given by

14t+7 —(D-2)
A(t) = 1 _- D(14t+7) + (D —2)(1) = 12,
D?—3D 14t+7
A1) = s 1= (D*—3D)(1) — (D —3)(14t+7) = 42t +7,
A (t 1 12
xP= x()z (12):—=2,
#(D) 6 —-5D—-2D2+D?3 6
2% Special case of polynomial: constant
_50 ! (42t+7)
= %D) ~ 6—5D—2D21 D3
1
= (42t+7)

T T
6[1 — (2D +5D2—£D3)]

1 5 o o Expand the operator

- 6[1+(6D+ )+ ](42t+7) in series; stop at D.
= 1[@2047) + 2@2)] =71 +7.

Hence, the general solutions are

x=xc+xp=Cre ? +Cpe' +Cye’ +2,
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y=yc+yp=Die +Dye' + Dy’ +7t+7.

Since ¢(D) is a polynomial of degree 3 in D, the general solutions should
contain three arbitrary constants. Substitute the solutions into equation (1b) to
eliminate the three extra constants

(D—3)x+ Dy = (—2C,e™* + Cye' +3C;e*)
—3(Cre 2 + Cye' + Gy +2) + (—2Dye ¥ + Dye' +3Dse” +7)
= (=5C,—2D))e * + (=2C,+D,)e' +3Dze* +1
=1. 27 Right-hand side of equation (1b)

Comparing the coefficients of similar terms yields

el 3D; =0 == D,;=0.

Hence, the general solutions become
x =xc+xp = Cre” + Cye' + Cye’ + 2,

y=yc+typ= —%Cle_m +2C,et + 7t +7.

Example 7.8

Solve Dy, —y,=0, D(-)=d(-)/dx, (1a)
6y, + 11y, + (D+6)y; = 2e . (1c)

The determinant of the coefficient matrix is

To evaluate the determinant,

P(D) = det add first two columns at right.

=D*D+6)+6+11D = D3 +6D?+ 11D +6.
The characteristic equation is ¢(1) = A3 + 612 + 111 + 6 = 0. Since
(—1)> +6(—1)* +11(-1)+6=—-1+6—11+6=0,

A= —1 isaroot or (A+1) is a factor. The other factor can be determined using
long division and is obtained as (A+1)(A%+5A+6) =0. Therefore

A+DA+2)(A+3) =0 =— r= -1, =2, —3.
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The complementary solution for y, is given by
Yic = Cre ™ + Cye™ ¥ + Cye ™.

A particular solution for y, is given by

0 -1 0
| -1 0
A},l(x):det 0 D -1 | =2e"* =2e %,
D -1
2e* w11 D+6
B Ay (%) _ 1 2
P ="3D) ~ D316D2+11D +6 '

Apply Theorem 4 in Section 4.3.2:
#(D) = D*+6D*+11D+6, ¢(—1) =0,

¢'(D) =3D>+12D +11, d(—1) =2,
2
Yip = mxe_x = xe_x.

Hence, the general solution of y, is
Y1 =ic+yip=Ce "+ Ce > + Cie > +xe ™.

Having obtained y,, the general solutions of y, and y; can be determined from
equations (1a) and (1b), respectively,

¥, =Dy, = —Cie ™ —2C,e ™ —3C;e >+ (1—x)e %,
y3=Dy,=Cle " +4Ce ™ +9Cse > — (2—x)e .
Method of Variation of Parameters

As for linear ordinary differential equations, when the right-hand sides of a system
of linear ordinary differential equations are not of the form

e“[(ag+ayt+--- —i—aktk) cos Bt + (by+bt+ - - - —i—bktk) sin Bt ],
the method of variation of parameters has to be used to obtain particular solutions.

Example 7.9

Solve Dx—-y= tan® t + 1, D()=d()/dt, (1a)

x+ Dy =tant. (1b)

First determine the complementary solutions for the complementary equations

Dx—y=0, x+Dy=0. (2)
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The characteristic numbers are easily obtained

—1
‘=D2+1 — ¢V =A2+1=0 = A=i.

D—D
¢()—‘1 D

The complementary solution of x is
Xc =Acost + Bsint. (3a)
From the first equation of (2), the complementary solution of y is
yc = Dxc = —Asint 4 Bcost. (3b)

The method of variation of parameters is then applied to find particular solutions.
Vary the parameters, i.e.,, make constants A and B functions of ¢, A=>a(t),
B=>b(t), and one has

xp = a(t) cost + b(t) sint. yp = —a(t)sint + b(t) cost. (4)
Substituting equations (4) into (1) yields
Dxp — yp = [a/(t) cost — a(t) sint + b'(t) sint + b(¢) cos ]
— [—a(t) sint + b(t) cos t]
=d/(t)cost + b'(t)sint = tan’t + 1, (5a)
xp+Dyp = [a(t) cost + b(t) sin t]
+ [—d'(t) sint — a(t) cost + b(t) cost — b(t) sint]
= —da/(t)sint + b/(t) cost = tan . (5b)
Equations (5a) and (5b) give two linear algebraic equations for two unknowns a'(t)

and b'(t), which can be solved using Gaussian elimination or Cramer’s Rule. To
find a/(t), eliminate b'(t) as follows:

Eq(5a) x cost: da'(t) cos’t + b/(t) sint cost = (tan’t + 1) cost, (6a)
Eq(5b) x sint: —d'(t) sin’t + b/(t) cost sint = tan ¢ sin t, (6b)
Eq(6a) — Eq(6b): a'(t) = tan® t cost + cost — tan ¢ sin t = cos t. (7a)

From equation (5b), one obtains

tant +a'(t)sint tant -+ costsint  sint

b'(t) = +sint. (7b)

cost cost cos2t

Integrating equations (7) leads to

a(t) = /costdt =sint,
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sin t 1 1
b(t):/ dt—l—/sintdt:—/ d(cost) — cost = —— — cost.
cos?t cos?t cost
Hence, the general solutions are, using equations (3) and (4),

. . 1 .
xzxc—i—xp=Acost+Bsmt+smtcost+(—t —cost)smt
cos

= Acost+ Bsint + tant,

1
y=yc+yp= —Asint-i—Bcost—sintsint—i—(—t —cost)cost
cos

= —Asint + Bcost.

Example 7.10

Solve (D*4+3D+2)x+ (D+1)y =0,  D()=d(-)/dt, (1a)
D+2 D-1)y = —. 1b
(D+2)x +( )y T (1b)

First determine the solutions for the complementary equations
(D*+3D+2)x + (D+1)y =0, (1a)
(D+2)x+(D-1)y =0. (1v')

The determinant of the coefficient matrix is
D?4+3D+2 D+1
D+2 D-1

#(D) = =D34+D?*—4D—4 = (D+1)(D*—4).

The characteristic equation is ¢(A)=(A+1)(A>2—4)=0 — A= —1, +2. The

complementary solutions are
xc = Cie ' + Cye®' + Cje 7, Yo = Dye " + Dye*' + Dye .

Since ¢(D) is a polynomial of degree 3 in D, the complementary solutions should
contain three arbitrary constants. Substitute the complementary solutions into
equation (1b’) to eliminate the extra constants

(D+2)xc + (D—1)yc = (C;—2D))e " + (4C,+D,)e* —3Dse™* =0,
which leads to
C,—2D, =0 = C,=2D,
4C,—D, =0 == D, = —4GC,,

D3=0.
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Hence
xc =2Dje" + Cye* + Cye ¥, (2a)
yo =Dje" —4Cye”. (2b)

Since equation (1a) is a second-order equation in x, a third equation is needed
from differentiating x . with respect to ¢

Xp = —2Dje"t +2C,e* —2Cse 2. (2¢)

Apply the method of variation of parameters, i.e., make D, = ¢,(t), C, = ¢, (),
C; = ¢;(t) in equations (2) to yield

xp=2c,()e " + o) +o5(t) e, (32)
yp=c (et —4dc,(t) e, (3b)
Xp=—2¢,()e " +2¢,(t)e* — 2¢5(t) e 2t (3c)

Differentiating equation (3a) with respect to t and comparing with (3c) lead to
xXp=2ci(t)e™ " —2c1(t) e o) e +2¢,(t) e + it e X —2¢,(t) e
= —2¢c,()e " +2¢,(t) et — 2¢5(t) e 2t 2T Equation (3¢)

which gives
ci(t)e™ + () e + (1) e =0. (4a)

Substituting equations (3) into (1a) yields
(D?4+3D+2)xp + (D+ 1) yp = —cj(t)e™" — 2c5(t) e — 2¢4(t)e > =0, (4b)

and into (1b) results in

8
(D+2)xp + (D—1)yp = cj(t) e " —4cy(t) e = T (4c)

Equations (4) provide three linear algebraic equations for three unknowns ¢/(1),
c(t), and c4(t), which can be solved using Cramer’s Rule:

et e2t e 2 1 1 1
A=|—e! 2e2t e | =eteXe72 |1 —2 —2|= —4e},
et 4e2t 0 1 -4 0
0 2t —2t
| ) ) 8 2% 2t 1 1
A, = det 0 _ 92t = L2t e — 0,
1 ‘ 2e 2e T 5 5
8
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e—t 0 e—2t
i 8 1 1 8e—3t
A, = det|—e™! 0 —2e M=t = —,
| e’ +1 -1 —2| e¥+1
et o2t 0
i 8 ) 1 1 Set
Ay =det|—et —2¢* 0 = —te?t = -,
! et 41 -1 -2 e’ +1
—1t i 4 2t .. 8
e —4e T
A A 2e 2 A 2e%
C/t:—lzo’ C/t :—2:—_, C/t:—3: .
0= ) =3 e +1 W=7 el +1
Integrating c;(t), c;(t), and cj(t) resultin

2e—2t e—Zt
)= — | =——dt = d(e™?
() /er—i—l /1+e2t )

_ 1 -2ty _ =2t 26\ _ =2t 2t
_/(1 1+e_2t>d(e )=c¢e In(14+e ) =e In(e”* +1) 4+ 2t,

2e* 1 2t 2t
c(t) = eZ’_—I—ldt: e2f+1d(e ) = In(e* +1).

Hence, the particular solutions are
xp = 2¢(t) e !+ ¢y (1) e + c3(t) e 2t

= [e_2t —In(e*+1) + 2t] e¥ 4 In(e? +1)-e7

=1+ (e 2 —e*)In(e* +1) + 2te?,
yp=c (et —4dc,(t)e? = —4 [e_Zt —In(e* +1) + 2t] et
= —4[1 —eXln(e?* +1) + 2te2t].
The general solutions are
x=xc+xp=2Ce +Cye? +CeH +1+ (e —e)In(e* +1) + 2te?,

y=yc+yp=Cre ' —4C,e® —4[1—€ In(e* +1)+2te”].

7.3 The Method of Laplace Transform

The procedure for solving systems of linear ordinary differential equations is very
straightforward. Consider a system of n ordinary differential equations for n

unknown functions x,(t),i=1,2, ...,n
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# Take Laplace transform of both sides of the equations, with X;(s) = .2 {x : (t)} ,
i=12,...,n

@ It results in a system of n algebraic equations for the n unknown Laplace
transforms X;(s), i=1, 2, ..., n, which can be solved using Gaussian elimi-
nation or Cramer’s Rule.

@ The solutions of the system of linear differential equations are obtained by
taking inverse Laplace transform x;(t) = f_l{xi(s) }, i=1,2,...,n

Example 7.11

Sol dx 3x —6 0
olve — —3x—-6y=0,
dt 4
3 dy _ —3¢ _ _
x4+ == +3y=18te 7, x(0) = x5, y(0) = y,.

dt

Let X(s)=.2 {x(t)} and Y(s) =2 { y(t) } Taking the Laplace transform of both
sides of the differential equations yields

[sX(s) — x(0)] — 3X(s) — 6Y(s) =0,
3X(s) + [sY(s) — y(0)] +3Y(s) = .z{18te "},

where, using .Z’{e® f(1)} =$’{f(t)}‘ ,
S—>Ss—a
] _ ] 1 18
2’{18te 3t} = 18,?{1‘} et = 18- 5—2 s = m

These give two algebraic equations for X (s) and Y(s)

18
(s—3)X(s) — 6Y(s) = x, 3X()+ (s+3)Y(s) =y + m,
which can be solved using Gaussian elimination or Cramer’s Rule:
s—3 —6
A= = (s—3)(s+3) + 18 =35> +9,
3 s+3
X —6 8
Ax: ) 18 3 :x0(5+3)+6[)’0+m]’
07 (s+3)2
s—3 X
A 0 =3y + = |-3
= =(s— —_— | — 3X,
Y Jo + 18 Yo (513)?2 0
(s+3)2
X(s) — Ax  3(x+2y) | %5 108

A 249 249 (s+3)2(s2+9)’
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. Ay_ —3(xy+ ) VoS 18(s—3)
1) =—== 2 T3 2(s2 :
A s“+9 49 (s+3)*(s*+9)
Using partial fractions, one has
108 A, A,  Bs+C

GT32219) G132 13 T oro
To find A,, cover-up (s+3)? and set s= —3:
108 108
T T, Crr

Comparing the coefficients of the numerators leads to

s A +B=0, (1)
s 3A,+A,+6B+C=0, (2)
st 9A,+9B+6C =0, (3)
1: —27A;+94,+9C = 108, (4)

Eqn(3) —9xEqn(1l): C=0,
fromEqn (1): B= —A,,
fromEqn (2): 3A,+6+6(—A)+0=0 — A, =2, B=-2.

Hence

o 108 R 6 N 2 2s
(s+3)2(s24+9) | (s+3)2  s+3 s2432
= 2e_3t +6te_3t — 2 cos 3t.

Similarly,

1 18(s—3) I 6 1 n s+3
(s+3)2(s24+9) | (s+3)2  s+3  s2432
= —e ¥ —6re 3 + cos3t + sin 3t.

The solutions of the differential equations are

R R 3 s 108
x(t) = 27X} =2 {(x0+2y0) a3 T 52+32+(S+3)2(52+9)}

= (xg+2,) sin 3t + x, cos 3t +2e ' + 6te ' — 2cos 3t
= (xg+2y,) sin 3t + (xy —2) cos 3t + 2(1+3t)e_3t,

3
yt) =27 X)) = 2)_1{— (x0+30) 5—= + o

+
s2432 2432 (s+3)2(s2+9)

= —(xy+ y,) sin 3t + cos3t —e 3" — 6re > + cos3t + sin 3t
0T Vo Yo

s 18(s—3) }

= (1—xy— y,) sin 3t + (1+ y,) cos 3t — (1+6t)e™ .
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Example 7.12
Sol X a2 5,20
olve — +2x - =0,
ar a 7
d d

a7 1 +y=10sin2tH(t —m), x(0) = x5, y(0) = y,.

Let X(s) =2 {x(t)} and Y(s) = ff{ y(t)}. Taking the Laplace transform of both
sides of the differential equations yields

[sX(s) — x(0)] + 2X(s) + 2[sY(s) — y(0)] +5Y(s) =0,
[sX(s) = x(0)] + 3[sY(s) — y(0)] + Y(s) = 10.2{sin2t H(t— )},
where
2sin2tH(t—m)} = 2{sin2[(t—n)+7x|H(t—7)}

=2{sin2¢-mH(t—-n)} 2t 2{ft—a)H({t—a)}=e"%2{f1)}
_ —nsz . 2l = —7TS 2
=¢€ { S } =€ m

These two equations lead to two algebraic equations for X(s) and Y(s)
(s—=2)X(s) + 25+5)Y(s) = xy+2Y,>

20
sX(s) + Bs+1)Y(s) =xy+ 3y, +e *°

244’
which can be solved using Cramer’s Rule:
s+2 2s+5 )
A= = (s4+2)(B3s+1) —s(2s+5) =s"+ 25+ 2,
s 3s+1
xX,+2 2s+5
o ..20(2545)
Ax = = Xgs — 4xy — 13y, — & " ———
X7 htayp e e 3541| 0 0 214
090 21
s+2 X,+2
0T =)o  20642)
AY= s 20 =y05+2x0+6y0+e W’
S x0+3y0+e 52+4
X(s) = AX — X (s+1) — 5xy — 13, s 20(2s+5)
A (s+1)2+12 (212512
Y(s) = ﬁ _ Yo(s+1) +2x,+ 5y, s 20(s+2)
a (s+1)2+12

(s2+4)(s2+25+2)
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Using partial fractions, one has

20(2s+5) _ As+B Cs+D
(s24+4)(s2+2s+2) 244  s242s5+2°

Comparing the coefficients of the numerators leads to

1 A+C=0 = C= —A4,

s> 2A+B+D=0,

s: 2A+2B+4C = —40,

1: 2B+4D= —100 —> B= —2D — 50.

Substituting equations (1) and (4) into (2) and (3) gives

|

2A+2(—2D—50) +4(—A) = —40

—2A —4D = 60,

2A+4+(=2D-50)+D =0 2A —D =50,
——2

which can easily be solved to yield

A=14, D=-22 = B= -6, C=—14.

Hence
o1 20(2s+5) 1| 14s—6 145422
(s24+4)(s2+25+2) | 244 242542
s 2 14(s+1)+8
=2z 14. -3 _AGHDF
s2 422 s2422 (s+1)2+1
= 14 cos2t — 3sin2t — (14 cost + 8sint)e ".
Similarly,

1 20(s+2) _ 1 —65+4+ 6s+8
(24+4)(s2+2s+2) | s244 242542

= —6c0s2t +2sin2t + (6cost + 2sint)e .

The solutions of the differential equations are

x(t)

= .27 YX(s)}
= [xO cost — (5xy+13y,) sin t] e '+ {14 cos2(t—m) — 3sin2(t—)
— [14 cos(t—m) + 8 sin(t—n)] e_(t_”)}H(t—n)

=[xy cost — (5x,+13yy) sint]e™"

+ [14c052t —3sin2t + (14 cost + SSint)e_t+”]H(t—ﬂ),

(1)
(2)
(3)
4)
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y(t) =27 {Y())
= [)’o cost + (2xy+5y,) sin t]e_t + { —6cos2(t—m) + 2sin2(t—m)
+ [6 cos(t—m) + 2sin(t — n)] e -7 } H(t—m)

= [ypcost + (2xy+5y,) sint]e™

Example 7.13

+ [—6c032t+25in2t— (6cost+25int)e_t+”]H(t—n).

d’x dx dy

Sol —_— — 3 — =42y =60tH(t—1),

ove e Car a Y =1
dx 3 +dy—0 (0) =5, y(0) =0, x'(0) =15
@ T T T E» S ER A=

Let X(s)=.2 {x(t)} and Y(s)=.2 { y(t)}. Taking the Laplace transform of both
sides of the differential equations yields

[$*X(s) — sx(0) — x'(0)] — 3[sX(s) — x(0)]
—[sY(s) = y(0)] +2Y(s) = 60.2{tH(t—1)},
[SX(S) — x(O)] —3X(s) + [sY(s) — y(O)] =0,

where
1 1
2{tHe-D} = Z{[t-D+]HE-D} = 241} = (5+).
These two equations lead to two algebraic equations for X(s) and Y(s)
60e™* 1
(2 =39 X(5) — (s=2)Y(s) = 55 + = CFD
s
(s—=3)X(s) +sY(s) =5,

which can be solved using Cramer’s Rule:

s(s—=3) —(s—2) s —(s—2)

A= =(s—3)
(s—3) 1 s
= (s=3) (" +5-2) = (s=3)(s—D(s+2),
60e " (s+1) _
— (5§ — 60e* 1
AX:5S'|‘ 2 (s 2):552+ € (S+)+55_10,
s
5 s
60e~* 1
s(s—3) 554 e GHD 60 (s+1)
Ay = e |
(s—3) 5
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A 2 _
X(s) = 22X _ 5s“+5s— 10 60(s+1) s
A (s=3)(s=1)(s4+2) s(s—3)(s—1)(s+2)
5 60(s+1) s
Cs—3 s(s—?»)(s—l)(s-l—Z)e
A
Y(S) = —Y = —26()(S—+1)e73
A s2(s—1)(s+2)

Using partial fractions, one has

60(s+1) A B, C D,
=—+ + +
s(s—=3)(s—1)(s+2) s

To find A, cover-up s and set s=0:

60(s+1) 60 (1)
1S 6 D61 |y DD
Similarly,
_ 60(s+1) _ 60
TS D6HD) s @G
C - 60(s+1) 60
PTs=3)6+2) 0, WD) T
60(s+1) 60(—1)

- -
=2 (=2)(=5)(=3)

Again, using partial fractions, one has

Dy = s(s—3)(s—1)

—60(s+1) A, B, C, D,

=24 2
S2(s—1)(s+2) s + 52 +s—1 s+2°

To find B,, cover-up s and set s=0:

. —60(s+D) | —60(1)
2T DD ey~ DO
Similarly,
—60(s+1) —60(2)
27 TGt |, W63 0
_ —60(s+1) _—60(=2)
2T 6D ey @O

Tofind A, set s= —1:

0= 0, N 2 s
-1 1 =21 2T
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Hence, taking the inverse Laplace transform, the solutions are

_ o1 _>—1i —52 8—20 =
x(t) =27 X0} =2 {5—3Jre <s+s—3 S—1+5+2)}

—5¢3 4 [10+8e3t — 20! +2e_2t] H(t—1)

t—>t—1
=5e" +[10 4+ 8e*™V —20e ! 4 272V H(t -1),

45 30 40 5
y(t) = (,Z’*I{Y(s)} = X’l{es<? + = —>}

- [45+30t — 40ef — 5e*2f] H(t—1)

t—t—1

= [15+ 30t — 40e'™! — 5e 2 V] H(t—1).

7.4 The Matrix Method

Any linear ordinary differential equation or system of linear ordinary differential
equations can be written as a system of first-order linear ordinary differential
equations. For example, consider the second-order differential equation

X"+ 2wy X' + wix = asin Qt.
Denoting x =x;, x = x,, the differential equation becomes
x5 + 20wy x, + a)éx1 = asin Qt.

Noting that x/1 = X,, one obtains

x| ) 0 1 x| 0
= = =+ s
x5 —2¢wyx, — Wi x, +asin Qt —wi —2tw, | | %, asin Qt

which is a system of two first-order differential equations. Similarly, consider a
system of differential equations

x"+2x" 4+ x —y' =2sin3t, 4x' +3x—y" +5y" —y =e"cos3t.
Letting x =x,, X' =x,, x"" =x,, y =x,, y = X5, the differential equations become

x5+ 2x, + x; — x5 = 2sin 3¢, 4x, + 3%, — x5 + 5x5 — x, = € ' cos 3t,

one obtains

X 4)

Xy X3

Xyt = —x, — 2%, + X5 + 2sin 3t ,
Xy X5

x5 3x, +4x, —x, + 5x; — e ' cos 3t
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or, in the matrix form,

x| [0 1 0 0 0] ([x 0

x5 0 1 0 0f|x, 0
gb=-1 =20 0o 1|{xt+] 2sin3r },
Xy 0 0 0 1| |x, 0

x5 i 0 —1 5] |xs —efcos3t

which is a system of five first-order differential equations.

Hence, without loss of generality, consider a system of n-dimensional first-order
linear ordinary differential equations with constant coefficients of the form

X(t) = Ax(t) + £(b),
where x(t) = {x, (1), x,(®), ..., x,®} s £O={f;(®), [, ..., f()}", and A

is an n X n matrix with constant entries.

7.4.1 Complementary Solutions

First consider the n-dimensional homogeneous system with f(¢) =0, i.e.,
x'(t) = Ax(1). (1)

Seek a solution of the form x(t) =e*'v, where v is a constant vector. Substituting
into equation (1) yields Ae*' v=Ae* v. Since, e*’ # 0, one obtains

(A —2I)v =0, 2)

where I is the n x n identity matrix, with 1’s on the main diagonal and 0’s elsewhere.

Equation (2) is a system of homogeneous linear algebraic equations. To have
nonzero solutions for v, the determinant of the coefficient matrix must be zero, i.e.,

det(A — AT) =0, (3)
which leads to the characteristic equation, a polynomial equation in A of degree n.

Distinct Eigenvalues

The n solutions A, X,, ..., A, of the characteristic equation (3) are called the
eigenvalues of A. Suppose the eigenvalues A, A,,. .., A, are distinct real numbers.

A nonzero solution v, of system (2) with A =1, i.e,
(A—)Lkl)vk=0, k=1,2,...,n, (4)

is called an eigenvector corresponding to eigenvalue 2, .
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From linear algebra it is well known that, if the eigenvalues 1, A,, ..., A, are

distinct, the corresponding eigenvectors v,, v,, .. ., v, are linearly independent.

Hence, with n eigenvalue-eigenvector pairs Ao Vio k=1,2,...,n, there are n

At At

linearly indenpendent solutions for system (2): e)‘ltvl, elv,, ..., ety

Distinct Eigenvalues

Suppose that matrix A of the homogeneous system x'(t) = Ax(#) has distinct

eigenvalues A, A, ..., A,, with corresponding eigenvectors v;, v,, ..., v,.. Then

the complementary solution of the homogeneous system is
x(t) = C,eMlv, + C,et2tv, + .- + C, ey,

where C,; C,,. .., C, are constants.

The n x n matrix
X(t) = [eMlvy, ehlv,, ..., ety ],

whose columns are n linearly independent solutions of the homogeneous system,

is called a fundamental matrix for x'(t) = Ax(t).

Using the fundamental matrix, the complementary solution can be written as
x(1) = Ax(t) —> x() =X(6)C, C={C,C,...,C,}".

For the homogeneous system x'(t) =Ax(t) with the initial condition x(t,) =x,,
one has x(t,) =X(t,)C=x, = C= X_l(to) Xy

x(t) = Ax(t), x(t) =x, = x(t) =X()X ;) x,.

Example 7.14
/

Solve x)

xy — 6x, =0, () =d(-)/dt, (1)
x] +2x, —3x; = 0. (2)

Solve equations (1) and (2) for x| and x}

2xEqn (1) + Eqn(2): 3x] —12x, —3x; =0 = x| = x; + 4x,,
Eqn(2) —Eqn(1): 3x, —3x; +6x,=0 = x),=x; — 2Xx,,

which can be written in the matrix form as

x'(t) = Ax(t), x(t) = , A= .
X, 1 =2
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The characteristic equation is

1—-A 4

det(A—AI) =
el ) 1 —2—-A

' =2 +r—6=(R+3)(rA-2) =0,

and the two eigenvalues are A, = —3, A, =2. The corresponding eigenvectors are
obtained as follows.

(1) A=1,=—3:

4 4| vy,
(A—rDv, = =0 = v +v; =0,
I 1| vy

v 1
taking v,; = —1, then v;; = —v,; =1 — VIZ[ H}:{ 1].
Va1 -

(2) A=A, =2:

-1 4 Vi,
(A—1,Dv, = =0 = v, —4vy =0,
1 —4|]vy

. Vi, 4
Vo 1

Hence, the complementary solution is

1 4
x(t) = C My, + Cyetely, = Cle™ { ] + Cye {1},
or
Complex Eigenvalues
Consider the first-order homogeneous system
x(t) = Ax(t), (1)

where A is a real matrix. Suppose A =a +1f is an eigenvalue, i.e., det(A —AI) =0.
Since the characteristic equation has real coefficients, then A=« —ipf is also an
eigenvalue.

Let the complex vector v be an eigenvector corresponding to 4, i.e.,
(A—ADv=0. (2)

Then x, (t) = e*v is a solution of the homogeneous system (1).
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Taking complex conjugate of equation (2), one has
A—ADv=A—-ADv=(A—AD)v =0, 2% A andI are real matrices.

implying that ¥ is an eigenvector corresponding to eigenvalue A. Thus x, (t) =e*' v
is a solution of the homogeneous system (1).

Corresponding to the eigenvalues o i 8, one obtains the complementary solu-
tion

x(t) = C,eMv + C e, vV =vp +ivy,

where C; and C, are complex constants, and vy and v; are, respectively, the real
and imaginary parts of the eigenvector v. Applying Euler’s formula

e@H P — ot (o5 Bt + i sin Bt)
leads to
x(t) = C,e*(cos Bt+i sin Bt) (Vg +iv;) + C,e*' (cos Bt —i sin Bt) (vg —iv})

= e‘“[(C1 +C,)(vg cos Bt —vy sin Bt) +i(C;— C,)(vg sin Bt 4 v} cos ,Bt)].

For the solution x(t) to be real, one must have C, +C, =A, i(C,—C,) =B, where
A and B are real constants. This can be accomplished if C, = C,. Hence

x(t) = Ae¥ (v cos Bt — vy sin Bt) + Be*' (v sin Bt + v; cos Bt)

= A Re(e*v) + B Tm(e* v).

Complex Eigenvalues

Suppose that matrix A of the homogeneous system x/(t) = Ax(t) is a real ma-

trix. If A= 41 is an eigenvalue with the corresponding eigenvector v, then,

corresponding to the eigenvalues o £i 8,
x,(t) = Re(eMv) = et [Re(v) cos Bt — Tm(v) sin ,Bt],
X, (1) = Im(e*v) = e [Re(v) sin Bt + Tn(v) cos t]

are two linearly independent real-valued solutions, or

x(t) = A Re(e*'v) + B Im(e*v).

Example 7.15

Solve x4+ x; —5x, =0, (1) =d(-)/dt,

4x; + x5 + 5%, = 0.
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In the matrix form, the system of differential equations can be written as

‘(t) = Ax(t n=1" A—_15
x () = Ax(1), x(t) = %, , =1 _. sl

The characteristic equation is

—1—-A 5
det(A—AI) = =22 4+614+425=0 = A= —3+i4.
—4 —5—A
For eigenvalue A = —3+-i4, the corresponding eigenvector is

|:2—i4 5 :|{v1} { 2—id)v,+5v, } {0}
(A=ADv = ) = ) = )
-4 —2-i4| |v, —4v,—(2+id)v, 0

Note that the two equations (2—i4)v, +5v,=0 and 4v,+(2+i4)v, =0 are the
same. Taking v, =5, then v, = — ; 2—id)v, = —-2+i4,

kR

5 0
e*v = e (cos 4t + i sin 41) ({ } +1i { ])
-2 4
=e cos4t — sindt | +1 sin 4t + cos4t | |.
-2 4 -2 4

Hence, the complementary solution is

5 0
x(t) = A Re(e*'v) + BIm(eM'v) = Ae ¥ ({ 2} cos4t — {4] sin4t>

—3t > . 0
+ Be sin 4t + cos4t |,
-2 4

x (1) = 53 (A cos4t + Bsin4t),
x,(t) = 2e 7' [(—A+2B) cos4t — (2A+B) sin 4t].

Multiple Eigenvalues

For an n x n matrix A with constant entries, if its n eigenvalues Al Ags wvvs Ay

either real or complex, are distinct, then the corresponding n eigenvectors v, v,,
.., v, are linearly independent and form a complete basis of eigenvectors.
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If matrix A has a repeated eigenvalue with algebraic multiplicity m >1 (the
number of times the eigenvalue is repeated as a root of the characteristic equation),
it is possible that the multiple eigenvalue has m linearly independent eigenvec-
tors. However, it is also possible that there are fewer than m linearly independent
eigenvectors; in this case, matrix A is a defective or deficient matrix.

In other words, an n x n matrix is defective if and only if it does not have n
linearly independent eigenvectors. A complete basis is formed by augmenting the
eigenvectors with generalized eigenvectors.

Suppose A is an eigenvalue of multiplicity m, and there are only k < m linearly
independent eigenvectors corresponding to A. A complete basis of eigenvectors is
obtained by including (m — k) generalized eigenvectors:

(A=ADv; =0 = v, i=1,2,...,k, linearly independent eigenvectors,

A—ADv,,, =v, = (A—AD? =0,

Vi+1

B _  aind _
A=ADV, =V = A-ADv, =0, Generalized eigenvectors

A-ADv, =v, | = (A—AD)" "y —o.

Multiple Eigenvalues

Suppose matrix A of the homogeneous system x'(t) = Ax(t) has an eigenvalue

A of algebraic multiplicity m > 1, and a sequence of generalized eigenvectors cor-
responding to A is v, V,, ..., v,,. Then, corresponding to the eigenvalues A, A,
...» A (repeated m times), m linearly independent solutions of the homogeneous
system are

x;(t) = e“vi, i=1,2,...,k, LT V],V , V). are eigenvectors

At
X1 (D = e (vt +v54),
2
X, (1) =Mv,—+v t+v
k+2 k5 k+1 k+2 )

m—k tmfkfl 2 ]

X,,(1) = e“[vkm TV G T Y2y Vet + Va

Example 7.16

Solve x] —4x; +x, =0, () =d(-)/dt,

/ —
3x1—x2+x2—x3—0,

/ f—
Xy —x3+x; =0.
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In the matrix form, the system of differential equations can be written as

X 4 -1 0
x'(t) = Ax(1), x(f) = 1% ¢ A=(3 1 -1
X3 1 0 1

The characteristic equation is

4—r -1 0
detA—AD)=| 3 1-1 —1|=—-A>—6A2+121-8)= —(r—2)>=0.
1 0 1—»x

Hence, A =2 is an eigenvector of multiplicity 3. The eigenvector equation is

2 -1 0 1 2V —Vy 0
A-ADv; =13 -1 -1 Vor g =13V Vo1 V31 ¢ =10
1 0 -1 V31 Vi1 — V31 0

Taking v;; =1, then v,; =2v,, =2, v;; =v; =1,
i 1
Vi =V =12
V3 1
It is not possible to find two more linearly independent eigenvectors. Hence, matrix

A is defective and a complete basis of eigenvectors is obtained by including two
generalized eigenvectors:

2 -1 0 120 2V, =Yy,
A-ADvy,=v;, = |3 -1 -1 Vs f =13V~ Vo~ Vi = 2
1 0 -1 V3, Vi — V3
Taking v,, =2, then v,, =2v,, —=1=3, v;, =v, —1=1,
140 2
Vo=V =13
V3, 1
2 -1 0 Vi3 2V3—Vy3
A-ADvz=v, = |3 -1 -1 Vaz ¢ = 13Vi3— Vo3~ V33 ¢ =
1 0 -1 V33 Vi3 — V33 1

Taking v,5 =1, then v,; =2v,;—2=0, v;; =v,53—1=0,

Vi3 1
V3= {Vy3¢ =10
0
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Three linearly independent solutions are

1 2
() =etvy=e 128, w0 = (vit+v,) =¥ [ {28+ 131 |,
1 1
2 2 2 1
x3(t) = et (v1 ?+v2t+v3) =e* 2 ) +13{3;t+30
1 1 0
The complementary solution is
x(t) = Cyx1 () + Gy x5 () +2C3x3(0)
1 1 2 1 2 1
2
=Ce¥{2t +Ce® | 12 e+ 134 | +2C5e%] {2 S+ 13101 |

1 1 1 1 1 0

x;(t) = e [C3P+(C,+4C3) t+(C; +2C, +2Cy) ],

2t

X, (1) = e [2C3 2 +2(C,+3Cy) t+(2C +3C)],

[
x3(t) = e [C3 2+ (C,+2C3) t+(C +Cy) ]

Example 7.17

Solve x, -2 1 =2
xX(t) =Ax(t), x@®)={xp, A=|1 -2 2
X, 3 -3 5

The characteristic equation is

—2—1 1 -2
det(A—AD) =| 1 —2-% 2 |=—-P=2ar=51-3)
3 -3 5-2

= —(A+D*r—3) =0.

Hence, A, =A, = —1 is an eigenvalue of multiplicity 2, and A, =3. The eigenvec-
tors are determined as follows.

(1) A=A, =2, = —1:

-1 1 =27(v —v+v,—2v, 0
A-ADv=0 = | 1 -1 2 Vg =1 —(=v+v,—2v;) ¢ =104,
3 -3 6 V3 —=3(=v,+v,—2v3) 0

which leads to v, =v, —2v;.
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Taking v, =1, v;=0= v, =1; taking v, =0, v;=1 = v, = —2;
1 -2
0 1
(2) A=A;=3:
=5 1 =27 (v =5V 3+ Vy3—2V;3 0
A-ADv; =0 = 1 -5 2 Vs f =93 Viz—5Vy3+2v5 ¢ =10
3 =3 2 V33 3vi3—3Vy3+2v3; 0
Taking v;; =3, then v;3=—1, v,5=1,
Vi3 -1
V3= V3¢ = 1
V33 3

The complementary solution is

3 1 -2 —1
x(t) =Y Gy, =Ce ' {11 +Ce"{ 0 t+Ce¥ ] 1 ¢,
k=1 0 1 3

L x () =(C;—2C)e = Cse™, x,(t) =C e '+ Cse¥, x5(t) =Cyre ' +3C5e

Although A= —1 is an eigenvalue of multiplicity 2, two linearly

independent eigenvectors do exist.

7.4.2 Particular Solutions

The method of variation of parameters is applied to find a particular solution of the
nonhomogeneous system

x'(t) = Ax(t) +£(1).

The complementary solution of the homogeneous system x'(f) =Ax(t) has
been obtained as x(t) =X(t)C, where X(¢) is a fundamental matrix, whose
columns are linearly independent and each is a solution of the homogeneous system,
i.e.,, X'(t) =AX(t), and C is an n-dimensional constant vector.

Applying the method of variation of parameters, vary the constant vector C in
the complementary solution x(¢) =X(#) C to make it a vector of functions of ¢, i.e.,
C = c(t). Thus a particular solution is assumed to be of the form

x(t) = X(t) c(t).
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Differentiating with respect to ¢ yields
xX'(t) =X (t)c(t) + X(t) (1) = Ax(t) + £(1).
Substituting X'(#) = AX(¢) and x(t) =X(¢) c(¢) yields
AX(®)c(t) + X)) = AX(D)c(t) +£(0),
X)) =f(t) = @) =X O)f@).

Integrating with respect to ¢ gives

c(t) =C+ /X_l(t)f(t)dt.

Hence, the general solution is given by

x(t) = X() c(t) = X(¢) {c o /X_l(t) £(1) dt}.

For the nonhomogeneous system x'(t) = Ax(t) +£(¢) with the initial condition
x(t,) =X, the general solution can be written as

t
x(t) = X(t) {c+/ X_l(t)f(t)dt],
t

with
x(ty) = X(4,)C = C =Xt x(ty),

which yields

t
x(t) = X(1) {X_l(to)x(to)—l- / X_l(t)f(t)dt}.

Iy

To find a particular solution using the method of variation of parameters, one
must evaluate the inverse X ~!(t) of a fundamental matrix X(t). In the following,
the Gauss-Jordan method is briefly reviewed.

Gauss-Jordan Method for Finding the Inverse of a Matrix

To find the inverse of an n x n matrix A, det(A) #0, augment matrix A with the
n x n identity matrix I as

a, a;, - 4,1 0 - 0

[A|I]= a‘21 a22 a2 0O1 --- 0

L A U U
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Apply a series of elementary row operations, such as
@ exchange row (k| and row (1],
@ multiply row k]| by o #0,
@ multiply row [ /| by 8 #0 and add to row (k]

to convert the left half of the augmented matrix to the identity matrix. Then the
right half of the augmented matrix becomes A~

1 0 --- 0 bll b12 bln
0 1 --- 0|by by - by, —[1]A"].
00 - 1]b, b, b,

Use x o+ L] x B to denote the elementary row operations:
@ multiply row k| by o #0;
s multiply row [I] by 8 # 0 and add to row [k].

In particular, for a 2 x 2 matrix,

a,, a 1 a —a
A= 1 TP —= A= 2 12 , det(A)=a,,a,,—a,a,;.
a, G det(A) | —a,; ay

Example 7.18

Solve x|+ 3x; +4x, =2,

x; — x5y +x, = 0.

In the matrix form, the system of differential equations can be written as

) x, -3 —4 2e7 !
x'(t) = Ax(t) + (1), x(t) = { }, A= [ :|, f(t) = { }
X, 1 1 0

The characteristic equation is

—3—xr —4|
det(A—AI) = . s =A4+204+1=0 — A=-1, —L
Hence, A = —1 is an eigenvalue of multiplicity 2. The eigenvector equation is
(A=Al —2 4 P 0 +2 0
—ADv, = = - v vy = 0.
1 12 |y, 0 11 21

Taking v,; = —1, then v;; = —2v,, =2,

nelal=1E)
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A second linearly independent eigenvector does not exist. Hence, matrix A is
defective and a complete basis of eigenvectors is obtained by including a generalized

eigenvector:
—2 —47 (v, 2
1 2 Yoy —
Taking v,, = —1, then v, = —1—-2v,, =1,

=12

Two linearly independent solutions are

X (1) =My, =e! {_21} X () = & (vit+v,) = e ({ —21} o {—11})

A fundamental matrix is
2t (2t+1)e!

Xt =[x 0] = [_e—t —(t+1)e "

i|, det(X) = —e 2

and its inverse is obtained as

—(t+1)e ! —(2t—|—l)e_tj| |:(t+1)et (2t+l)etj|

et 2et —ef —2et

X)) = L [
—2t

It is easy to evaluate

. (t+1e" Qt+1)e' | [2e7F
/X‘ O f()dt = / dt
—e! —2e! 0
{2(t+1)} {t2+2t}
=/ dt = .
-2 —2t
The general solution is

2¢7" Qt+De ' | [C +12+2t
x(t) = X(t) {c + / X~(t) f(t)dt} = ,

—e b —(t+1)e ! C,—2t

xi () =e[-224+2(C,+Dt+(2C,+C)], x,()=e" [P =C,t—(C;+C)].

Example 7.19
/

Solve X

X, + x, = sect,

/ —
2x; —x; —x, = 0.
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In the matrix form, the system of differential equations can be written as

'(t) = Ax(t t) = 1 A= - f(t) = sect
x'(t) = Ax(1), x(t) = [ =| 4 _sp (t) = o [

2

The characteristic equation is
1—-A -1
2 —1—A

=AM 4+1=0 = A=i.

det(A—AI) =

For eigenvalue A =i, the corresponding eigenvector is
1—i —1 2 (1=i)v,—v, 0
4 —1-i| |, 2v;—(1+1)v, 0
Taking v, =1, then v, =(1—-i)v, =1—1,
2 1 1 10
v= = = +1 .
v, 1—i 1 ~1
Hence, using Euler’s formula el? = cos@+isinb,

1 0
e“v:(cost—i—isint) ({ }—i—i{ })
1 —1
1 0 0 1
= cost + sint + 1 cost + sint |.
1 1 —1 1

Two linearly independent real-valued solutions are

it cost ot sin t
x,(t) = Re(e*'v) =1 . , X, (t) = Ime*'v) =1 . .
sint—+cost SInf— cost
A fundamental matrix is
cost sint |
det(X) = —1,

b

X(1) = [x,(1) x%,(0)] = |:sin t+cost sint—cost |

and its inverse is obtained as
cost—sint  sint

Xt = [ ] .
cost+sint —cost

Evaluate the integral
l—tant} {t+ln|cost}}

/Xl(t)f(t)dt :/ dt =
1+tant t—ln|cost|
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The general solution is

x(t) = X(t) {c + /X_l(t) f(t)dt}

cost sin t Cl—i-t—i-ln‘cost’
sint+cost sint—cost C2+t—ln‘cost’

x,(t) = (t+Cy)cost + (t+C,)sint + (cost — sin t) ln}cost

b

x,(t) = (C;—C,)cost + (2t+C;+C,)sint + 2 costln|cost|.

Example 7.20

Solve ‘
X, 2 -1 -1 2e
X =Ax()+£@®), x()={x,}, A=| 2 —1 =2, f()={4e!
X, -1 1 2 0
The characteristic equation is
2—A —1 —1
detA—AD=| 2 —1-12 —2|=—-R-322431-1)=—-(-1*=0.

-1 1 2—A

Hence, 1 =1 is an eigenvector of multiplicity 3. The eigenvector equation is

1 -1 -1 v, V=V, — Vs 0
A-ADv=| 2 =2 =2|3v,¢=120—v,—v3) ¢t =10¢,
-1 1 1 V3 — (v, =V, —v3) 0
which leads to v, =v,+v;. As a result, there are two linearly independent eigen-
vectors. Taking v,; =1 and v;; = —1, then v|; =v,, +v;, =0,
I 0
Vi=yVar =31
V3 -1

However, v, cannot be chosen arbitrarily; it has to satisfy a condition imposed by
v, which will be clear in a moment.

A third linearly independent eigenvector does not exist. Hence, matrix A is de-
fective and a complete basis of eigenvectors is obtained by including one generalized
eigenvector:

I =1 —1{]v; Vi3 = V37 V33 Y12
A-ADvy=v, = | 2 =2 —2|1Vy3¢=12(Vj3—Vy3—V33) ¢ =1Vn

-1 1 1 V33 — (V13— V3= V33) V3
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If v,3—v,3— V33 =V, =a, one must have v,, =24, v;, = —a. Taking a=1, then
v, =1, v,, =2, v3,=—1. Taking v;;=v,;=0, then vy;=v;—v,3—a=—1.
Hence
Y12 Y13
Vo= \"2(=12 (> Vi= VY3 (=
V3, —1 V33 —1

Three linearly independent solutions are

0
M .t Mo .t

x,(t) =e"vi=e 11 ¢, x,(t)=e"v,=¢e§ 2 ¢,

-1 -1

x3(t)=e“(v2t+v3)=et 2 ¢t+4 0

A fundamental matrix is

—_
[\

2t
-1 —1 —(t+1)

X() = [x(0) (1) x3(0)]=¢

Apply the Gauss-Jordan method to find the inverse of fundamental matrix X:

0 1 t 100 1 2 2t]0 1
1 2 2t o 1 o|Zchwmee@andd o, g
3 —1
1 -1 —@+1D]0 0 1 Blx 1) 11 t41]0 0 -1
1 2 2t]l0 1 0 1 0 0] =2 1 0]
Bl-W.fo 1 ¢ |1 0o ofZ=Bx215 1 ] 1 o
3 2
1 o1—tlo -1 <1 B odg 0 1] 1 o1 —1
100 -2 1 0
01 0|1—¢t ¢t |
00 1| 1 -1 -1
2 1 o0
X ty=et|1=t t t
1 -1 -1
Evaluate the integral
—2e ¢t e~ ! 0 2et
/X_l(t)f(t)dtzf (1—t)e " te ! tet 4e~t % dt

et —et —et 0



7.4 THE MATRIX METHOD

—4+44e2 —4t—2e

=/ 2—2t+4te 2 dt = {2t—t*—Qt+1)e

2—4e2 2t+42e 2

The general solution is

x(t) = X(t) {c + /X_l(t)f(t)dt}

0 e tef C,—4t—2e7%
=] e 2¢ 2tet C,—t*+2t—(2t+1)e % ¢,
—ef —e' —(t+1)eéf Ci+2t+2e™%

x1 () = [Cy+Cyt+1242t]e! —e7,
X, (1) = [C;+2C,+2C5t+217]e" — 4e7,

x3() = —[C,+Cy+Cy(t+ 1) +12]e’ +e7".

Example 7.21

341

Solve x| =3x; — 3%, + x5 + 2¢,

Xy = 3x; — 2%, + 2x;3,

x5 = —x; +2x2, x,(0) =3, x,(0) =2, x;(0) =1.

In the matrix form, the system of differential equations can be written as

X 3 -3 1
X(t)=Ax(t)+£@), x()={x¢, A=|3 =2 2|, f()=
X5 -1 2 0
The characteristic equation is
3—» =3 1
detA—AD)=| 2 —2-1 2 |=-A+r1*-2
-1 2 -

= —(A+1D)A*=21+42) =0,
which gives the eigenvalues A = —1, 1&£i.
(1) A, =—1:
4 =31 i1

-1 2 1 V31

4v) —3vy +v3 =0,
Vi +2vy+vy = 0.

Eqn (1)—Eqn (2): 5v;; —5v,, =0. Taking v,; =1 = v;; =v,, =1.

Y]
()
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From Eqn (1): v;; =3v,, —4v,; = —1. Hence
Y 1
Vi=1Vy =1 1
V31 -1
2) A=1+41:
S i 39, — (i) v, +2v, = 0, 3)
S B :>{—v1+2vz—(1+i)v3=0. @)
-1 2 —1-1 V3

Eqn (3) +3x Eqn (4): 3—i)v,—(1+3i)v;=0.

1431 (143i)3+1) .

351 GDGr)

From Eqn (4): v; =2v,— (1+i)v3=2i —(1+i) = —1+1i. Hence

Taking v;=1= v, =

2 —1+i
V=1V, = 1 ¢,

12} 1

—1 1
e)‘tv:et(cost—l—isint) 0 p+i11
1 0
—1 1 1 —1
=e' 0 pcost—{1%sint+i 1$cost+{ 0 {sint

0 0

A fundamental matrix is

X(t) = [eM'vi(t) Ree"v) Im(ev)]

e ! —el(cost+sint) ef(cost—sint)
=1 et —elsint el cost
—e ! ef cost efsint

Apply the Gauss-Jordan method to find the inverse of fundamental matrix, X ~1(¢):

e ! —e(cost+sint) e(cost—sint) |1 0 0
e’! —elsint el cost 010
—e! el cost elsint 0 0 1

e ! —el(cost+sint) ef(cost—sint)| 1 0 0

e’ cost el sint -1 1 0

B+ —efsint el cost 1 0 1
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—e !4+ e'(5cost+sint—1)
={—e"+e(2cost+3sint+1)
e ! +ef(—3cost+2sint+3)

343

e! 0 0 -1 1 -1
H+@-0l 0 e'cost e'sint -1 1 0
3 t+ 2] x sint . .
eos e 0 0 el cost—sint sint cost
[e? 0 0 -1 1 -1
0 efcost 0 |—1—costsint+sin’t 1—sin’t —sintcost
| 0 0 el cost—sint sin t cost
[ e [1 0 0 —ef el —ef
—t
0 1 0| —ef(cost+sint) e fcost e 'sint].
x et . .
[0 0 1| —e*(cost—sint) e 'sint e cost
Evaluate the integral
B —e! e —ef 2e!
/X_l(t) f(r)dt = f —e f(cost+sint) e fcost e 'sint 0 3 dt
| —e(cost—sint) e fsint e fcost 0
_2e2t _e2f
=/ —2(cost+sint) ¢ dt = { —2(sint— cost)
2(cost—sint) 2(sint—+cost)
Given the initial condition x(0), the vector C is given by
C =X"10)x(0) — / XY f() dti|
| t=0
-1 1 —=171(3 -1 -1
—|l-11 o [{2t_{2V_1_3
1 0 1 1l 2 2
The solution satisfying the initial condition is
x(t) = X(t) {c + /X_l(t) f(t)dt}
[ et —ef(cost+sint) ef(cost—sint) —1—e2t
=| e! —elsint el cost —3—2(sint—cost)
—e ! el cost e'sint 2+2(sint+ cost)
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7.4.3 Response of Multiple Degrees-of-Freedom Systems

As shown in Section 7.1, the equations of motion of an n degrees-of-freedom
system occur naturally as a system of n coupled second-order linear differential
equations of the form

Mx(t) + Cx(t) + Kx(¢) = F(1), (1)

where M, C, K are the mass, damping, and stiffness matrices of dimension n x n,
respectively, and F(t) is the load vector of dimension n. Matrices M and K are
symmetric, i.e., MT =M, KT =K, and positive definite.

Instead of converting system (1) to a system of 2n first-order differential equa-
tions, it is more convenient and physically meaningful to study system (1) directly.

Undamped Free Vibration

The equations of motion of undamped free vibration, or complementary solution,
are given by

Mi(t) + Kx(t) = 0. (2)
Seeking a solution of the form x(¢) = X sin(wt+6) and substituting into equation
(2) yield

(K—w*M) X sin(wt+6) = 0.
Since sin(wt +0) is not identically zero, one must have
(K—o’*M)% = 0. (3)

Equation (3) is a system of n homogeneous linear algebraic equations. To have
nonzero solutions for x, the determinant of the coefficient matrix must be zero:

det(K—w?*M) = 0, (4)

which leads to the characteristic equation, a polynomial equation in w? of degree
n. Equation (4) is also called the frequency equation. Since the mass and stiffness
matrices M and K are symmetric and positive definite, it can be shown that all
roots w? of the frequency equation are real and positive. The ith root w;, which is
called the ith eigenvalue (v, <w, < --- <w,)), is the natural circular frequency of
the ith mode of the system or the ith modal frequency.

Corresponding to the ith eigenvalue w,, a nonzero solution X; of system (3),
K—-w!M%, =0, i=12,...,n (5)

is the ith eigenvector or the ith mode shape.

The response of the undamped free vibration is then given by

x(t) = a;x; sin(w,t+6,) + a,x, sin(w,t+6,) + - - - + a,x, sin(w,t +6,),
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where the 2n constants a,, a,, ..., a,, 0, 0,, ..., 0, are determined using the
initial conditions x(0) and x(0).

Orthogonality of Mode Shapes
Corresponding to the ith mode, equation (3) becomes
K%, = 0} MX;.
Multiplying this equation by X ].T from the left yields
2 K%; = o] &/ Mx;. (6)
Similarly, corresponding to the jth mode, equation (3) becomes
8 2wps
Kxj = ;] ij.
Multiplying this equation by %! from the left gives
% K% = of & MX;. 7)
Taking transpose of both sides of equation (7) leads to
Ty T (o TNT 25Tl (5T\T cTrywe 25T ans /
Subtracting equation (7’) from equation (6) results in
(a)l2 — a)jz) f(jT Mx; = 0.
Since w; # ; for different modes i # j, one has
AT axA ..
X; Mx; =0, 17].
From equation (6), one has
AT v A .
X Kx; =0, i#].
The orthogonality conditions can be written as

0) ] # i) 0) ] # i’
3 M%; = o 2/ Kg; = { o (8)
m;, j=i, wim;, j=i.
Construct the modal matrix from the eigenvectors (mode shapes) X,, X,,. .., X,, as
D =[x, Xy, ..., X,
The orthogonality conditions can then be written as
m, m,w?
2
"M = my , ®TK® = myw; .9
. my, . mnwrzl
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Undamped Forced Vibration

The equation of motion of the undamped forced vibration is
Mx(t) + Kx(t) = F(¢). (10)

Letting x(t) = ®q(t), substituting into equation (10) and multiplying ®7 from
the left yields
®'MeG(t) + TKPq(t) = TF(1).

Using the orthogonality conditions (9), one obtains a set of n uncoupled single
degree-of-freedom systems

miiji(t)—i-miwfqi(t) = f.(1), i=1,2,...,n, (11)

where f(t) =§<iTF(t). Each of equations (11) can be solved using the methods
presented in Chapters 5 and 6.

Having obtained g;(t), the response of the undamped forced vibration is
n
x(t) = @q(t) = q,(®) 5\(1 + g,(1) iz +--+q,(0)%, = Zqi(t) ﬁi- (12)
i=1
Multiplying equation (12) by x ].T M from the left yields

n
~T AT ag2 .

Hence, the initial conditions q,(0) and g;(0) are then given by
%! Mx(0) )
q;(0) = S q;(0) =

i i

&I Mx(0
5 Mx©) (13)
Damped Forced Vibration

The same approach for undamped system can be applied for damped system.
Letting x(t) =®q(t), substituting into the equation of motion (1) of damped
system and multiplying ®7 from the left yields

®'MeG(t) + dTCPq(t) + T KB q(t) = ®TF(1).
Assuming that the orthogonality condition applies to the damping matrix
0, j#i,

Ci’ ]:l)

sTa
X; Cx; =

the equations of motion are then decoupled

m;d;(6) + ¢;q;(0) + mwiq; () = fi(1),  i=12...,n,
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or, in the standard form,

éi(t) +2§iwl~qi(t)+w,-2q,-(t) =f§) i=1,2,...,n, (14)

1

where ¢;=c,/(2w; m,) is the ith modal damping coefficient (ratio).
In practice, it is often not practical to set up the damping matrix C by
evaluating its elements. It is generally more convenient and physically reasonable
to define the damping of a multiple degrees-of-freedom system by specifying the
modal damping coefficients ¢ s i=1,2,...,mn, because the modal damping coef-
ficient ¢; can be determined experimentally or estimated with adequate precision
in many engineering applications.

A more detailed discussion of damping in a multiple degrees-of-freedom system

is beyond the scope of this book, and can be found in standard textbooks on
structural dynamics.

Except for the damping terms, the procedure of analysis for damped forced vibra-
tion is the same as that for undamped forced vibration.

An example of vibration of a two-story shear building is present in Section 8.4.

7.5 Summary

In this chapter, three methods, i.e., the method of operator, the method of Laplace
transform, and the matrix method, are introduced for solving systems of linear
ordinary differential equations.

7.5.1 The Method of Operator

The method of operator is an extension of the approach presented in Chapter 4 for
nth-order linear ordinary differential equations with constant coefficients.

Consider a system of linear ordinary differential equations with independent
variable t and n dependent variables x,, x,, ..., x,,

¢11(D)x1 + ¢12(D)x2 +-- 4+ ¢1n(D)xn = fl(t)a D() = d(‘)/dt;
¢21(D)x1 + ¢22(D)x2 + -4+ ¢2n(D)xn = fz(t))

Gu1(D) %) + ¢p(D) %y + - -+ + ¢,(D) x,, = (1)

The determinant of the coefficient matrix is
$(D) = |p4(D)|.
Suppose the order of operator ¢(D) is N.
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Complementary Solutions

The characteristic equation is ¢(1) =0, which is a polynomial equation of degree
N and gives N characteristic numbers A,, A,, ..., Ay. The complementary
solutions for x,, x,, ..., x, all have the same form and can easily be obtained from

the characteristic numbers, denoted as X0t Gy, Ciys -, Ciy), i=1,2, ..., 1.

Particular Solutions

When the right-hand side functions fi(t)’ i=1,2, ..., N, are of the form
e“[(ag+ajt+ -+ aktk) cos Bt + (by + byt + -+ + bktk) sin Bt],

it is advantageous to obtain particular solutions using the method of D-operator

X:p(t) = ﬂ i=1,2 n
lP ¢(D) b b 3 ) b
where A,(t) is obtained by replacing the ith column of ¢ (D) with the right-hand

side vector.

Otherwise, particular solutions have to be obtained using the method of varia-
tion of parameters.

General Solutions

The general solutions are
xl(t) = xlc(t; Cll’ Clz, e CZN) + xzp(t), i = 1, 2, RN (R

Since the order of ¢(D) is N, there should only be N arbitrary constants in the
general solutions. The extra constants can be eliminated by substituting the general
solutions into one of the original differential equations.

7.5.2 The Method of Laplace Transform

The procedure of the method of Laplace transform for solving systems of linear
ordinary differential equations is the most straightforward.

Applying the Laplace transform to a system of linear differential equations con-
verts it to a system of linear algebraic equations for the Laplace transforms, which
can easily be solved using Gaussian elimination or Cramer’s Rule. The solutions of
the system of linear ordinary differential equations can then be obtained by finding
the inverse Laplace transforms.

The method of Laplace transform is advantageous in solving linear differential
equations with the right-hand side functions involving the Heaviside step function
and the Dirac delta function. The restriction of this method is that the Laplace
transform of the right-hand sides should be easily obtained.
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7.5.3 The Matrix Method

The matrix method is the most general and systematic approach, especially in
dealing with systems of higher dimensions. However, this method is the most diffi-
cult to master because of the challenging concepts in eigenvalues and eigenvectors,
particularly when multiple eigenvalues are involved.

Rewrite a system of linear ordinary differential equations in the standard form
of a system of # first-order linear ordinary differential equations

X1 ap Ayt Ay fi@®
X()=Ax()+£(1), x(®)= {72}, A= %2 D27 Tt g = fz@ .

’ a;m fn (t)

Complementary solutions are the solutions of the homogeneous differential

X a,

a

n nl

equations with f(¢) =0 being set to zero: x'(t) =Ax(t). The characteristic equa-
tion of matrix A is
det(A — AT) = 0,

which is a polynomial equation in A of degree n. A solution of the characteristic
equation A, is called an eigenvalue and the corresponding eigenvector v, is given
by

Case 1. Distinct Eigenvalues

When the n solutions A, A,, ..., A, of the characteristic equations are distinct,
the n corresponding eigenvectors v;, v,, ..., v, will be linearly independent. n
linearly independent solutions for the homogeneous system are

x,(t) = ekltvl, X,(t) = e)‘Ztvz, o X, (0 = ek"tvn.

Case 2. Complex Eigenvalues

Suppose A = +1p is an eigenvalue with the corresponding eigenvector v. Then
A=a—1ipf is also an eigenvalue. Corresponding to the eigenvalues a £ip, two
linearly independent real-valued solutions of the homogeneous system are

x, (1) = Re(eMv) = e [‘Re(v) cos Bt — Im(v) sin ,Bt],
x,(t) = Im(e*v) = e** [‘Re(v) sin Bt + Im(v) cos ,Bt].
Case 3. Multiple Eigenvalues

Suppose X is an eigenvalue of multiplicity m, and there are k linearly independent
eigenvectors corresponding to A. If k <m, then matrix A is defective and a com-
plete basis of eigenvectors is obtained by including m — k generalized eigenvectors
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obtained as follows:

(A=ADv; =0 —> v, i=1,2,...,k, linearly independent eigenvectors,
_ 2 _
(A-ADv,,, =v, = (A-AD%v,, =0,
_ — _ 3 _
A—ADV, =V = A=-AD7v,, =0, Generalized eigenvectors

(A—ADv, =v, | = (A-AD)"Fly —o.
m linearly independent solutions of the homogeneous system are
x,(t) = e“vi, i=1,2,...,k,

Y
X (1) = e (vt +vi ),

2
t
ot
Xy (D) =€ (Vk St Vet Vk+2>’

. pm—k pm—k—1 2
t
xm(t)_e Vkm"‘vkﬂm+"'+Vm—22_!+vm—1t+"m .

Complementary Solutions

In general, if x,(t), X,(f), ..., X,(¢) are n linearly independent solutions of the
homogeneous system, a fundamental matrix is

X(0) =[x, %0 - x,0)]
The complementary solution is given by
Xc() =X(1)C=Cx;(t) + Cx,(t) +--- + C, x,(1).

General Solutions
A particular solution is xp(t) = X(t)/X_l(t) f(t)dt.

The general solution of the nonhomogeneous system is given by

x(1) = x¢ (1) + xp(1) = X(1) {c + f X_l(t)f(t)dt}.

If the nonhomogeneous system satisfies the initial condition x(#,) =x,, then

t
x(t) = X(¢) {x—l(to)xo + / X_l(t)f(t)dt}.

)
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Problems

The Method of Operator
Solve the following systems of differential equations using the method of operator.
71 (D+2)x—y=0, x+(D—-2)y=0, D()=d()/dt
€D x = Cle*/gt + Cze_‘/gt, y= (2+«/§)C1e‘/§’ + (2—«/§)C2e_*/§t
72 (2D+1)x— (5D+4)y =0, 3D—-2)x— (4D—-1)y =0, D(-)=d(-)/dt
€D x=3Ce'+Ce!, y=Cie' +Ce!
73 (D-Dx+3y=0, 3x—(D-1)y=0, D()=d(-)/dt
€I x = e'(Acos3t + Bsin3t), y = e'(Asin3t — Bcos3t)
74 (D*+D)x+(D-2)y=0, (D+1)x—Dy=0, D(-)=d(-)/dt
€D x=Ce' +Ce ' +Cie, y=2Cre + %C3e_2t
75 (D*-3)x—4y=0, x+(D*+1)y=0, D()=d()/dt
€D x= —26'(C, + C,+ Cyt) —2e7(C; — C, + Cyt)
y=e(C, +Cyt) +e 1 (Cy+ Cyt)

dy dy dy
7.6 d_xl_)’2:0> 4)’1+d_x2_4)’2_2)’3:0’ _2)’1+)’2+d_x3+)’3=0

D ) = C + G + Cie?, y, = Cye* +2C5e™, y; = 2C + %Czex
77 (D-2)y,+3y,—3y;=0, —4y, +(D+5)y,—3y; =0,
—4y; +4y,+(D=2)y; =0, D()=d()/dx
€D ), =Ce ™+ Cye?, y, = Cle™ + Ce > + Cye™
y; = Cye 2 + Cye**
78 (D+1)x+2y=8, 2x+(D—-2)y=2e"'-38
(D x=Ce?+Ce'+e!, y= %Cle_” —2C,e* +4

7.9 dx 2x — 3y +te! dy 2x —3y+e!
. _—=2X - e, ==—==2x-— e
ar 4 ar 4

€D x=C +Ce ' —te!, y= %Cl +Cre ™t — (12 —t)e”!
710 (D-1)x—2y=c¢, —4x+(D-3)y=1

_ 1 2 - 1 1
€D x=Ce'+Ce" +7e' - £, y=—Cle" +2Ce" — 5e' + =
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711 (D—4)x+3y=sint, —2x+4+ (D+1)y = —2cost
€D x = Ce' + C,e? + cost — 2sint, y:Clet+%C2e2t+2cost—25int

dx dy
712 — —y=0, —x+—==c¢e" +e’
m y x+dt e +e

€D x=Ce +Ce '+ %tet - %te*t

y=(Ci+2)e + (~Cy—2)e "+ Lret 4 2 re
713 (D+2)x+5y=0, —x+(D—-2)y=sin2t
@x:Acost—l—Bsint—F%sinZt
y=—%QA+B)cost+ (A —2B)sint — %(cos 2t + sin2r)
714 (D—-2)x+2Dy= —4¢*, (2D-3)x+@BD-1)y=0
€D x = Cie " + Cye! +5¢€%, y:—Cle_2t+%C2et—e2t
7.15 (3D +2)x+ (D—6)y =5¢', (4D+2)x+ (D—8)y =5¢ +2t—3
€Y x = Acos2t + Bsin2t +2e' —3t+5, y=Bcos2t — Asin2t +e' —t
716 (D—5)x+3y=2¢", —x+(D—-1)y=>5e"
@x:C1e2t+3C2e4t—e_t—4e3t,y=C1e2t+CZe4t—2e_t—2e3t
717 (D-2)x+y=0, x+(D—-2)y= —5¢ sint
€D x=Ce'+Ce" +e(2cost—sint), y=Cie' —Cye’ +e'(3cost+sint)

2 3
7.18 (D+4 2y==——, 6x—(D-3)y=—
(DAdxty=g—p x-Dyr=57
€D x=C, +2Ce " +2eInfe' 1|, y=—-2C, —3C,e™" —3e ' In|e’ —1|

719 (D-Dx+y=sect, —2x+(D+1)y=0

@ x=C;cost+ C,sint + t(cost+sint) + (cost—sint)ln|cost|
y = (C;—C,)cost + (C1+C2)sint+2tsint+2costln|cost|

The Method of Laplace Transform

Solve the following differential equations using the method of Laplace transform.

720 o —tsre, 22— 2y 0 x(0) =4, y0) =0
) dt y= ’ dt y="5 =5 V=

€D x = —e'(12t4+13) + e +16e%, y= —2e'(4t+3) —2e7 " +8e*

dx t dy t .
7.21 E—Zx—i—y:Se cost, x—l—E — 2y =10e sint, x(0) =y(0) =0

€ x =5¢'(1 —cost +sint), y=5e'(1— cost)
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dx ) dy
7.22 E—4x+3y=smt, 2x—7—y=2cost, x(0) = xp, y(0) =y,

€D x = (—2x,+3y,—4e' +3(x,—y,+1)e* + cost — 2sint
y=(=2xy+3y,—4)e +2(xy— y,+1)e* +2cost — 2sint

dx t dy 4t
7.23 E—Zx—y:Ze, x—7+2y=36 , o x(0) =x¢, y(0) =y,
€D x= %(x0+y0+4)e3t + %(xo—y0+2t—2)et — et

y = %(x0+y0+4)e3’ — é(xo—y0+2t)et —2e#t

_— d2x+dx+dy 5y = 4063 dx+ dy_36t
' iz & A T @ T T Tt

x(0) =1, y(0) =3, xX'(0) =1
€Y x=22e7%-33e7" —3e'2t—3)+3e%, y=1le 2 —12¢/(t+1)+4e*

725 X _, e, Y g dz 0
. — —2x—y=2e, =_2y—4d4z=4e, x———z=
dt ) dt Y dt

x(0) =9, y(0) =3, z(0) =1
€D x =3t+2+2e —3e* +8e¥, y=—6t—1—4e' +8e
z=3t—1+¢e —e&* +2&

726 & vax_ 2 g a2 & o) 2a0e
. — +2x—2=—= =0, 3— + —= —8y =240e
de? dt dr  de? Y

x(0) = y(0) =x'(0) = y'(0) = 0
€I x = 12cos2t — 24sin 2t — 10e™% 4 30 — 32¢!

y = —12cos2t — 6sin 2t + 15e 2! + 45¢*" — 48¢’
dx dy
7.27 = —x—2y=0, x-— = =15costH(t—m), x(0)=x, y(0) =y,
€D x = %(x0+y0) e + %(xo—Zyo) e !+ [4e27T) 4 57
+9cost+351nt]H(t—n)

y= %(x(ﬂ—yo) e’ — %(x0 —2y) et +[2e27T) — 5=

—3cost —6sint]H(t—7‘r)

dx . dy
7.28 E—x%—y:Zsmt[l—H(t—n)], 2x—g—y:0, x(0)=y(0)=0

€D x=(t+)sint —tcost+ [—(t—m+1)sint + (t—m) cost|H(t—7)
y =2(sint —tcost) +2[—sint+ (t—m) cost]H(t—n)
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dx dy
729 2 — —2x—4—=+y=0

dx+ de 4y =28 tH(t 2), 3
— x —_— — — —_— e —_— N
4 dt dt

dt dr
x(0) =2, y(0) =0
€D x=—e " +3e' +[5e*" — (61—7)e'|H(t—2)

y=—e"+e +[5e*" — Qt+De |H(t—2)

The Matrix Method

Solve the following differential equations using the matrix method, in which
() =d(-)/de.
730 x| =x; — X, Xj=—4x +x,
€D x, =C e ' +Ce¥, x,=2Ce" —2C,e"
731 x; =x; — 3%y, X, =23%x +x,
€ x, = e'(Acos3t + Bsin3t), x,=e'(Asin3t — Bcos3t)
732 x; =5x; + 3%, X3 = —3x, — %, x;(0) =1, x,(0)=—2
€D x, = (—-3t+De¥, x,=(3t—2)e*
733 x; =2x] — X, + X3, Xy =X +2X), — X3, X3=2X; —X,+2%3
€D x, =C, e’ +Ce¥, x,=Cie' + Cye¥, x;=Cie' + e + Cye!
734 Xy =3x—x,+X35 X=X +X +x3 X3=4x —x,+4x;
€D x, =Ce' +Ce* +Cye*, x,=Cie —2C,e* + Cye
x; = —C,el —3C,e* +3C,e"
735 x]=2x;+x, X)=2x;+3x,—x3, X3= —x +2x,+3x;
€D x, = Ce? + e (Acost+Bsint), x, = €' [(A+B) cost+(B—A) sin t]
x; = Ce* +e¥[(2A—B) cost + (2B+A)sint]
736 x; =3x] —2x, — X3, Xy =23x; —4x, —3x;, xj=2x —4x,
€D <, =(C,+2C)e* +Cye™™, x,=C,e* +3Cye™, x;=C,e* +2C e
737 X{=x —X,+ X3 Xy =X+ X, — X3, X3= —X,+2X3
x0) =1, x,0)=-2, x(0)=0
€D x, =t +e¥, x,=(t—2)€!, x;=(t—1)e' +e*
738 x; = —x;+X, —2X3, Xy =4x +x; X3=2x +x5— X3
€D x, =[C,+C,t—D]e!, x,=—[2C+C,2t—D]e" +2Cye
x3 = —(C;+Cyt)e” " + Cye!
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7.39 x] =2x; +x,+26sint, x, =3x; +4x,
@ x,=C,e'+C,e> —10cost—11sint, x,=—C,e'+3C,e’"+9cost+6sint
740 x; = —x; +8x,+9t, x,=2x; +x,+3e"’
€D x, =2C, " +4C, e —3e "+t -1, x,=C el —Ce —t
o3t
741 x] = —x; +2x,, X)= —3x; +4x,+ oY
€D x, =C,e' +2C,e* —e'In(e* +1) + 2e* tan~ e’
x,=C,e' +3C,e* —e'In(e* +1) + 3e* tan" e

2
742 x; = —4x; —2x, + T Xy = 6x; +3x, — )

® x1=2(C1+ln‘et—1‘)e—f+C2, x2=—3(C1+1n‘et—1‘)e_t—2C2
743 x| =x, +x,+e¥, x,=—2x +3x,

€D x, =€ (C cost+C,sint—1), x, =e*[(C,;+C,)cost+(C,—C,)sint —2]

744 x] = —x;—5%,, X3=x +x+

sin 2¢
€D x, = (C,—2C,+10¢t) cos 2t + (2C, 4+ C,) sin 2t — 5 sin 2¢ In| sin 2¢ |
x, = —(C;+2t) cos 2t — (C,—4t) sin 2t + (2 cos 2t + sin 2t) ln‘sin2t|
745 x; =2x; +x, +27t, x) = —x; +4x,
€D x, = (C,+Cne —12t -5, x,=[C,+C,(t+D]e —3t—2
7.46 x; =3x, —x,+e, x,=4x —x,
€D x, =€ [C+Cu+D) +2+1t], x,=€"[2C,+C,Q2t+1) +2¢]
747 x| =3x —2x, xb=2x, —x,+35¢e't7/?
€D x, =€'[C,+C,2t+1) — 8t7/2], x, = €' (C,; +2C,t — 817/2 + 141°/%)
748 x|\ =x; —x,+ X3, Xy =X +X, —x3+6e", x3=2x —x,
€D x, = —(C,+De '+ Cye' + Cye¥, x,=3(C,—De " +Ce!
x; = (5C,—1)e" + Cye' + Cye*
749 x;=x; — 2%, — X3, Xp= —X; + X, +x;+ 128, x5 =x —x3
€D x, =3C, e +62+6t+(C3+3), x,=—2C, e +Ce! -6
x, =Ce* —2C,e" + 617 — 61+ (C;+9)
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750 xy = —3x; +4x, —2x;+e€, x,=x +x5, x;=06x —6x,+5%;
€D x, =Ce' + (—t+C,+De!, x,=(—t+C,—1)e' + C;e*
x; = —Cye " —3e' +2C,e*
751 Xy =x; —x, — x5 +4e', xy=x +x, x3=3x +x;
€D x, =2¢' (—C,sin2t + Cycos2t), x, = e (C;+1+ C,cos2t + Cysin2t)
x3 = e (—=C, + 3+ 3C, cos 2t + 3C; sin 2t)
752 x; =2x] — X, +2x35, Xp =% +2%x;, Xx;= —2x;+X, —x;+4sint
@ x; = —2(C,+2t)cost —2(C;—1)sint
x, =2C " —2(C,+2t)cost —2(Cy—1)sint
x; = C e + (C,—Cy+2t—1)cost + (C,+C;+2t—1)sin ¢
7.53 x| =4x,—x, —x3+ e, xh=x;+2x, — x5, Xy =x +x,+ 2%,
x,(0) =1, x,(0) =2, x5(0) =3
€D x, =57 +2(t-2)e¥, x, =56 + (t—3)e¥, x;="5e* + (1—2)e!

7.54 x| =2x; —x, — x5 + 2, x5 =3x, —2x, — 3x5, X3 = —x; +x, +2%x;3
€D x, =C, + (C,+Cye' +3e*, x,=3C, +C,e' +3e*
x; = —C, + Cye' — e

7.55 x| =2x; — x5+ 241, xXp =X — Xy, X3 =3X — X, — X3
€D x, =1 +8 + (C;+12)1* 4+ (C,+2C3)t + (C,+C,+2C;)
x, =t 4+ 48 + Cy1* + Cyt + (C; +2Cy)
x; =24+ 1202 +2C, 12 + 2(C,+C;) t + (2C,+C,+2Cy)



Applications of Systems of
Linear Differential Equations

In this chapter, examples are presented to illustrate engineering applications of
systems of linear differential equations.

8.1 Mathematical Modeling of Mechanical Vibrations

In many engineering applications, such as vibration of mechanical systems, the sys-
tems are usually complex and have to be modeled as multiple degrees-of-freedom
systems, resulting in systems of linear ordinary differential equations. Modeling a
complex engineering system as an appropriate, mathematically tractable problem
and establishing the governing differential equations are often the first challenging
step. In this section, a free vibration problem of a simple two degrees-of-freedom
system is first considered to illustrated the basic procedure. The equations of mo-
tion of a more complex problem, i.e., the vibration of an automobile, which is
modeled as a four degrees-of-freedom system, are then established.

Example 8.1 — Two Degrees-of-Freedom System

Two uniform rods AB and CD of mass density per unit length p are hinged at A

and C. Rotational springs of stiffnesses k; and «, provide resistance to rotations
of end A and end C, respectively, as shown. The lengths of AB and CD are L,
and L,, respectively. Rod AB carries a concentrated mass M at end B. The rods
are connected by a spring of stiffness k. When the rods are hanging freely, they are
vertical and there is no force in the spring.

357
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The motion of the system is described by two angles 6, and 6,. Consider only
0,| <1 and |6,| <1, and neglect the effect of gravity.

small oscillations, i.e.,

1. Set up the differential equations governing the angles of rotation 6, and 6,.

2. For the special case when L, =L, L,=2L, M=pL, k; =k, =0, and ini-
tial conditions 6,(0) =6,,, 6,(0) =6,, 91 0)= 92 (0) =0, determine the re-
sponses of the free vibration.

3. For the special case when L, =L, =L, M=0, k; =k, = kL2, discuss the re-
sponses of the free vibration.

R
.
= R,
A K1 ¥ h Y
p Ly 1262
IO’ Ll o
J161
k M5, k(x,—x,) k(x,—x;)
M ; b

1. When the rotation of rod AB about point A is 6,, the horizontal displacement of
point B is x; =L, sinf, ~ L,6,. The mass of rod AB is m; = pL, and its moment
of inertia about point A is

1, 1 .3
L= EmlLl = Ele-

When the rotation of rod CD about point C is 6,, the horizontal displacement of
point D is x, =L, sinf, ~ L,0,. The mass of rod CD is m, = pL, and its moment
of inertia about point C is

1 ., 1 3
L= gmsz = EPLz-

To establish the differential equations governing the angles 6, and 6,, consider
the free-body diagrams of rods AB and CD, respectively. D’Alembert’s Principle
is applied to set up the equation of motion.

@ Rod AB. To find the spring force applied at end B, observe the spring at end D:
end B moves toward the right by x, so that the spring is compressed and the spring
force pushes end B toward the left. Since end D also moves toward the right by x,,
the net compression of the spring is x, — x,; hence, the spring force is k (x, —x,).
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Since the acceleration of point B is ¥, =L,0, toward the right, the inertia force
of mass M is M Llél toward the left.

Since the angular acceleration of rod AB about point A is §; counterclockwise,
the inertia moment of rod AB is ]151 clockwise.

Replace the hinge at A by two reaction force components R, and R 4y The
rotational spring at A provides a clockwise resisting moment «6,.

Applying D’Alembert’s Principle and summing up moments about point A yield

1 2 o Ky
1

@ Rod CD. To find the spring force applied at end D, observe the spring at end B:
end D moves toward the right by x, so that the spring is extended and the spring
force pulls end D toward the left. Since end B also moves toward the right by x,,
the net extension of the spring is x, —x,; hence, the spring force is k (x, —x,).

Since the angular acceleration of rod CD about point C is 6, counterclockwise,
the inertia moment of rod CD is ]252 clockwise.

Replace the hinge at C by two reaction force components R, and Rg,. The
rotational spring at C provides a clockwise resisting moment «,6,.

Applying D’Alembert’s Principle and summing up moments about point C give

A~ Y Me=0: 0, +k(x,—x;)-L, + k,0, =0,
$PL20, + k(L — L)) + %92 ~o.
2. When L, =L, L,=2L, M = pL, k; =k, =0, the equations of motion become
[% pL2+(pL)L], + k[L6,— 2L)8,] = 0,

%p(ZL)Zéz +k[@L)6,—16,] =0,

2

.. 1)
0, + 431 (6,-26,) =0, 2 9k

2 a)o — m—

4pL

. W
0, + 3 (20,—6,) =0,
Using the D-operator, D =d/dt¢, the equations of motion can be written as
2 2
w, 2w,
2

2
, 2w
-0+ (D*+52) 6, =0.
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The determinant of the coefficient matrix is

2 2
prL 2%
¢(D) = N Y L |=D'+efD2
[0)] @,
-5 D

The characteristic equation is then given by ¢ (1) = 0, which gives
Mtoir=0 — MW +0d) =0 — 1=0,0, +iw,.
Hence, the complementary solution for 6, is given by
0,(t) = Cy + C; t + Acoswyt + Bsin wyt.

The complementary solution of 6, can be obtained as

3 203
0,(t) = = (D*+=52) 6,00
o
3 2 2. .
= — (—Awjcos wyt —Bwjsin wyt) + 2(Cy+ C, £+ A cos wyt + B sin wt)
o
=2(Cy+ C;t) — Acoswyt — Bsinwt.

Hence, the complementary solutions or the responses of free vibration of the system
are given by

0,(t) = 2(Cy + C; t) — (Acoswyt + Bsin wyt),
0,(t) = (Cy+ Cyt) + (Acoswyt + Bsinwyt),

Nonoscillatory motion ~ Harmonic oscillation at o,

in which the first two terms correspond to nonoscillatory motion with 6, =26,
(the length of the spring is not changed); whereas the last two terms correspond to
harmonic oscillation with 6, = —#6, at circular frequency w,. These two motions
are shown schematically in the following figure.

C C C
92 B 92 92
A A A
5 L) o1 o1

Nonoscillatory motion Harmonic oscillation at frequency w,
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For the initial conditions 6, (0) =6, 6,(0) =0,,, 91 0)= 92 (0) =0, and noting
one has
which gives
1 1
Co = 3 B1p+0y9), C, =0, A= 3 (20590—01p)» B=0.
The responses of the free vibration are
2 1
1 1

3. When L, =L, L,=L, M=0, k, =k, =kL?, the equations of motion become
L 2z kL?

1 2 kL2

which yield
6, + 0* (26,—6,) =0, , 3k
W = —
b, + w® (26,—6,) = 0, pL

Using the D-operator, D =d/dt, the equations of motion can be written as
(D*+20%) 60, — 0?6, =0,
— 0?0, + (D*+20%) 6, =0.
The determinant of the coefficient matrix is
D24 2w? —w?

= D* + 40?* D? + 30*.
—w? D24 2w?

¢(D) =

The characteristic equation is then given by ¢ (1) = 0, which gives
M40 +30' =0 = (P +0H)(P+30H) =0 = A= tiw, £iV30.
Hence, the complementary solution for 6, is given by

0,(t) = Aj cos wt + By sinwt + A, cos V3wt + B, sin V3ot.
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The complementary solution of 6, can be obtained as
0,(t) = — (D?+207)0
2(H) = = (D7 +207)6, (1)

= % [(—Aw?cos ot — Bw?sin wt — A, -3w? cos v/3wt — B, -3w* sinv3wt)
+ 2w*(A, cos wt + B, sin wt 4 A, cos V3wt + B, sin \/ga)t)]
= A, coswt + B; sinwt — A, cos V3ot — B, sin V3wt
The complementary solutions or the responses of free vibration of the system are
0,(t) = (A, coswt + B, sinwt) + (A, cos V3ot + B, sin \/ga)t),
0,(t) = (A, cos wt + B, sinwt) — (A, cos V3wt + B, sin v/3ot).

First Mode Oscillation at w Second Mode Oscillation at v/3w

The four constants A,, B;, A,, and B, are determined from the initial conditions
6,(0), 6,(0), él (0), and 91 (0). The first two terms in the solutions correspond to
the first mode of harmonic oscillation at circular frequency w, = with 6, =6,;
whereas the last two terms correspond to the second mode of oscillation at circular
frequency w, = V3w with 6, = —6,. Note that natural frequencies are always or-
dered in ascending order, i.e., w; < ®,. These two motions are shown schematically
in the following figure.

A C C A C A C
91 92 91 92 91 92 91 92

First Mode Second Mode
Oscillation at frequency w, 6,=6, Oscillation at frequency v3w, 6;=—6,

Example 8.2 — Vibration of an Automobile

To study the dynamic response of an automobile on a wavy road, a simplified

mechanical model shown in Figures 8.1(a) and (b) is used.

@ The body of the vehicle is modeled as a rigid body of mass m and moment of
inertia J about its center of gravity C.

@ The front shock absorbers are modeled as a spring of stiffness k; and a damper
of damping coefficient c,. The rear shock absorbers are modeled as a spring of
stiffness k, and a damper of damping coefficient c,.

# The front axle is modeled as a point mass m,. The rear axle is modeled as a point
mass m,.
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Body

Shock absorbers

Axle
Tires

(a)

Reference
Positions

k(=) Yer O —p)

kr()/A—)’r) Cr()}A_)}r) . .
ke(e—) | e =)

[ACASNICICASN. ‘ me jig
mr).;r mf

m,

ke (Ve Y
krt(y o rO)

(c)

Figure 8.1 An automobile moving on a wavy road.
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 The front tires are modeled as a spring of stiffness k. The rear tires are modeled
as a spring of stiffness k.

@ The front axle, shock absorbers, and tires support the vehicle body at point B
with BC = L;. The rear axle, shock absorbers, and tires support the vehicle body
at point A with AC=L,.

@ The wavy road is described as y,(x). The vehicle travels at a constant speed U.
At time t =0, the front tires of the vehicle is at the origin of the road, i.e., x =0.

@ The vibration of the vehicle is described by four variables: the vertical displace-
ment y(t) and the rotation 6 (¢) about the center of gravity C of the vehicle body,
the vertical displacement y;(t) and y,(f) of the front and rear axles. Vertical
displacements are positive upward, and rotations are positive counterclockwise.
Hence, the vehicle is modeled as a four degrees-of-freedom system.

Assuming small angle of rotation 6, derive the equations of motion of the vehicle.

Since the front tires are at x =0 when time t = 0, and the vehicle travels at a constant
speed U, the front tires are at x= Ut at time t. The vertical displacement of the
front tires is y;(t) = y,(Ut). At time ¢, the rear tires are at x=Ut —AB=Ut—L,
L=L+L,, and the vertical displacement of the rear tiresis y,(t) = y,(Ut —L).

Relative to the reference positions, impose vertical displacement y(t) to the
center of gravity C and a rotation 6(t) about C to the vehicle body, vertical
displacement y(t) to the front axle (mass m,), and vertical displacement y,(¢) to
the rear axle (mass m,) as shown in Figure 8.1(b).

@ The Body of the Vehicle. The vertical upward displacement of point B is
yp=y+Lesind~ y+L.0 for small angle of rotation. To find the spring force
applied at B by the front shock absorbers, observe spring k; at the front axle: point
B moves upward by yp so that the spring k; is extended and the spring force pulls
point B downward. Since the front axle also moves upward by y;, the net extension
of the spring is yp — y;; hence the spring force is k((yp — y;) downward.

Since the damping force is proportional to the relative velocity of the two ends
of the damper, the damping force applied at point B by the front shock absorber is
c(yg — ) downward.

Similarly, the vertical upward displacement of point A is y,=y—L6. The
spring force and damping force applied at point A by the rear shock absorbers are
k.(y,—y,) and c.(y, — y,), respectively, both downward.

Since the acceleration of the center of gravity C is y upward, the inertia force is
my downward.

Since the angular acceleration of the vehicle body about C is § counterclockwise,
the inertia moment is J@ clockwise.
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Applying D’Alembert’s Principle, the free-body of the vehicle body as shown in
Figure 8.1(c) is in dynamic equilibrium. Hence

b 2F, =0 my+ce(yp—yp) + ke(yg—yp) + ¢ (ya— ) + ke(yg — 1) =0,

~ XMc=0: JO+ [c(7p—3p) +ke(yp—yp ] L
- [Cr(jjA _).’r) + kr(yA _yr)]Lr =0.

# The Front Axle. To determine the spring force applied on the front axle m;
by the front shock absorbers, observe spring k; at point B: the front axle m;
moves upward by y; so that the spring k; is compressed and the spring force
pushes the front axle m; downward. Since point B also moves upward by yp,
the net compression of the spring is y;— yp; hence the spring force is k¢(y;— yp)

downward. Similarly, the damping force applied on the front axle m; by the front
shock absorber is ¢;(y— y5) downward.

To determine the spring force applied on the front axle m, by the front tires,
observe spring k,, at the bottom of the front tires: the front axle m; moves upward
by y; so that the spring k;, is extended and the spring force pulls the front axle m;
downward. Since the bottom of the front tires also moves upward by y,, the net
extension of the spring is y;— y;,; hence the spring force is k, (y;— y5,) downward.

Since the acceleration of the front axle m; is )i, upward, the inertia force is m,
downward.

Applying D’Alembert’s Principle, the free-body of the front axle as shown in
Figure 8.1(c) is in dynamic equilibrium. Hence

b 2F, =00 meje+ c(3e— yp) + ke(yg— yp) + kg (Vg — ygo) =0
& The Rear Axle. Similarly, the equation of motion of the rear axle is
\2 ZF),=0: m.y, + c.(y,—ya) + k. (¥, —ya) + k(¥ — yro) =0.

Noting yy=y+L0, y, =y —L.0, 4, () =, (Ut), y,,(t) =y,(Ut — L), the equa-
tions of motion of the automobile are four second-order differential equations

my + (cg+¢,) 3 + (ccLe—c,L)0 — ¢y — ¢, 7,
+ (ke+k)y + (keLe—k.L)O — ke ye — k. y, =0,
JO + (ceLg—c, L)y + (chf +¢,LH6 — ceLeye+c. Loy,
+ (ke Le—k, L)y + (ke L2 +k,L2)0 — kL ye + k. Ly, = 0,
mg i — ¢ — ¢Le0 + ¢y — ke y — ke LgO + (ke+ke) yp = ke yo(UD),

myy, — Cr)-} + CrLré + Cr)./r - kry + erre + (kr+krt)yr = krtyO(Ut_L)'
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8.2 Vibration Absorbers or Tuned Mass Dampers

In engineering applications, many systems can be modeled as single degree-of-
freedom systems. For example, a machine mounted on a structure can be modeled
using a mass-spring-damper system, in which the machine is considered to be rigid
with mass m and the supporting structure is equivalent to a spring k and a damper
¢, as shown in Figure 8.2. The machine is subjected to a sinusoidal force F sin Qt,
which can be an externally applied load or due to imbalance in the machine.

FosithT
Mathematical x(t)

A Supporting Structure L\ k c Supporting
Structure

Figure 8.2 A machine mounted on a structure.

From Chapter 5 on the response of a single degree-of-freedom system, it is well
known that when the excitation frequency € is close to the natural frequency of
the system w,= \/k/_m, vibration of large amplitude occurs. In particular, when
the system is undamped, i.e., ¢ =0, resonance occurs when Q= w,, in which the
amplitude of the response grows linearly with time.

To reduce the vibration of the system, a vibration absorber or a tuned mass
damper (TMD), which is an auxiliary mass-spring-damper system, is mounted
on the main system as shown in Figure 8.3(a). The mass, spring stiffness, and
damping coefficient of the viscous damper are m,, k,, and c,, respectively, where
the subscript “a” stands for “auxiliary.”

To derive the equation of motion of the main mass m, consider its free-body
diagram as shown in Figure 8.3(b). Since mass m moves upward, spring k is
extended and spring k, is compressed.

@ Because of the displacement x of mass m, the extension of spring k is x. Hence
the spring k exerts a downward force kx and the damper ¢ exerts a downward
force cx on mass m.

@ Because the mass m, also moves upward a distance x,, the net compression in
spring k, is x —x,. Hence the spring k, and damper c, exert downward forces
k,(x—x,) and c,(x —x,), respectively, on mass m.

Newton’s Second Law requires

t+ mX =) F: mX=—kx—cx—k,(x—x,) —c,(x—x,) + F,sin Qt,



8.2 VIBRATION ABSORBERS OR TUNED MASS DAMPERS 367

xa(1)
—

a

Y Yegin—)

xa(t)
FysinQt A ka

Ca
FysinQ2t 1 Vibration ka(x—x,) — _+ ‘Ca(x—xa)
k% HEHca J Absorber x(t)
m

_’x(t) kx * *cfc
k c

m
g7
(a) (b)

Figure 8.3 A vibration absorber mounted on the main system.

or
mx + (c+c)x + (k+k)x — ¢, x, — k,x, = Fjysin Q.

Similarly, consider the free-body diagram of mass m,. Since mass m, moves
upward a distance x,(t), spring k, is extended. The net extension of spring k, is
x, —x. Hence, the spring k, and damper c, exert downward forces k,(x, —x) and
¢, (x, —x), respectively. Applying Newton’s Second Law gives

rmyX, =) F: myXx, = —k,(x,—x) — c,(x,—%),
m,X, + c,x, + k,x, — c,x —k,x = 0.
The equations of motion can be written using the D-operator as
[mD2 + (c+¢)D + (k+k)]x — (c,D+k,)x, = Fsin Qt,
—(¢,D+k,)x + (m,D*+¢c,D+k,)x, = 0.

Because of the existence of damping, the responses of free vibration (com-
plementary solutions) decay exponentially and approach zero as time increases.
Hence, it is practically more important and useful to study responses of forced
vibration (particular solutions). The determinant of the coefficient matrix is

S(D) mD? + (c+¢,)D + (k+k,)  —(c,D+k,)
—(c,D+k,) m,D?+c,D +k,
= [mD? + (c+¢)D + (k+k,)|(m,D*+¢,D+k,) — (¢,D+k,)*
= [(mD*+k)(m,D*+k,) + k,m,D* + c,c D?]
+ [c,(mD*+k) + c(m,D*+k,) + c,m,D*|D,
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and
F, sin Qt —(c,D+k,)
A= = (maD2+caD +k,)F, sin Q.
0 m,D?+c,D +k,
Applying Cramer’s Rule yields the particular solution x,(t) or response of forced
vibration due to the excitation

(maD2 +k,) +¢,D

xp(t) = —=— =F, sin Qt
¢(D) {[(mD?+k)(m,D>+k,) + k,m,D? + c,c D]
+ [ca(sz—i—k) + c(maD2+ka) + camaDz]D}
—m. Q2
=F, (kg —my ) +6,D sin Qt
{[te—m@2) (e, —m,22) — km, 22 — ¢,c2?]
e k—mS2) + c(k, —m,2?) — c,m, 2] D }
/25 Theorem 3 of Chapter 4: replace D* by — Q2.
—m Q2
=F, (ky Za—i- B)D+ 6D sin Qf,
where
— (T O2 _ 2 2 2
A = (k—mQ~)(k, —m, Q") — k,m, Q2" — c,cQ",
B = c,(k—mQ?) + c(k, — m,Q*) — c,m,Q°.
Hence
[(k,—m,Q*) +c,D](A—BD) .
t) =F Qt
O =h ey "
_F, (k,—m, Q%A — ¢,BD? + [ — (k,—m,Q*)B + c,A|D in Qs
A2 — B2D2
[(k, —m,Q*)A + ¢,BQ*] sin Qt + [ — (k,—m,Q*)B + c,A]Q cos Q1
=70 AZ + B2

#Z% Replace D? by — Q% and then evaluate using D sin Qt =2 cos Qt.

Ik —m, @24 + ¢, B2 + [ - (k,—m, Q2B + ¢,A]Q2
=F, sin(Qt+¢)
A2 + BZQZ

25 Use asinf+bcosd=va?+b2sin(@+¢), ¢=tan"(b/a).

\/ [k, —m,Q2)2 + 2Q2](A? + B2Q?)
A2 + BZQZ

_ (k,—m, Q%)% + c2Q?
-0 A2 + B2Q2

sin(2t+¢)

sin(Q2t+ ).
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The Dynamic Magnification Factor (DMF) for mass m is

DMF

F (k,—m, Q%)% + c2Q?

2 L B2
Xstatic & A%+ BQ
k
Adopting the following notations
m w
==, c=2mlwy, r==—, u==—2, Wi=—=, ,=2ml,wp T,=—2,
m w, m m, w,

one has

k 2
(k, —m,Q%)? + 222 = ma(za —Q?) + @m0’

a

w2 —Q2\2  20,0,2\2
:mgwg[( Y (B )]:mgwg[(rg_r2>2+(zgar>2],
) @y

A2+ BQ? = [(k—mQ?) (k, —m, Q%) — k,m, @ — ¢,cQ?]’

+ [e,(k—mQ?) + c(k,—m, Q%) — c;m, 2]’ Q>

= [mam(ﬁ -2?) (% —2?) - mi%QZ - (2ma§aw0)(2m;wo)92]2

2
+ |:(2ma§aa)o)m(% - 92) + (2m§a)0)ma(% - 92) - (2magaa)0)ma92] Q?

a

2 2 2 2 2 02 292
w;—Q w:—Q w: Q
:|:mama)§< 9 = )( 2 > )—mﬁwé—;—z—mamwg-4§a§—2i|
Wy Wy wy @y Wy
2 2 2 2 292
w;—Q w:—Q Q
+|:mama)(3)-2§a< 9 > )—I—mama)8~2§< 2 3 )—miwg.zga—z} Q?
Wy Wy )
2
= mﬁmza)g {[(l—rz)(rf—rz) — ,ura%r2 — 4§a§r2]
2
—|—4r2[§a(1—r2) + §(r§—r2) — marz] }
The Dynamic Magnification Factor becomes
1
222 4 (27 1)2 7
DMF— (ry—r )2+( Zal) s
[(1—rz)(rg—r2)—ur§r2—4§a§r2] +4r2[§a(1—rz—urz)—f—{(rg—rz)]

For the special case when ©=0, r,=0, ¢{,=0, the Dynamic Magnification

Factor reduces to ]

(1—7r%)2 + (2§‘r)2,

DMF =
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which recovers the DMF of a single degree-of-freedom system, i.e., the main system

without the auxiliary vibration absorber or TMD.

161

Without
vibration
absorber

144

-——— ——

124

104

|
|
|
|
|
|
|
|
|
|
|
)

Dynamic Magnification Factor
o2}
[l

0%6 0.7 0.8 0.9 1 1.1 1.2

Figure 8.4 Dynamic Magnification Factor for { =0.

141 ~ B Without

¢=0.04 =0 vibration

nd n=1 '\\absorber
_ \
n=0.05 \

—
[w]
'l

(o]
[l

Dynamic Magnification Factor

13 o

0%6 0.7 0.8 0.9 1 1.1 1.2

Figure 8.5 Dynamic Magnification Factor for { =0.04.

The Dynamic Magnification Factors for an undamped main system, i.e., { =0,
are shown in Figure 8.4. Without the vibration absorber or TMD, the single degree-
of-freedom system is in resonance when r =1 or  =w,, where the amplitude of

the response grows linearly with time or DMF approaches infinite.

In order to reduce the vibration of the main system at resonance, a vibration
absorber or TMD is attached to the main mass m. The vibration absorber is usually
tuned so that w, =), or r, =1, hence the name tuned mass damper. In practice,
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the mass of the vibration absorber or TMD is normally much smaller than that of
the main mass, i.e., m, <m or u <1; in Figure 8.4, 1 is taken as 1/20=0.05.

If the vibration absorber or TMD is undamped, i.e., £, =0, then DMF =0 when
Q= w,, meaning that the vibration absorber eliminates vibration of the main mass
m at the resonant frequency 2 = w,,. However, it is seen that the vibration absorber
or TMD introduces two resonant frequencies 2, and £2,, at which the amplitude
of vibration of the main mass m is infinite. In practice, the excitation frequency 2
must be kept away from the frequencies 2, and €,.

In order not to introduce extra resonant frequencies, vibration absorbers or
TMD are usually damped. A typical result of DMF is shown in Figure 8.4 for
£, =0.1. It is seen that the vibration of the main mass m is effectively suppressed
for all excitation frequencies. By varying the value of ¢,, an optimal vibration
absorber can be designed.

When the main system is also damped, typical results of DMF are shown in
Figure 8.5. Similar conclusions can also be drawn.

As an application, Figure 8.6 shows a schematic illustration of the tuned mass
damper (TMD) in Taipei 101. Taipei 101 is a landmark skyscraper located in Taipei,
Taiwan. The building has 101 floors above ground and 5 floors underground; the
height of the top of its spire or Pinnacle is 509.2 m. It has been extolled as one of
the Seven New Wonders of the World and Seven Wonders of Engineering.

Taiwan lies in one of the most earthquake-prone regions of the world. A catas-
trophic earthquake on September 21, 1999, measured 7.6 on the Richter scale,

Primary
hydraulic

viscous

v

Snubber
hydraulic
viscous
damper

Figure 8.6 Tuned mass damper (TMD) in Taipei 101.
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killed over 2000 people, and seriously injured over 11,000 people in northern and
central Taiwan. From summer to fall, Taiwan is also affected by typhoons.

Taipei 101 is designed to withstand the strongest earthquakes likely to occurin a
2500-year cycle and gale winds of 60 m/sec.

A tuned mass damper (TMD), the largest and heaviest of its type in the world,
is installed between the 87th and 91st floors. It consists of a sphere of 5.5 m in
diameter constructed from 41 steel plates with a total weight of 660 metric tons
(equivalent to 0.26 percent of building weight). The sphere is suspended from four
groups of steel cables (each group has four 9-cm diameter cables) and supported by
eight primary hydraulic viscous dampers as shown in Figure 8.6. A bumper system
of eight snubber hydraulic viscous dampers placed at the bottom of the sphere
absorbs vibration impacts, particularly in major typhoons or earthquakes where
the movement of the TMD exceeds 1.5 m. The period of the TMD is tuned to be the
same as that of the building, approximately 7 sec. The TMD helps to stabilize the
tower to withstand earthquakes measuring above the magnitude of 7.0 and reduces
the building’s vibration by as much as 45% in strong winds.

Another two tuned mass dampers, each weighing 6 metric tons, are installed at
the Pinnacle to reduce wind-induced fatigue of its steel structure, which vibrates
approximately 180,000 cycles every year. The two Pinnacle-TMD’s reduce the
vibration of the Pinnacle by 40%.

8.3 An Electric Circuit

Consider the electric circuit shown in the following figure. The differential equa-
tions governing i-(¢) and i; (t) for t > 0 are derived as follows.

+ VC - + VL —-—
|—3—mw
iC C L iL
+

(1 +)
A\
=
=
W<
AMAA

R vonoQ)
|
@ For t<07, V,(1)H(t) =0 and V,(t)H(¢t) =0. The circuit is source free and
ve(07)=0, i, (07)=0.

@ For t=07, Vi (O)H(t)=V,(t) and V,(t)H(t)=V,(t). Since the current in an
inductor cannot change abruptly, i; (07)=1;(07) =0. Since the voltage across a

capacitor cannot change abruptly, v 0h) = vo(07) =0. Hence,

+
vR(0T) = v, (07) = i(07) = ix(0T) = Vlig ).
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Applying Kirchhoff’s Current Law at node 1 yields iy =i, —1;.
Applying Kirchhoff’s Voltage Law on the left mesh gives

1 t
—Vl(t)+VC+VR:0 —— E/ lcdt+R1R:V1(t).
—00

Differentiating with respect to t leads to

1. d(ip—i) dV,(@)

- R = .

cle ™ dt dt
Applying Kirchhoff’s Voltage Law on the right mesh results in

di
—Vp v+ V,()=0 == R(ic—i;) — L= = V,(1).

dt
Hence, the system of differential equations governing i-(¢) and i; (¢) are
di 1 di dv,(t)
R=X 4 —j . — R—Lt = L
@ Tl g dt
di vV, (0t
Rig — L% —Rip = Vy(t),  ic(0")= %, ip(0h)=o0.

Suppose that R=2Q, C= % F,L=1H, V,(t)=6V, and V,(t) is as shown in
the following figure, which can be expressed as V, () =24t —24(t—1) H(t —1).

Vi) (V)

-

t (sec)
0
The system of differential equations becomes
di di
5—X% 4 4j, — 5—=% =0,

a ATy

20 — 4 —2i, =24t—24(t—1)H(t—1), i-(0")=3, i (07)=0

C dt L — 5 C = I L =V.

The method of Laplace transform and the matrix method will be applied to solve
the differential equations for i~(¢) and i (¢).

Method of Laplace Transform

Let I-(s)= Z’{ic(t)} and I;(s) = f{iL(t)}. Taking the Laplace transform of

both sides of the differential equations gives

5[sIc(s)—ig(0T)] +4Ip(s) — 5[sI;(s)—ip (07)] =0,
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24(1—e™)

215(s) — [sI (s) =i (0H)] — 2I;(s) = =

These equations lead to two algebraic equations for I-(s) and I; (s)

24(1—e”*
(5s+4)I-(s) —5sI;(s) =15, 2I-(s) — (s+2)I;(s) = %,
which can be solved using Cramer’s Rule
55+4 —5s 5
A = = _(55 +45+8))
2 —(s+2)
55+4 15
* 1205496 .
Ap = 24(1—e )| = —=— (1—e) — 30,
2 . S
2
Lo B _Z120s296 o 30
)= —==——m—o——(1—e —_—
L A s2(552+45+38) 55244548

Using partial fractions, one has

120596 _ A B, _CstD
s2(5s24+4s5+8) s2 s  5s2+4s5+8°

Comparing the coefficients of the numerators leads to

1: 8A=—-96 — A= —12,
s: 4A+8B= —120 —> B:—IS—%A:—9,
2. 5A4+4B+D=0 —> D= —5A —4B = 9,

s°: 5B+ C=0 = (C= —5B=45.

Taking the inverse Laplace transform, one has

—-12 -9 455496 30
1 (t :(z)_l — — —— 1—e° ——
lL() {( S2 + S +552+45+8)( € )+ }

6
+ 25(5) g)z} ,@‘r,,Z’_l{P(s—a)}ze“toZ’{F(S)}

02971{6_“5?(5)}

= —12t—9—[-12(t—D)H(—1)—9H(t-1)] 2% — f(t—a)H(t—a)

(5

v
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-% 6t .6t

— 12— 94+ (12t—3)H(t—1)+e ° (9cos?+13sm?>
2 N N

—e5[9cos@+135in@]H(t—l)+55in%}

-4 6t . 6t
= 12t — 94 (12t—3)H(t—1) + e 5<9cos?+185m?)

_20-y _ _
Lo [9CS6(t 1) 6(t —1)

0s == + 13sin T]H(t—l).

The current i(¢) can also be obtained in the same way as i;. However, since i(t)
can be expressed in terms of i, (f) from the second differential equation of the
system, one can obtain i, using

. . 1 di; (t)
ic(t) =12t — 12(t—DH(t—1) + i, (t) + = :

2 dt
dH(t—
Noting that % =4(t—a), f(t)6(t—a)=f(a)d(t —a), and using the prod-

uct rule, one has
di;

o = ~12+12H(=1) + (12t=3)8(t 1)

2t 2t
H (905 & 1gsin &) o F (B 84 108 61
(9cos 5 + 18sin 5 +e 5 sin B + 5 cos 5

2
5e
7 &L
Ee

+ 8 [9cos@+1ssin@]mt—1)
2 (t=1) _
—e [—%sin6 t5 L +7?8cos6 t5 L }H(t—l)

_20-y _ _
o [ 6(t=D) | |, 6U=D

9COST + 13 sin T]B(t—l)
- 6t . 6t
= —12+12H(t—1) + 18e ° (cos? — sin ?)

_2eZh _ _
+e ° [—12cosﬁt5—12 + 16sin 6(t5 1)]H(l‘—l),

) -4 6t . . 6t
" ic(t) = =154+ 15H(t—1) + 9e <2cos <5 + sin ?>

. 6(—=1)
5

_20-1) .
—5e ° [.’acosM + sin

: ]H(t—l).

Matrix Method
From the second differential equation, one has
di;

= =2ic =20, — 24t + 24(t=DH(t 1),
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Substituting into the first differential equation yields
dic i+ dip _ 8, _y 24t +24(t—1)H(t—1)
—_— = — =i+ === =i —2i — - —1).
dt 5¢7dr 5¢

In the matrix form, the system of differential equations can be written as

. . 6
8O _ pi), i<t>=[l.c}, A=[5 ‘2}
de iy 2 =2

1 ic(01) 3
f(t) = —24 —1D)H(t—1 ., i(0) = =11
(1) [t+@—DH( )]H i(0) [iL(0+)} {0}

The characteristic equation is
6

2y =2
det(A—AI) = |5 =12 +40+8) =0 — A=—2xig.
2 —2—A
For eigenvalue 1 = — g +i%, the corresponding eigenvector is
8§ .6 8 .6
T —lig -2 2 (3—13)1/1—21/2 0
A=AV = o e — L _ 1
2 —z—iz | " 2y +(—=—i2)y, 0

S R EE

Hence, using Euler’s formula e!? = cos 6 +isin#,

_u 5 0
My — o T (cos & 4 isin & :
e 'v=e¢e (COS 5 1 SIn 5)({4} 1{ 3})
AR E 6t 0 6t 0 6t > 6t ]
— 5 — 1 — ] — ] —
= ¢ |:{4} CcoS 5 { 3}Sll’l 5 +1 3 COoS 5 4+ 4 Sin 5 .

A fundamental matrix is

5 5 cos ot 5sin ot
_2 5 5
I(t) = [Re(ev), Tm(eMv)]=e ° ,
3sing+4cosg 4sing—3cosg
5 5 5 5
and its inverse is obtained as
6t
z 4sin——3cosg —SSing
i) = —= > > >
15 6t

. 6t 6t
—3sin 5 —4cos B 5 cos 5
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Evaluate the quantity

11(0)i(0 Fofnd =<
()1<>+/ 0 () 15[_4 5]{0}

z . 6t 6t . 6t
t > 4sm?—3cos? —5sm? 1
+/ L {—24[t+(t—1)H(t—1)]}dt
0

15 351n%—4cos 65t 5COS% 1
3 ¥ 6t 6t
5 i G ( ?+3co ?)t 4
a5/ ]2 6 o, [
5 0 e5(3sin?—cos?)t
i . 6t
t [ (sin = +3cos =) (r—1)
8 5 5
+ = 1 . dt-H(t—1)
5 N £ . 6t 61
e (3sm?—cos ?)(t—l)
18 % . 6t 6t . 6t
> Te (—4zsin = —3cos = +sin 5)
P 6t 6t 2 6 6
+[ 5(4tsm——|—3cos = —SSln?)— 5(3cos§—sm )]H(t—l)
o z 6t 6t 6t
5 +e (4tcos B — Cos 5 —3sin 5)
_[ 2t(4tcos6——5cos6——3sm —)—I—e (cos-+3sm6)]H(t—1)
5 5

Substituting into the solution of the system of differential equations

t
i) :1(t){1—1(0)i(0)+/0 I_l(t)f(t)dt},

expanding, and simplifying by combining terms using trigonometric identities,
one obtains the same results as obtained using the method of Laplace transform.

The method of Laplace transform, while applicable, is easier than the

matrix method; whereas the matrix method is the most general approach.

8.4 Vibration of a Two-Story Shear Building

Consider the vibration of an undamped two-story shear building under harmonic
excitations with m; =m, =m, k; =k, =k, F,(t) =F,(t) =ma cos Qt, as shown in
Figure 8.7. A two-story shear building is a two degrees-of-freedom system, i.e., it
needs two variables x, and x, to describe its motion.

From Example 7.2 in Chapter 7, equations of motion are given by
mx; + 2kx, — kx, = macos Qt,

mx, — kx, + kx, = macos Qt,
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F,(t) m X,
e

F,(t) m X
—_—r —

k

Figure 8.7 A two-story shear building.
or, using the notations w,=/k/m,

. 2 2 .
X, +2w5x; — wyx, = acos 2,

%) — whx; + wix, = acos Q.
In the matrix form, the equations of motion are

Ii + Kx = F(t),

2 a)(z) — a)g acos 2t
K= > F(t) = .
— w(Z) w(2) acos Qt
The analysis of free and forced vibration follows the procedure presented in Section
7.4.3.

where

8.4.1 Free Vibration—Complementary Solutions

The frequency equation is given by

5 2w(2)—a)2 —a)(z)
K—0’1| = ) ) =0,
2
—w; Wy —w

ot =30kt + o =0 = o’ = %gwé,

[3+4/5 A/ 6425 vV (V/5)2 +2/5+1 NEES
w = Ta)oz > wy = ) Wy =

> @

Hence, the eigenvalues or modal frequencies are

V51 V541

a)l— P

I=" Natural frequencies are always ordered in ascending order, ie, v, <w, < ....
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Corresponding to ,, the first mode shape X, is the eigenvector given by

2 2 2 2
2w0 —wy —w; X1
2 2 2 =0
—wy  wy—or] X1

Taking X,, =1, then

4 20} — o} L 3= _ 1445
21 — 2 - - .
e 2 2

Corresponding to w,, the second mode shape x, is the eigenvector given by

22 2 A
205—w;  —w X12
2 2 2 =0
—C()O a)o —C()Z x22

Taking X,, =1, then

PO Tl NP S R
22 — a)z - 2 - 2 .
0

Hence, the two mode shapes are given by
. X1 B 1 . X1 B 1
X = % - 1+\/§ > X = % o 1—«/3
21 -2 22 -2
The responses of free vibration (or complementary solution) are of the form

where the constants a,, 0,, a,, 0, are determined from the initial conditions x(0)
and x(0).
1.618

(a) First mode, w,; (b) Second mode, w,
Figure 8.8 Mode shapes of a two-story shear building.

If the initial conditions are such that a, =0, 6, =0, the system is vibrating in the
first mode with natural circular frequency ,. The responses of free vibration are
of the form

rlc(t)} 1
Xc(t) = =a sin(w,t+6,).
%00 1 %g 1 1
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The ratio of the amplitudes of responses of the second and first floors is

HTﬁ 1618

11

X2 (t) ‘ amplitude

*1c (®) | amplitude

If the initial conditions are such that a, =0, 6, =0, the system is vibrating in the
second mode with natural circular frequency w,. The responses of free vibration
are of the form

{xlc(t)} 1
Xc(t) = =a _ sin(w,t+6,).
%00 2)1 zﬁ 252

The ratio of the amplitudes of responses of the second and first floors is

1—4/5
xZC(t)‘amplitude 2 _ —0.618

*1c (®) | amplitude 1 1

The mode shapes X, and X, giving the ratios of the amplitudes of vibration of
x,c and x, are shown in Figure 8.8. In general, the responses of the system are
linear combinations of the first and second modes.

8.4.2 Forced Vibration— General Solutions

The modal matrix is

1 1
e=[ %= 5 1)
) )

with the orthogonality conditions

’ 5+T‘/§ 0 m, 0 ’ mla)% 0
P 1P = NG = , P Ko =
0 # 0 m, 0 mws

Letting x(¢) = ®q(t), substituting into the equation of motion, and multiplying
@7 from the left yields

T dG(r)+ DTKDq(t) = ®TF(),

i.e.,
my (1) + mywi q, () = f(0), my i, (1) + mywy gy (1) = f(),
where
f1(®) 1 HT\/E acos Qt #
[ } =®TF@1) = [ ] = a cos Qt,
£, 1—+/5 | lacosQt 3—4/5
1 2 2
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or
G+ 02q, () =fi(1),  §,(t) + &P gy (t) = fr(1),
where
A0 5445

fi(t) = - = =~ acosQt, f(t) =

hO _5-45

m, 10

acos Qt.

Using the method of operators, particular solutions, or responses of the system due
to forcing, are given by

5445 a 5—4/5
1) = = —— s Qt, t) = — oS 2.
91p(0) 0 D 1ol 92p(1) 0 Diya?
Hence,
5445
1 1 0 _DZ—I—w% cos Qt
=0 =15 1-F|]15_ 1
2 2 _10 D2_+2COS Qt
w5
1 _ 1
2+ 5—cos$2t+ M—cosﬂt
10 D2+a)% 10 D2+a)§
=a
5+136\/§ 5 cos 2t + 5—130\/3 > cos 2t
D2 +w; D2 +w;

The general solutions, or the responses of the system, are given by
x(t) = xc(t) + xp (1),
where, as obtained earlier,
Xc(1) = a; X, sin(w;t+6,) + a,X, sin(w,t+6,),

in which the constants a,, 6,, a,, 0, are determined from the initial conditions x(0)
and x(0).

Depending on the values of the excitation frequency €2, the particular solutions
will have different forms.

1. @ # w, Or w,, i.e., No Resonance

The following operators can be evaluated using Theorem 3 of Chapter 4 as

cos Qt =

P — 210 o2
DZta? o2 Qt, i=1,2. 2% Replace Dby —Q
1 1
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Hence,
5445 1 n 5-5 1
10 2 —Q2 10 »2-Q2
1 2
Xp(t) = a cos S2t.
5435 1 5-3V5 1
10 o2 -Q2 10 2 —Q2

2. @ = w,, i.e., Resonance in the First Mode

A particular solution g, ,(t) can be evaluated using Theorem 4 of Chapter 4

1 1 ;
——— cosw;t = ‘Re(—zelwlt>,
D2 4w D2+ wj

¢(D) = D*+ol, ¢(io) = () +0i =0,
¢/(D) =2D, ¢/(ia)1) = 210’1’

1 it 1 it t s
Re(pz__,_w%elwl ) = Re[qﬁ/(iwl) te'® ] = Re[ziwl (coswyt + 1sma)1t)]

V541

= tsinw,t.
4w, 1

A particular solution g,,(t) can be evaluated using Theorem 3 of Chapter 4

1 1 5
5 COSW f = —— cosw;t = iz coswt. 2% Replace D* by —w?
D2+ w5 w5 —o; 5w;
Hence,
1 — 1
M._ tsina)lt +£._Coswlt
20 o 10 2
[N — 0 0
"1
Xp(t) =a -
1 — 1
M‘— tsinw,t +¢§ 3-—cosa)1t
N e’ 0 0
10)

Note that, when Q= w,, the terms involving (f sin @, t) have amplitudes growing
linearly in time ¢ and are dominant in the responses of the system. The ratio of the

amplitudes of these two terms is

ﬁ—5+2‘/§x 20 1445  1.618
v, 10 5435 2 1

which conforms to the mode shape of the first mode as depicted in Figure 8.8(a),
indicating that the system is in resonance in the first mode.
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3. € = w,, i.e., Resonance in the Second Mode

A particular solution g, ,(t) can be evaluated using Theorem 3 of Chapter 4

5
=S COS Wyt = —5—— COSW,t = —— Cosw,t. /2T Replace D% by — w3
D*+wj wi — w5 5wj

A particular solution g,,(t) can be evaluated using Theorem 4 of Chapter 4

1 _ 1 iw,t
DZ_—I—a)gcoswzt_‘Re<D2+a)§e 2)»
¢(D) = D*+03, ¢(iw,) = (iw)*+w3 =0,

Re(Dz;_i_w%eiwzt) = T{e[¢/(ilw2) tei‘”Zt] = Re[z,t (cos w,t + isina)zt)]

1w,
_ 5ol

= "I, tsin w,t.
Hence,
V541 1 3/5-5 1 .
T -Ecosa)zt%— 50 ; I sin w,t
0 (S — 0
"1
o431 24/5-5 1 .
T .a)z Cos w,t + 10 'a) tsin w,t
0 —_— 0
%)

Note that, when Q2 = w,, the terms involving (¢ sin w,t) have amplitudes growing
linearly in time ¢ and are dominant in the responses of the system. The ratio of the
amplitudes of these two terms is

Y2 25-—5 20 1-v/5  —0.618

= X = =
v 10 3/5-5 2 1

which conforms to the mode shape of the second mode as depicted in Figure 8.8(b),
indicating that the system is in resonance in the second mode.
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Problems

8.1 An object is launched with initial velocity v, at an angle of 6, as shown in the
following figure. Neglect the air resistance.

y —— —
- —
/” \\\
Vo o N
Ve AN
// \\
6o \
A X

O \

1. Show that the equation of the projectile is given by

gx?

= xtanf, — =———
4 0 2v§c05290

2. Determine the maximum horizontal distance L = OA and the time T it takes
to reach point A.

B vé sin 26, T 2v,sin 6,

xmx_ >
LA E, . .

8.2 Alight rod AB is supported at each end by two similar springs with spring
stiffness k, and carries two objects of concentrated mass m, one at end B and the
other at the center C, as shown in the following figure. Neglect the effect of gravity.

AMAAAAA
YYYYVYYY
»

»

o~

m
4 B
C

X1 X

1. Show that the equations of motion are given by

mx, +3mx, + 2kx; + 2kx, =0,

2. Show that the two natural circular frequencies of vibration of the system are

3—+/5k 3 5) k
o =/ & n{')) o, = /(+n{).
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8.3 Two light rods AB and CD, each of length 2L, are hinged at A and C and
carry concentrated masses of m each at B and D. The rods are supported by three
springs, each of stiffness k, as shown in the following figure. The motion of the
system is described by two angles 6, and 6,. Consider only small oscillations, i.e.,
{91 ‘ <1 and |t92‘ <1, and neglect the effect of gravity.

1. Show that the equations of motion are given by
b+ - 20, —6,) =0 b, + 2 (—6, +26,) = 0
1 4m 1 2/ — ¥ 2 4m 1 2/ = M

2. Determine the two natural circular frequencies ,, ®,, and the ratio of the
amplitudes 6, /6, for the two modes of vibration.

0
¢ First mode: W, = L k, =1
2V m 0,
0
Second mode: w, = 1S 3—k, L =1
2V m 6,

8.4 Inmany engineering applications, the structures or foundations vibrate when
the machines mounted on them operate. For example, the engines of an airplane
mounted on wings excite the wings when they operate. To reduce the vibration
of the supporting structures, vibration isolators are used to connect between the
machines and the supporting structures.

The following figure shows the model of a machine of mass m, supported on
a structure of mass m,. The vibration isolator is modeled by a spring of stiffness

k and a dashpot damper of damping coefficient c. The machine is subjected to a
harmonicload F(t) = F sin Qt.

1. Show that the equations of motion are given by
m;X; + cx; — cxy + kx; — kx, = F;sin Qt,
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F(t)zFosinQ*

1
Machine
Vibration isolator k$ IJlj

Supporting structure

2. For the case when ¢— 0, show that the steady-state responses of both the
machine and the supporting structure, i.e., x,,(t) and x,(¢) are given by

(k—m,Q2*)F, sin Qt kF, sin Qt
r 3 Xp(t) = r 2
m,m,Q* —k(m,; +m,)Q2 m m,Q* —k(m,; +m,)Q2

xp(t) =

8.5 A mass m, hangs by a spring of stiffness k; from another mass m, which in
turn hangs by a spring of stiffness k, from the support as shown.

i k, Yxo=asinQt
m

2
X
ky
m
Txl

1. Show that the two natural circular frequencies of vibration are given by the

equation

2. If the support vibrates with x,(¢) = a cos Qt, show that the amplitudes of the
forced vibration are

k,kya
a, = >
! m,m, Q24 — [ml(k1 +k,) + mzkl]Q2 + kk,
(k;, — mQHkya
a, =

mym,Q* — [ml(k1 +k,) + mzkl]Q2 + klkZ'

8.6 A mass m, supported by an elastic structure which may be modeled as a spring
with stiffness k, is subjected to a simple harmonic disturbing force of maximum
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value F,, and frequency Q =27 f, i.e., F(t) = F sin Qt. To reduce the amplitude of
vibration of this system, a vibration absorber is attached to the mass. The absorber
consists of a mass of m, on a spring of stiffness k,.

1. Show that response of forced vibration of mass m is
(k, —m,Q2*)F, sin Qt
mm,Q* — [mk,+m,(k+k,)|Q>+kk,

a

xp(t) =

2. If m=250 kg, k=1 kN/m, F;=100 N, f=35 Hz, m,=0.5 kg, and the
amplitude of forced vibration of mass m is to be reduced to zero, determine
the value of k,. ¥ k,=24.18 kN/m

8.7 For the system shown in the following figure, show that the equations of
motion are given by

xl(t) xz(t)
r— Fy(1) r— Fy(1)
e E— ]
ArAAAAAR

"'}(V'V'
3

ahaAAada my YYYYYYY

SYVEVYER V'V}(‘"' m,
1

QO QO

Consider the special case m; =m, =1, k; =k, =k; =1, and the initial conditions
x,(0) = x,(0)=0, x,(0) =x,(0)=0. Using the matrix method, determine the
responses of the system for the following excitations:
1. F,(t) = 3sin2t, F,(t) = 0;
@ x| = sint—i—«/;sin\/gt —2sin2t, x, = sint—«/gsin«/gt + sin 2t
2. F(t) = 4sint, F,(t) = 0;
@ xl=Zsinl‘—tcost—%sin\/gt,x2 tcost+f51nft
3. F,(t) = 12sin/3t, F,(t) = 0;
€D x = 3+/3sin t —2sin v/3t — /3t cos /3t
Xy = 3+/3sin t —4sin /3t + /31 cos /3t
4. F|(t) = 12sint, F,y(t) = 12sin/3t.
@ x| = (6+3\/§) sint—3tcost—(4—|—«/§) sin v/3t++/3t cos /3t
Xy = 34/3sint — 3t cos t+(—2+\/§) sin v/3t —+/3t cos /3t
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8.8 For the circuit shown in Figure 8.9(a), the voltage source is given by

V(t) = VoH(—t)+ V() H(t).

Show that the differential equations governing i, (¢) and i,(t) for t >0 are

8 APPLICATIONS OF SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

L di; FRi —L di, Vi) (R—a) di, n di, 1, dv(t)
_ i, — L=—= = , — ) — == =y = —
dt ! dt dt dt  C?2 dt
with the initial conditions
. vty . V() -V,
0" = —_— 0) = ———9,
11( ) R 12( ) R
For R=6%,C=1F, L=1H, o =2, and
6V, t<0,
Vit)=430V, 0"<t<l,
o, t>1,
determine i, (t) and i,(t) for £ >0.
4 —E 4 —¥ p o
€D i ()=5[1-Hr-1)]-%e *+xze 2+[e —e ° ]H(t—l) (A)
] 3y —4 1 & =) (=)
() =Fe ’ —Ze : +[—8e ° 4+3e ° ]H(t—l) (A)
i i . i i
_L.““ J@” —LH.“ —’ZMMl
R ; R, ‘i R,
+ . + + __+
- L C 1~"c = C1~\VcC L
V() - V() -
(a) (b)

Figure 8.9 Electric circuits.

8.9 For the circuit shown in Figure 8.9(b), the voltage source is given by

V(t)=V,H(—=t)+ V(@) H(1).

Show that the differential equations governing i, (¢) and i,(¢) for t >0 are

Ryi; + Ryi +Ldi2 V(t) R di1+1' L, 4V
i i —_ = , _— = —
2R dt Yde ¢! c? dt
with the initial conditions
1 R v
i(0%) = — [V(o+) 2 VO], B(01) = —2—.
Rl R1+R2 Rl—i_RZ
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For R, =1, R,=3Q,C=1F, L=1H, and

4V, t<07,
Vi) =18V, 0t<t<2,
12V, t>2,

determine 7, (t) and i,(t) for t > 0.
€ i (H)=2+G+20e 2 +[1+(-1+20)e 2D H(t-2) (A)
() =2— (1+20)e > +[1+B—20)e 2D |H(t—2) (A)
8.10 For the circuit shown in the following figure, the voltage source is given by

V(t)=VyH(—t)+ V(t) H(t). Show that the differential equations governing i, (¢)
and i,(t) for t >0 are

21 +L, d2i2 +R, e 0, Ryiy +1; i + L2£ T Ryiy =V (1),
C dt d dt dt
with the initial conditions
i1(0+) = R ‘-E)R > i2(0+) = R ‘-/i-OR > d12;?+) =0.
1 2 1T
L R, L,
— N —WW—— T —

C_DV(t) | =

AAAAA
Yyvvy
=
[

For R,=R,=1Q, C=8F, L;=L,=1H,and V(1)=8H(—1)+8¢ 2 H(t) (V),
find 7, (¢) and i,(¢) for £ >0.

€D i (1) =@8—1t)e

et (A), ip(t)= (8+t2)e_é —4e7" (A)



Series Solutions
of Differential Equations

Various analytical methods have been presented in previous chapters for solving
ordinary differential equations to obtain exact solutions. However, in applied
mathematics, science, and engineering applications, there are a large number of
differential equations, especially those with variable coefficients, that cannot be
solved exactly in terms of elementary functions, such as exponential, logarithmic,
and trigonometric functions. For many of these differential equations, it is possible
to find solutions in terms of series.

For example, Bessel’s differential equation of the form

d? d
xzd—x); +xd—z+(x2—v2)y=0,

where v is an arbitrary real or complex number, finds many applications in engi-
neering disciplines. Some examples include heat conduction in a cylindrical object,
vibration of a thin circular or annular membrane, and electromagnetic waves in
a cylindrical waveguide. Bessel’s equation cannot be solved exactly in terms of
elementary functions; it can be solved using series, which were first defined by
Daniel Bernoulli and then generalized by Friedrich Bessel and are known as Bessel
functions.

The objective of this chapter is to present the essential techniques for solving
such ordinary differential equations, in particular second-order linear ordinary
differential equations with variable coefficients.

Before explaining how series can be used to solve ordinary differential equations,
some relevant results on power series are briefly reviewed in the following section.

390
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9.1 Review of Power Series

Definition — Power Series

A power series is an infinite series of the form

Y a,(x—x)" = ag+a, (x—xp) + ay (x—xp)* +ay(x—xp)> +---, (1)

n=0

where a,, a,, a,, ... are constants, and x; is a fixed number.

This series usually arises as the Taylor series of some function f(x). If x,=0, the
power series becomes

o0

2 3
Y a,x" =ay+a;x +ayx* +azx> + .
n=0

Convergence of a Power Series

Power series (1) is convergent at x if the limit

N
lim ) a,(x—xy)"
N—oo 7

exists and is finite. Otherwise, the power series is divergent. A power series will
converge for some values of x and may diverge for other values. Series (1) is always
convergent at x =x,,.

If power series (1) is convergent for all x in the interval ‘x—xol <r and is
divergent whenever \x—x0| >r, where 0 <r<oo, then r is called the radius of
convergence of the power series.

The radius of convergence r is given by

a
r= lim =
n—oo al’l+1
if this limit exists.
Four very important power series are
o0
=l+x+x>+x°+--=) x", —l<x<l,
1—x n=0
2 3 00 L1
X x x
X
e =l+x+—+—=+-=) =, —00<X<O0,
2! 3! ,;)n!
3 5 7 00 2n+1
X X X X
sint=x—=—+=——=+.- =) (-1)'—=———, —00<x<00,
31 5! 7! =0 2n+1)!
2 4 6 o0 2n
X X X X
cosx=1——+———+-~=2(—1)” , —o0<X<O00.

20 4 el = (2n)!
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Operations of Power Series

Suppose functions f(x) and g(x) can be expanded into power series as

(e e]

flx) = > a,(x—xy)", for |x—x,|<r,
n=0
o0

g(x) =Y b, (x—x)", for |x—x0| <r,.
n=0

Then, for ‘x—xo‘ <r, r=min(r,1,),
o0
f(x) £g(x) =Y (a,£b,)(x—xy)",
n=0

i.e., the power series of the sum or difference of the functions can be obtained by
termwise addition and substraction. For multiplication,

f)gx) = [Z am(x_xo)m:| [Z bn(x—xo)"} =2 > ayb, (x—x)"""
m=0 n=0

m=0n=0

n

= Z <Z ambn_m> (x—xo)n,
n=0

m=0

and for division,

fx) n;)a"(x_xo)n _ i": n
gx) X = 2 atx)

Z bn (x_xo)" =0
n=0

= ) a,(x—x))" = [Z bn(x—xo)”] [Z cn(x—xo)"},
n=0 n=0

n=0

in which ¢, can be obtained by expanding the right-hand side and comparing
coefficients of (x —x,)", n=0,1,2,....

If the power series of f(x) is convergent in the interval ’x — xo} <r,, then f(x)
is continuous and has continuous derivatives of all orders in this interval. The
derivatives can be obtained by differentiating the power series termwise

o0
) =Y a,n(x—x)" ', for |x—xo| <r;.
n=1

The integral of f(x) can be obtained by integrating the power series termwise

00 a, (x_xo)n+1

/f(x)dx= >

P 1 +C, for |x—xo| <7y,

o0 m .
ntl=m a1 (X — %) Change the index
m; i m +C = of summation.
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Definition — Analytic Function

A function f(x) defined in the interval I containing x,, is said to be analytic at x

if f(x) can be expressed as a power (Taylor) series f(x)= i a, (x—x,)", which
n=0

has a positive radius of convergence.

Example 9.1

Determine the radius of convergence for

" (n')3
(1) nZOZ" (x—1) 2) 2(3 1
1 1
W= 0 = e
1
n+1
r= lim = lim 2’;’1 = lim w
n—oo|a, n— 00 n— 00 2"n
2m+H 1 (n 1)
, 1
= Jim 2(1+7) =
()’ _ [+D!P
@ a@=Gmw = Garon
(n!)?
r= lim In | im —Gm!
n—cola, n—oo [(n+1)-n!]?
(3n+3)!
C i [0 BrA3)Bn42)Gn+ DG
"~ n—oo | (3m)! (n+1)3(n!)3
2 1
_ o GnA3GnEGetn 27(n+1)(n+5)(n+73) _

n— 00 (n—|-1)3 T 500 (n—|-1)3

Example 9.2

1
Expand
x(x+1)

Letting t =x —1 yields
1 1 1 11 11
x(e+D)  (+DE+D) 14t 24t 14+t 2 T

as a power series in x —1.

= i (=" — —i (— é)n = go(—l)"@ — 2n_1+1>tn
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- g(_l)"@ 2nH)(x ",

1
Since the interval of convergence of the power series of 1t is —1<t<1 and

is —2 <t <2, hence the region of convergence of the power series

that of
1

of is —l<t<lorO<(x=t+1)<2.
x(x+1) ( )

Example 9.3

1
Expand =

as a power series in x.
x)3

1 1,1\ 1/ "
:-( ):-(Zx”>, —l<x<l1,

1-x)3 2\1—x 2 \,=o

—Zn(n Dx"2, —1<x<l,

n=2
=m 1 & m Change the index
5 X:: (m+2)(m+1)x7. of summation.

Example 9.4

Expand In(14x) as a power series in x.

1 0
ln(1+x)=/mdx=/[2(—l)"x"] dx, —-l<x<1,
n=0

o0 n+1
=Y (~D" ;C+ ntl=m Z( 1)m- lx —l<x<l.

9.2 Series Solution about an Ordinary Point

Two simple ordinary differential equations with closed-form solutions are consid-

ered first as motivating examples.

Motivating Example 1

Consider the first-order ordinary differential equation

y' —y=0.

Let the solution of the equation be in the form of a power series

o0
y(x) =Y a,x", |x|<r,
n=0
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for some r > 0, where a,, are constants to be determined. Differentiating y(x) with
respect to x yields

o o0 .
N n_1 n—l=m m Change the index
Yo = ngl it m:00m+1 (mA1)x". 2% of summation.

Substituting into the differential equation leads to

o0 o0 o
Ya, (n+Dx" =Y ax"=0 = > [(n+Da,,, —a,]x" =0.

n=0 n=0 n=0
For this equation to be true, the coefficient of x", =0, 1, .. ., must be zero:
K0 a,—ay=0 = a;=a,
1. 1 1
X 20)—a; =0 = 32:3"1:2_!“0’
X ; . 1 11 1
x°: a;—a, =0 = a;==—a,==-=—a,==4a,
374 3=3R =3 57%=37%
v ) . 1 11 1
x": (n+la,,—a,=0 — a, |=—a,=— —a;,=——da,.
mH LT a0 (npD! Y

Hence, the solution is
1, 1, 1,
y(x) =ay+agx + —apx” + =—ayx’ + -+ =—ayx"+ -
2! 3! n!
_ 1 1, 1 3 1,
—(10( +x+5x +§x ++;x +>
=aq, e*, a, is an arbitrary constant,

which recovers the general solution of y’'— y=0.

Motivating Example 2

Consider the second-order ordinary differential equation

)///+)/=0-

o0
Suppose that the solution is in the form of a power series y(x)= ) a,x", |x|<r,

n=0
for some r >0, where a, are constants to be determined. Differentiating y(x)
with respect to x twice yields

o0
y(x) =Y a,nx""1,
n=1

o0 0
y'(x) = a,n(n—1)x""2 p_2=m, Y Ay, (m+2)(m+1)x™,
n=2

m=0
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Substituting into the differential equation leads to

Zan+2(n+2)(n+1)x +Za x"=0 = Z[(n+2)(n+1)an+l+a ] =0.
n=0 n=0

For this equation to be true, the coefficient of x”, n=0,1,..., must be zero:

x0: 2-lay+ay=0 — azz—%ao,
1 1
x: 3-2a3+a;=0 = a3=—§a1,
x?: 4-3a,+a,=0 = a4=—La2=ia0,
4-3 4!
X 54a5+a;=0 — asz—La3=la1,
5-4 5!
xt: 6-5a5+a,=0 =— a6:—La4:_la0,
6-5 6!
X 7-6a,+a;=0 — a7=—La5=—la1,
7-6 7!
In general, for k=1,2,3,...
= (D =gy, g, = (- ———a,.
(2k)' + Qk+1)! !
Hence, the solution is
x2k x2k+1
y(x) = Za x" —aoz(_ ) (Zk)‘ +a1k20(_ Vo Qk+1)!
= gy cosx + ay sin x, a, and a, are arbitrary constants,

which recovers the general solution of y”+ y=0.

These two examples show that it is possible to solve an ordinary

differential equation using power series.

Definition — Ordinary Point

Consider the nth-order linear ordinary differential equation

Y + P ) YTV ) 4 P a0 YT () 4 -+ po(x) y(x) = f(x).

A point x; is called an ordinary point of the given differential equation if each

of the coefficients p,(x), p;(x),..., p,_;(x) and f(x) is analytic at x=x,, i.e.,
p;(x), for i=0,1,...,n—1, and f(x) can be expressed as power series about x,,

that are convergent for \x — X | <r, r>0,

pix) =D pi, (x—xp)", foo) =) fu(x—x)".
n=0 n=0
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Theorem — Series Solution about an Ordinary Point

Suppose that x, is an ordinary point of the nth-order linear ordinary differential

equation

Y+ a0y Py 0y e+ py0) y = f(),
i.e., the coefficients p,(x), p;(x),..., p,_;(x) and f(x) are all analytic at x=x,
and each can be expressed as a power series about x, convergent for |x —xo‘ <,
r>0. Then every solution of this differential equation can be expanded in one
and only one way as a power series in (x —x,)

o0
y(x) =S Zan(x_xo)n) ‘X—X0|<R,
n=0

where the radius of convergence R=>r.

Example 9.5 — Legendre Equation

Find the power series solution in x of the Legendre equation

(1—xby" —2xy" +p(p+1)y =0, p>0.

The differential equation can be written as

)/” +P1(x))’/ +po(x)y =0, pr(x) = — %> po(x) = %
Both p,(x) and p,(x) can be expanded in power series as
1 00 o0
P (x) = —2x- — = —2xr§)(x2)” = —Zr;)xznﬂ, x| <1,

1 o0 o0
Po@) =p(p+D-T—= =p(p+D) 2 oAD" =p(p+1) %™, |x|<1.
- n=0 n=0
Hence, x =0 is an ordinary point and a unique power series solution exists
o0
y(x) =Y a,x", |x|<1,
n=0

where a,, n=0, 1, ..., are constants to be determined. Differentiating y(x) with
respect to x yields

(0,0 (0,0
y'(x) = na,x"1, y'(x) =Y nn—1)a,x""2.
n=1 n=2

Substituting y, y’, and y” into the differential equation yields

o o o0
(1—-xH) > n(n—l)anx”_2 —2x ) nanx”_l +p(p+1)> a,x" =0,
n=0

n=2 n=1
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or, noting that

0 o0 .

_ n—2 n—2=m m Change the index
ngzn(n Da,x —_—— n;o(m+2)(m+1)am+2x , 'Q_(Iofsummation.
one has
o0 (0,0 o0 o0
Y (n+2)(n+a, ,x"—Y nn—a,x"—) 2na,x"+) p(p+1)a,x" =0.
n=0 n=2 n=1 n=0
For this equation to be true, the coefficient of x", =0, 1,. .., must be zero:

+1
x0: 2-lay+p(p+1)ayg=0 = a2=—p(g' )ao,

—1 2
x!: 3-2a3—2a;+p(p+1)a; =0 — cg:—%al.

For n = 2, the coefficient of x" gives

(n+2)(n+1)a, , —n(n—-1a, —2na,+p(p+l)a, =0
_(p—mp+(n+D)]

— ayir = (n+2)(n+1) a,.
Hence,
—2)(p+3 —2)(p+3 +1
2 a= L 4)‘(31) Jo = 2 4).(3p )[_p(z;! )ao]
_ (_l)zp(p+1>(1;—2)<p+3) “
T )10 A DO ) [V ) - (p=D (p+2) ]
5-4 5-4 3!
— (—1)? (p—l)(p+2)55p—3) (p+4) o,
(p—4)(p+5)
x*: ag = _—p 6-5 a,
__(p=H(p+5) [(_1)2 P(P+1)(P—2)(P+3)a ]
N 6-5 4! 0
_ 3 P(p+1)(p—2)(p+3)(p—4)(p+5)
- (_1) 6' a())
(p—5)(p+6)
xS: 617 = —%as
__(p=5(p+6) -1y (p—1) (p+2) (p—3) (p+4) ]
7-6 5!

)2 (p—1)(p+2)(p—3)(p+4) (p—5)(p+6) 4

= (=1 71 L
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In general,
_ K PP+ (p—2)(p+3) - (p—2k+2)(p+2k— 1)
ay = (=1) 5]
(— k k
= (— [T[(p—2i+2)(p+2i-D]a,,
kLD (p=3)(ptd) - (p—2k+ 1 (p+2k)
A1 = (=1 kD! a,

_ (=D ﬁ i D)9t

= (2k+1)!i:1[(p_ i+1)(p+2i)] a,.

Thus, the power series solution of Legendre equation is

k
_(( ]‘[[p 2i+2)(p+2i—1)] x*

y(x) = aq,

I Mg

OO(I)k

k
Qk+1)! ; n[(P_Zi“)(P“i)]ka“, x| <1,
=0

+ a4

where a, and a, are arbitrary constants.

Example 9.6

Find the power series solution in x of the equation xy”+ yIn(1—x)=0, |x|<1.

The differential equation can be written as

In(1—
y//_}_u)/:(), |x|<1’

which is of the form

1 ’ In(1—x)
AP (X)y +pe(x)y =0, p1x) =0,  polx) = :
Since
o0
— = > x", |x|<],
n=0
integrating both sides of the equation with respect to x yields
00 xn+1
InQl—x) = — Ide_ /Zx dx__,;)n—i—l’ x| <1,
In(1—x) . x"
X) = = — , x| <1.
Po(®) nZ:OnH x|

Hence, both p,(x) and p,(x) can be expanded in power series, leading to x=0
being an ordinary point. The solution of the differential equation can be expressed
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in a power series
o0
) = a,x", |x|<1,
n=0

where a,, n=0, 1, ..., are constants to be determined. Differentiating y(x) with
respect to x gives

[e.¢] o0
y'(x) = > na,x", y'(x) =Y nn—1a,x"2 |x|<l1.
n=1 n=2

Substituting into the differential equation results in

n(n—1)a, x"* — Y a x"=0.
n=2 ! n:O”"i_1 n=0 :
Noting that
i n—2=m &
Yonn-Da,x"? === 3 (m+2)(m+1)a,,,x",
n=2 m=0
o xn 0 o n xm o n an m
-Y a,x" = -a, x”_m> = ( —_> x",
one obtains
5 [( +2)(n+1) 3 “”""] "=
n n a, . ., — — [x" =0.
n=0 e m:Om"'1
For this equation to be true, the coefficient of x"”, n=0, 1,.. ., must be zero:
1 L an—m

2 T DD oy mA L

Hence,
n=0: a, ﬂao—%)
oo o $ 088 - 5[ 2) 1585 4]
7
WY
1(/5 1 1 43
- HlGE B ) (R
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It is difficult to obtain the general expression for a,. Stopping at x°, the series
solution is given by

X 5
y(x)=> a,x"=ay+ax+ %xz + (@+ﬁ>x3 + <ﬂ+ﬂ>x4

= 12 6 72 24
7a0 a1> 5 <43a0 a1> 6
— — x — — x P
+<240+40 + 2700+80 +
(I_Fx2+x3_i_5x4_1_7365_’4_43x6+ )
=a — — — — —
0 2 12 72 ' 240 ' 2700

+ (+x3+x4+x5+x6+ )
a x — — — — P N
! 6 24 40 80

where a, and a, are arbitrary constants.

Example 9.7

Find the power series solution in x of the equation y”"—xy”+(x—2)y'+ y=0.

The differential equation is of the form

"

Yy () y" 1)y )y =0, py(x)=—x, p(x)=x—-2, pylx)=1.

Each of p,(x), p;(x) and p,(x) can be expressed in power series. Hence, x=0 is
an ordinary point and there exists a unique power series solution

0
y(x) =Y a,x", —oo<x<oo,
n=0
where a,, n=0,1,. .., are constants to be determined. Differentiating with respect

to x yields, for —oo<x <00,

o0 e.¢] o0
y' =Y na,x"Y, y'=> nn-1)a,x"% y"=> nn-1)(n—2)a,x".
n=1 n=2 n=3

Substituting into the differential equation results in

o0 o0
> n(n—l)(n—Z)anx"_3 -y n(n—l)anx"_1
n=3 n=2
o0 o0 0
+ Y na,x" =23 na,x" '+ > a x"=0.
n=1 n=1 n=0

Changing the indices of summations
& n—3=m >
Z:n(n—l)(n—Z)anx"_3 ——— ) (m+3)(m+2)(m+1)a,, ;x",
n=3 m=0
& n—l=m >
Yonn-Da,x""' === 3 (m+Dma,,x",
n=2 m=1
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& 1 n—1=m &
> na,x I S (mt 1) gy, 5,

m=0

one obtains

Y (n+3)(n+2)(n+1a,, 3x" — Y (n+1na, x"

n=0 n=1
+ Zna x" —22(n+1)an+1x + Za x" =0,
n=1 n=0 n=0
o0
Y [(n+3)(n+2)(n+1)a, s —2(n+Da,, +a,]x"
n=0
o0
+ Y [-(m+Dna,,, +na,]x" = 0.
=1
For this equation to be true, the coefficient of x"”, n=0, 1,. .., must be zero. When

n=0, one has
a, a
321a3_21a1+a0=0 — a3=—?+?
For n> 1, one obtains

[(”+3)(n+2)(n+l)an+3_2(n+1)an+l+an] + [_(n+1)nan+l+nan] =0,

_ an an—f—l
Apysz = — .
(n+3)(n+2) n+3
Hence,
a a a a
a a a 1 a a a a a
N=2: = — =2t = = 2 —(——0 —1)= a1} 1——2,
> 5.4 5 20 5 3 30 20
a a 1 a a 1 a a
n=3 a,= —=—=+4 == —— <__0+_1)+_<__1+_2>
6 6-5 6 30\ 6 3 6\ 12 4
% 4%
180 40 24

It is difficult to obtain the general expression for a,. Stopping at x5, the series
solution is given by

3 n 2 G 4\ 3 a; [ G\ 4
)’(@:Zanx =ayt+a;x+a,x +<—?+—>x +<__+_)x
n=0

3 12 4
Ay , 4y 4\ 5 a9 6
+<_§+1_5_2_0)x +(ﬁ 40+24>x +
X x  xb P R
:“0<1—?—%+m+---)+a1<x+?—ﬁ+——— )
xt x x
+ay(x* +——2—0+—+---),

where a, a,, and a, are arbitrary constants.
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9.3 Series Solution about a Regular Singular Point

Definition — Singular Point

Consider the nth-order linear homogeneous ordinary differential equation

Y 40, 1)y 4 p, () y T+ py(x) y = 0.

@ A point x is called a singular point of the given differential equation if it
is not an ordinary point, i.e., not all of the coefficients p,(x), p,(x), ...,
p,_;(x) are analytic at x =x,,.

@ A point x, is a regular singular point of the given differential equation if it is
not an ordinary point, i.e., not all of the coefficients p, (x) are analytic, but
all of (x —xo)”_kpk(x) are analytic for k=0,1,...,n—1.

@ A point x,, is an irregular singular point of the given differential equation if

it is neither an ordinary point nor a regular singular point.

Consider the second-order linear homogeneous ordinary differential equation

y"+P(x)y"+Qx)y =0.

If x=0 is a regular singular point, then xP(x) and x*Q(x) can be expanded as
power series

o0 o
xP(x) = ) P,x", x*Q(x) = > QX" |x|<r,
n=0 n=0
which leads to
o o
P(x)= > P,x"1, Qx)=)> Q,x"% |x|<r, x#0.
n=0 n=0

Seek the power series solution of the differential equation of the form

o0

o0
— n __ n—+o
y(x)_x-Zanx = a,x"%, O<x<r,
n=0 =0

n

which is called a Frobenius series solution. Differentiating with respect to x yields

o o0

Y =3 (nta)a, "7 y(x) = Y (nta)(nta—1)a,x"

n=0 n=0

Substituting into the differential equation results in

o0 o0 o0
Y (nta)(nto—1Da,x" T2+ 3P X" Y (nta)a, T
n=0 n=0 n=0

o o0
+ 3 Qx> a,x"t* =0.
n=0 n=0
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Noting that
00 00 00 n
annfl X Z (n+a)anxn+(¥*1 — Z Z Pn_mxnfmfl . (m_,’_a)amxm‘HXfl
n=0 n=0 n=0m=0
00 n
= |: > (m+oz)Pn_mam] X2
n=0 Lm=0
00 00 00 n
>0 0™ = 3 (30 0y g ),
n=0 n=0 n=0 \m=0

one obtains

o0 n
> {(n—l—ot)(n—i—ot—l)an + > [(m+a)P,_,, + Qn_m]am} X"t =,
n=0 m=0

For this equation to be true, the coefficient of x"te=2 40,1, ..., must be zero.
For n=0, one has

which implies either a;=0 or a(a —1)+aP;+Q,=0. For n> 1, one obtains

(n+a)(n+a—1a, + zn: [(m+a)Pn—m + Qn—m]am =0.

m=0

1 n—1

ap = — (n+ot)(n+a—1)+(n+a)po+QO "12::0[(m+a)Pn—m + Qfl—m]am'

Case 1. If ay, =0, then a, =a, = - - - =0, resulting in the zero solution y(x)=0.
Case 2. If a, #0, then
a(@—1)+aPy+Q,=0,

which is called the indicial equation. Solving this quadratic equation for «, one
obtains two roots o, and «,,.

Hence, in order to have a nonzero solution, it is required that a; #0 and « is a
root of the indicial equation.

If a series solution about a point x=x,7#0 is to be determined,
one can change the independent variable to t =x —x; and then solve the resulting
differential equation about t =0. If a solution valid for x <0 is to be determined,

let t = —x and then solve the resulting differential equation.
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Fuchs’ Theorem — Series Solution about a Regular Singular Point

For the second-order linear homogeneous ordinary differential equation

¥"(x) + P(x)y'(x) + Q(x) y(x) = 0,

if x=0 is a regular singular point, then
08 o0
xP(x) = Y. P,x", x*Qx)= > Q,x", |x|<r.
n=0 n=0

Suppose that the indicial equation
a(@—1)+aPy+Qy=0
has two real roots o, and «,, o; = c,. Then the differential equation has at least
one Frobenius series solution given by
o0
y(x) =x“) a,x", ay#0, O0<x<r,

n=0

where the coefficients a, can be determined by substituting y,(x) into the differ-

ential equation. A second linearly independent solution is obtained as follows:

1. If o, —a, is not equal to an integer, then a second Frobenius series solution
is given by
o0
y,(x) =x%2) b,x", O<x<r,
n=0
in which the coefficients b, can be determined by substituting y,(x) into
the differential equation.
2. If @y =a,=a, then
o0
7,x) =y (x)Inx+x*> b,x", O0<x<r,
n=0
in which the coefficients b, can be determined by substituting y,(x) into
the differential equation, once y,(x) is known. In this case, the second

solution y,(x) is not a Frobenius series solution.
3. If a;—a, isapositive integer, then
(0.¢]
Yx) =ay;(x)Inx+x%2) b,x", O0<x<r,
n=0
where the coefficients b, and a can be determined by substituting y, into
the differential equation, once y, is known. The parameter a may be zero,

in which case the second solution y, (x) is also a Frobenius series solution.

The general solution of the differential equation is then given by

y(x) = C y;(x) + G, y,(x).
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Example 9.8

Obtain series solution about x =0 of the equation

x? ' +x@2x+1)y —y=0.

The differential equation is of the form

" / 2x+1 1
Yy +Px)y +Qx)y=0, Pkx)= —— Q(x):—m_

Obviously, x =0 is a singular point. Note that

2x+1
xP(x) = —tixt02408 4+ — P =1,

Both xP(x) and x2Q(x) are analytic at x =0 and can be expanded as power series
that are convergent for |x| < oo. Hence, x =0 is a regular singular point.

The indicial equationis o (¢ —1)+aP,+Q,=0:
a(a—l)+a-5—5=0 = (a+ )(a—l)_O == o; =1, a2=—%.

Thus the equation has a Frobenius series solution of the form
¥y (x) —x“lza x" = Za X" ay#£0, 0<x<oo,
n=0

where a,, n=0,1,..., are constants to be determined. Differentiating with respect
to x yields

o0 o0
Y@ =Y (n+Da,x", y(x)= (n+l)na,x""!
n=0 n=1
Substituting y,, y;, and y{ into the differential equation results in

o0
Z 2(n+1)na, My Z 2(n+1)a, x4 Z (n+1)a,x"™" = > anx”+1 =
n=1 n=0 n=0 n=0
Changing the indices of the summations

o0 o0
> 2(n+1)na, P LN > 2m(m—1)a,,_,;x",
n=1 m=2

o0
Y 2(n+1)a,x"? nt2=m, > 2(m—1)a,,_ ,x",
n=0 m=2

Zna Xl = m, Z (m—1)a,,_,x",

n=0
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one obtains

o0 o0
Y [2n(n—Dya,_, +2(n—Da, ,|x"+ > (n—Da,_;x" =0.
n=2 n=1
For this equation to be true, the coefficient of x", n=1, 2, ..., must be zero. For

n=1, one has
0-ap=0 == a,#0 isarbitrary; take a,=1.

For n>2, one has

2a, ,
2n(n—1)a,_; +2(n-a, , +(n—a, ;=0 =—> a, = _T’;l'
Hence,
2a, 2
n=2. a = — = —=
2241 5
2a 2
n=3: a,= — L — (1) —,
2 2-34+1 (=077
2a,_ 2" 3.2"
n+l: a,= — — 1l (- = (—1)" ——,
2(n+1)+1 @2n+3)@2n+1)---5 2n+3)!!

where 2n+3)!!=(02n+3)(2n+1)---5-3-1 is the double factorial. The first
Frobenius series solution is

o0 3 27’1
y1(x) =Y a,x"! Z (=)' ———x"*!
n=0

2 n +3)” , O<x<oo.

Since o), —a, = %, according to Fuchs’ Theorem, a second linearly independent

solution is also a Frobenius series given by

o0 e.¢]
y,(x) =x%2) b, x" = anx”_%, by #0, 0<x<o00,
n=0 =0

o o0

W) =3 (1=3)b,x" Y@ =Y (n-5)(1—3)b,x"E.

n=0 n=0

Substituting y,, y5, and y; into the differential equation leads to

200 1 3 s 5 00 1 o 00 o
223 (n—5)(n=5)b,x""2 + @ +x0) ) (n—73)b,x""2 = 3 b,x"" =0,
— n=0 n=0

5 {-do- 3+ -4 - ot 2-F1a ] <0
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Multiplying this equation by x? yields
o0
> [n (2n—3)b,x" + (2n—1) bnx"+1] =0.

n=0

Changing the index of the summation

o0 o0
> @n—1)b,x"! atl=m, > 2m—3)b,, x",

n=0 m=1
one obtains
o0 o0
Y n@n—3)b,x"+ ) (2n-3)b,_x" = 0.
n=0 n=1
For this equation to be true, the coefficient of x", n=0, 1, ..., must be zero. For

n=0, one has
0-(=3)by =0 == b,#0 isarbitrary; take b,=1.

For n>1, one has

b
n(2n—3)b, + 2n—3)b,_ ;=0 — b,=— n_l

n
Hence,
b 1 b 1 b 1
by=—=2=—=, b=—=Z2=(-1)’=, b=—=2=(-1)°=,
1 1 1 2 2 ( )2v 3 3 ( )3!
bn—l nl
b, = — . = (=1) =

Thus, a second linearly independent solution is

1 & 1 & x" 1
y,(x) =x"1) b,x"=x 52(—1)”—' =x Ze %
n=0 n.

n=0

The general solution of the differential equation is

O . 3.21 1
y(x)=C1y1(x)+C2y2(x)=C1nz::0(—1) mx"“—i—@x e %,

9.3.1 Bessel’s Equation and Its Applications
9.3.1.1 Solutions of Bessel’s Equation
Bessel’s equation of the form

x5y +xy' + (x* =12y =0, x>0,

where V>0 is a constant, is of great importance in applied mathematics and
has numerous applications in engineering and science. Furthermore, in solving
Bessel’s equation using series, it exhibits all possibilities in Fuchs’ Theorem. As a
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result, it is an excellent example to illustrate the procedure and nuances for solving
a second-order differential equation using series about a regular singular point.

Bessel’s equation is of the form

// , 1 x?—1?

Y HPEy +Qxy =0 Pa)=— Q)=
It is obvious that x =0 is a singular point. Since
xP(x)=1=14+0-x+0-x>4-.- = P,=1,
Q) =x"—vi = v+ 0x+x*+0-x° +0xP+... = Q0=—v2,

both xP(x) and x?>Q(x) are analytic at x =0 and can be expanded as power series
convergent for |x| < 0o. Hence, x =0 is a regular singular point.

The indicial equationis o (¢ —1)+aP,+Q,=0:
al@-D4al—1v=0 = a—1>=0 = ao;=v, ay=—0.
Bessel’s equation has a Frobenius series solution of the form
o o0
) =x"Y a,x"=> a,x"", a,#0, 0<x<oo.
n=0 =0
Differentiating with respect to x yields
o0 o0
Y@ =Y (n+v)a, X" ylx) = > (ndv)(ndv—1)a, x" T2,
n=0 n=0
Substituting y,, y}, and y| into Bessel’s equation results in
o0 o0 o0
Y (n+v)(n+v—1)a, x" 2 + x> (n+v) a4 (D) e, T =
n=0 n=0 n=0
Changing the index of the summation
o0
Za V2 AE2=m, nt2=m Za 2x _ Za 2xn+u
m— n—
n=0 =

one obtains

x" { Y[+ +v—1)+m+v)—v?]a,x" + 3 an_zx"} =0,
n=0 n=2

o0 o0
x"#£0 = > nn+2v)a,x"+ > a, ,x" =0.
n=0 n=2

For this equation to be true, the coefficient of x", =0, 1,. .., must be zero:

x%: 0-(0+2v)a, =0 == a,#0 is arbitrary,
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x': 1.(142v)a, =0 = a,=0.

For n > 2, one obtains

a
n. 2 =0 - _ n—2 )
x n(n+2v)a,+a,_, = aq, _n(n+2v)
Hence, a,, , =0, for n=0,1,..., and
99 49
a2= T —— | —
2(2+2v) 22.1(1+v)
a —_L—_L_(_lf %o
4 - 2 - 4 ’
4(4+2v) 22.2(24v) 24 21(1+v)(2+v)
a
— _1 n 0 ,
G = D T 2ty )
and
() = a2 Y- (1" 1 ()" o
X) = apx — -, <x<00.
% 0% A+ 0)240) - (o) \2

To simplify the solution, use the Gamma function defined by
(0.¢]
Fw+1) = f t"e 'dt, v>0.
0
Using integration by parts, it is easy to show that
00 00 00
rwv+1) = —/ t'de ™) = —t”e_t‘ —I—f e tovrde
0 =0 Jo

= v/ ' le7tdt = v (v),
0
Frn+v+1) = m+v)T(n+v) = (n+v)(n+v-DT'(n+v—-1)=-..
= m+v)(n+v-1)---(14+v)I'(Q+v).

When v =k is an integer, one obtains

o0

F(l):fooe—fdtz —e ! =1,
0 t=0
rey=1-r)y=1, rea=2rE=2-1=2,

'k+1) =k-T'(k) = k!.
Hence, letting a, = [2" ra+ v)] _1, the first Frobenius series solution is

y(x) =], (x),
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where ], (x) is called the Bessel function of the first kind of order v given by

1 ) \ 1 ﬁ 2n
]V(x):mx ,g)(_l) n!(1+v)(2+v)...(n+v)(2> ’

X\ 2n+v
(—) , O<x<oo.

b0 = 2OV e

According to Fuchs’ Theorem, the form of a second linearly independent solu-
tion depends on whether the difference of the roots of the indicial equation, i.e.,

o, —a, = 2v, is noninteger, zero, or a positive integer.

Case 1. 2v is not an integer

A second Frobenius series solution is
0,0)
7,x) =x""Y b,x", 0<x<oo.
n=0
Following the same procedure, it is easy to show that, for n=1,2,.. .,
by
20 1(1=v)2—V)--- (n—v)’

1 X\ 2n
-] , O<x<oo.
n!(l—v)(2—v)---(n—v)<2>

Letting b, =[2""T'(1— v)]_l, one obtains

Ay, =0, ay, = (=1)"

Y2(x) = byx™" Z =n"
n=0

0 . 1 X\ 2n—v
yy(x) = 7;)(—1) m(;) =J_,(x), O<x<oo.
The general solution is

yx)=CJ,(x) +CyJ_,(x).

The general solution can also be written as
y(x) = D], (x) + D, Y, (x),

where

Jv(x) cosvm — J_, (x)
sinvmw

is the Bessel function of the second kind of order v.

Y, (x) =

Case 2. v=0, then a; =0, =0

The first Frobenius series solution is simplified as

2n
y1(x) = Jo(x) = Z(—) ‘)2< > , O<x<oo0.
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A second linearly independent solution is
o
7,x) =y (x)Inx+ Y b,x", 0<x<oo.
n=0

Differentiating with respect to x yields

y o0
Yx) =yiInx 4+ =4 Yonb,x"

n=1
2y &
Yyx) =y Inx + % — % + Y n(n—1)b,x" 2
n=2

Substituting y,, y5, and y} into Bessel’s equation results in, with v =0,

o0 e.¢] o
Py +xyy+xty) Inx + 2xy) + X:Zn(n—l)bnx” + X:Inbnx” + X%)bnx”“ =0.
n— n—= n=

Since y, (x) is a solution of Bessel’s equation, x%y] +xy; +x2y, =0, and noting

S 1 2n-x*"1 & 4n s x\2n
2xy, = 2x Y [ LS AS—— " (_> ,
N=2x 2, DS = = L V(3

one obtains

< n 4n x 2n - n o n - n
> (-1 2(—) + Y nn—1)b,x"+ Y nb,x"+ Y b, ,x"=0.
n=1 (n!) 2 n=2 n=1 n=2

For this equation to be true, the coefficient of x”, n=0,1,..., must be zero.
From the coefficient of x!, onehas 1-b; =0 = b, = 0.

From the coefficient of x", n> 1, one obtains b,, 1 =0, and

p An 1y\2n
(=1 (n!)2<3> + [2n2n—=1)+2n]b,, + by, , =0,

bo = (—1>"+1;(1)2" bon 2

nm)2\2) 22

For simplicity, take b, =0. Using mathematical induction, it can be shown that

1+%+§+---+%<1>2n
(n})? '

b — (— 1 n+1
2n ( ) 2
Hence, a second linearly independent solution is

(I SIS ST § 2n
z_J3 ”(ﬁ) , O0<x<oo,
(n")?

o0
¥,(x) = Jo(x) Inx 4+ > (=)™ >
n=1
or, in terms of the Bessel function of the second kind of order 0, Y, (x),
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Y, (x) = %Yo(x) + (n2—-y)Jy(x), O<x<oo.

The Bessel function of the second kind of order 0 is defined as, for 0 < x < oo,

Y (x) = ; [(ln%—{—y)]o(x) + Z(—l)”‘H 2 (1')2 7 <§) ])
n=1 J

in which noq
y = 0.57721566490153 - - = lim (Z z—In n)

n—00 k=1
is the Euler constant. The general solution is given by

y(x) = C; Jy(x) + C, Yy (x).

Case 3. v is a positive integer

The first Frobenius series solution is simplified as

2n+v
) =J,(x) = Z(— ) n'(n—i—v)'( ) , O0<x<oo.

A second linearly independent solution is
o0
Y, (x) =ay(x)Inx +x7" Z b,x", 0<x<oo,
o0 =t + 2) + $ r-pys
/
Yy(x) =a (yl Inx + — }’1 —;) + Z (n—v)(n—v —l)bnx"_”_z.
x n=0

Substituting into Bessel’s equation results in

0
[xzyf—l—xyl (xz—vz)yl] Inx + 2axy; + > (n—v)(n—v—1)b,x"""

n=0

o0 oo o0
+ 3 (n=v)b, x4+ Y b x" TV = Y W X"V =0

n=0 n=0 n=0

Since y, (x) is a solution of Bessel’s equation, x*y] +xy; + (x*> —v?) y, = 0; noting
x (2n+4v)-x2"tvl 2 2a(2n+v) [ x\ 2ty
2axy; =2 —1" = -1" ( ) ,
#EN “x,;)( T PR Z( T

and multiplying the equation by x” yield
o0
> (=D”
n=0

For this equation to be true, the coefficient of x”, n=0,1,. .., must be zero.

2" la@2n4v) /1 x\20+) 2 oS
- - (= —2v)b, x" b "=0.
T (2> —l—};)n(n V)b, x +n§:2 n_2X
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@ From the coefficient of x", 0 < n < 2v, the first summation in the above equation
has no contribution,

x°: 0-(0—2v)by=0 == b, isarbitrary; take b, =1,
x': 1.1-20)by =0 = b, =0.

From the coefficient of x”, 2 <n<2v, one has

bn—2
n-(n—2v)bn+bn_2:0 > bnzm,
b 1
:2 = 0 == >
" =D T E 10D
b 1
=4 b = 2 = 5
" YT 40v—4) 24 21v=1D(v—2)
nm2k: bym 2 ! _ koD
2k 2k (2v—2k) 22k-k!(v —DWw—-2)---(v—k) 22kk! (v—=1)!

It is easy to see that b+l =0, forall n=0,1,2,....

@ From the coefficient of x2”, one obtains

2U+lav(x)zv+b 0 — 2" Tw=1)!b !
— ) = a—= — V—1): _]) = T ——
W \2 22 20D = T )

The value of b, is arbitrary; for simplicity, take b, =0.

a From the coefficient of x*"*t") 1> 1, one obtains

(=D

2" la2n4v) /1\20+v)
n—(_) + (2n+2v) (zn)bz(n+v) + b2(n—1+v) = 0,

nl(n+v)! 2

b = (1"t 2" la@n+v) (l)z(n+v) _ —bz("_H”) .
2(n+v) n(n+v)n!(n+v)!'\2 22n(n+v)

Using mathematical induction, it can be shown that

by = (1)1 S0 (2
2ntv) nl(n+v)! \2 ’

where

1 1 1
A :(_ _ ... _> ( )
n 1+2+ +n + 1+v+2+v+ +n+v

Hence, a second linearly independent solution is
vl (p—n—1)! ( x>2ﬂ

Y, (x) = a]j,(x) 1nx+x_”{';) nl(v—1)! \2

& 2V71A x\ 2(n4v)
+ad (-1 — (—) , 0<x<oo0.
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Using the notation

1+%+...+%=w(n+l)+)/, v = -y,

where v (n) =T"(n)/ I (n) is the psi function,
¥,(x) can be expressed in terms of the Bessel function of the second kind of order
v, Y, (x),as

Ul —n—1)! 2n
yz(x)za{],,(x)lnx+x Z(” n )<%)

a ;= nl(v-=1)!

§ LS oy LDV D0 4y (x)2n+v}
n=0

nl(n+v)! 2

_ x 1=l w—n—-1)!/x\2n—v
=a {[]v(x) lnz - Enzo_n! <E)

LS yn ot D4y (ntv+D) ox 2y
_5,12::0(_1) nl(n+v)! (2) }

_%[y_lp(p-i-l)—Zan]]v(x)}

T 1
= a{EYv(x) - E[y—lﬂ(\)+l)—21n2]]v(x)},
where, for 0 < x < 00,

2 X 1=l (w—n—1),/x\2n—v
Y, (x) = ;]v(x) In T RE T (3)
1 & 2V (D) + Y (n+v+1) o x\2n+v
B ;,;)(_1) nl(n+v)! <5) |

Using the Bessel functions of the first and second kinds, the general solution is
y(x) =CJ,(x) +C, Y, (x).

This is the case that, when «;—a, is a positive integer, the second

solution contains the logarithmic term In x.

Case 4. v =k+%, k=0,1,...,and a;,—a,=2k+1 is a positive integer

The first Frobenius series solution becomes

1 x \ 2n+k+%
( ) , O<x<oo,

N® =T &= n;)(_l) T (ntk+3)\2

2n+k+% <x)2n+k—%
> )

N = 2 V' (n+k+32)
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A second linearly independent solution is

1. 00
) =ay, () Inx+x DY b x", 0<x<oo,

n=0
00
)’;(x) = a(yi Inx + &> + Z (”—k—%)bnx”_k_%,
x n=0

2y o0
¥ =a(ynx+ 2 -4 + 3 (k=) (k= )5, .

Substituting into Bessel’s equation results in

a[x2y1/+xy/1 +(x*— vz)yl] Inx + 2axy,

x 1 x 3
+ > n(n—2k—1)bnx”7k77 + > bnx”*kJFT =0.
n=0 n=0
Noting that x2y/ + x|+ (x* —v?) y, =0 and multiplying the equation by xk+3
lead to

%0 k% (24 k44 nt2k+1 20 %

ay (=" ( 32)<f) +3 n(n—2k—1)b,x"+3 b, x"2 =0,
n=0 n! F(n+k+5) 2 n=0 n=0

For this equation to be true, the coefficient of x", n=0,1,. .., must be zero.

For the coefficient of x", 0 <n<2k+1, the first summation in the above equa-
tion has no contribution,

x0: 0-(0—2k—1)by =0 == b, isarbitrary,
x't 1.(1-2k-1)b; =0 == b;=0.

It is easy to see that

b — _ b2m—1 —
2m+1 (2m+1)(2m—2k)

0, l<m<k.

2k+1 one has

From the coefficient of x
k+ %
- e+ 2k+1)-0-byy,, + by, =0 = a=0.
25770 (k+3)

With a=0, the coefficient of x” gives
n(n—2v)b,+b, ,=0 =— b,,_;=0, byp=—

It can be easily shown that
b
22mm) (1 —v)2—v)--- (m—v)’

b,,, = (=)™
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. _ -1 .
Taking b, = [2 YT (1— v)] , one obtains

= (3

m I'(m—v+1)
— R (=" X\ 2n—v
= UE 2n _ E — — =

The general solution is
)’(x) = Cl ]u(x) + C2 ]_U(x))
which is the same as Case 1 when 2v is not an integer.

This is the case that, when «; —a, is a positive integer, the second
solution does not contain the logarithmic term In x and is a Frobenius series.

In practice, Bessel’s equation rarely appears in its standard form. A second-order
linear ordinary differential equation of the form

dy 1-2a d _ a?—v?p?
d_x)z’ - d_i’+[(ﬁpxp 1)2+T]y:0, x>0, (1)

where «, B, v, p are constants, can be transformed to Bessel’s equation

d? d
§£%f£+@w%=msw. 2)

This result is established as follows.

Changing the variable £ = 8x”, one has

. dy e dy/dx BxP 1 dy x dy . d() x d(-)
— — X — T — — = — .
d& d&/dx BoxP~l dx  p dx d& p dx
Equation (2) becomes
d dn s o x d /x dn 2 2 )
— (6 — — =0 (== - = 0.
() + @ =0 =~ (S )+ B
Making the transformation n=x"“y, one has
dp . dy —a
x dx = dx ox )
d dn L2 dzy 1—a d)/ 2, —o
xa<xa)_x @—F(I—Za)x E—i—a x .
Hence, the differential equation becomes
d? d
X2« d—x’z + (1—2a)x!7@ d_fc/ + azx_“y + (B2x —1v?) pzx_o‘y =0,

which leads to equation (1).
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If the solution of Bessel’s equation (2) is denoted as n =B ,(£), then the solution
of equation (1) is y =x*B, (Bx").

Solutions of Bessel’s Equation

@ Denote the solution of Bessel’s equation

x2y" +xy' + (x* =12y =0, x>0,
where v =0 is a constant, as y(x) =B, (x), where

B,(x) =C, J,(x) + C, Y, (x),

in which ], (x) and Y, (x) are the Bessel functions of the first and second kinds,

respectively, of order v. When v #0, 1, 2, ..., the solution can also be written as
B,(x)=C,J,(x) +CyJ_,(x), v#0,1,2, ....

@ The solution of the differential equation

d? 1-2a d _ a? —1v2p?
e

where «, B, v, p are constants, is given by

y(x) = x* B, (Bx").
Some useful formulas of Bessel functions are
2v
]u—l (x) + ]1)+1(x) = 7]1) (x)>

/ v v 1
]u(x) = ]u—](x) - _]V(x) = _]V-F,-l(x) + _]\)(x) =75 []u—l(x) _]U+1(x)]7
X X 2

(x_fbc)m[xv]v(x)] =x"T" ], (),

d \m
(=) @] = (D", 0.

Bessel functions of the second kind Y, (x) satisty the same recurrence relations as
Bessel functions of the first kind J, (x).

9.3.2 Applications of Bessel’s Equation

Example 9.9 — Buckling of a Tapered Column

Consider the stability of a tapered column of length L fixed at the base x =0 and
free at the top x=L. The column is subjected to an axial compressive load P at

the top. The cross-section of the column is of circular shape, with radii r, at the
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base and r; <r, at the top, respectively, varying linearly along the length x. The
modulus of elasticity for the column material is E. Determine the buckling load
P_, when the column loses its stability.

Figure 9.1 Buckling of a fixed-free tapered column.

The deflected shape of the column is shown in Figure 9.1. Consider the equilibrium
of a segment between x and L. The lateral deflection of the column at x is y(x).
The bending moment at x is M(x) =P [8 - y(x)], where § is the deflection at the
free end of the column. The moment-curvature relation requires that

EI(x)y"(x) = M(x) = P[5 — y(x)],

where I(x) is the moment of inertia of the circular cross-section at x given by

I(x) = £T4(x) = z [”0 (1_ ! i)ir — IO(I—KJ_C)4,
4 4 1o L
in which .
Lo TR _hTh i X
4 ) L

Letting n=y/L and § =§/L, the moment-curvature relation leads to a second-
order linear differential equation of the form

4 1@ _ -

El,(1—kX) T + P[Ln(x)] = P(L$)
/169 i} . P12

Y 2 _ 12 2 _
(1—«kX) = + k*n(x) = k° 6, k _EIO'
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The general solution is
n(X) = nc(x) + npx),

where 1, (x) = 8 is a particular solution and 7 ¢ (%) is the complementary solution,
which is the solution of the homogeneous equation

n (%)

(1—xx)* — + k) = 0.
Letting £ =1—«X, k #0, the homogeneous differential equation becomes
0@ d*n(&) - k
4 2 k2 0 K2 4 =0, K= -
§r"— T tkn@) =0 — — Pz + K& n(§) p

which is of the form

d’n(E)  1—2a dn() L1, @2—vip? B
Tt g e e =0,

with

] [

a:%’ IB:K, p:—l, YV =

b

and can be transformed to Bessel’s equation. Hence, the

(@)

omplementary solution
is
1
nc) = §°B,(BE") = §7 BL(KE™).
The deflection of the column is then given by
1 -
) =&7[CJL(KETD + GJ_y(KETH] +5,
where C,, C,, and § are constants to be determined using the boundary conditions
at x=0 or £=1: n(€) =0, n'(€)=0,
at x=L or £=1—«: n()=34.

Note that
< 1
]%_(x) =J3 () = 7]%(96) =] 10— Z]%(x)’
1

/ _ —7 _ 1
I_%(x) = —]_%H(x) + T]_%(x) = —J%(x) - EL%(’C)'

Differentiating n/(§) with respect to & yields
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(1) = [J1(K) = KJ_y (K)]C, + [J_y (K) + K] (K)]C, = 0.
Atx=Loré=1—«:
K

n(1—k) =VT=k[CJy(K) + G J_y(KP]+5 =45, K =-—,

T3 (Kp) € +]_3 (Kp) €y = 0.

These give two linear homogeneous algebraic equations for C; and C,. To have
nontrivial solutions, the determinant of the coefficient matrix must be zero:

J3(K) = KJ_y(K) ] 4 () +KJy(K)
=0,
]% (KL) ]_%(KL)
I KD [J3 () = KJ_3 ()] =Ty (K [J_3 (K) + K] (K)] =0,

which is called the buckling equation.

For a given value of « = (r,—r,)/r,, the roots of this algebraic equation K,
n=1,2,..., can be determined, from which the nth buckling load can be found

k PL? El kK
K:;, kzzﬁ _— Pnz(pn]'[)zL—zo, pn= nn, n:1,2,3,....
0

A numerical method must be used to solve the nonlinear buckling equation to
obtain the roots K,. Because of its remarkable ability in handling special func-
tions, symbolic computation software, such as Maple, is well-suited for solving the
buckling equation, as illustrated in Section 12.2.

Some numerical results are shown in the following table for the first three buck-
ling loads; the last row gives the results for the prismatic column with r, =r:

2n—1 2EI, 2n—1
P=(Tmm) T he=T =123

Buckling loads for a fixed-free tapered column with circular cross-section.

n=1 n=2 n=3

n/ry | K K, Py K, )23 K3 D3
0.5 0.5 2.0288 | 0.3229 4.9132 | 0.7820 7.9787 | 1.2698
0.6 0.4 2.8606 | 0.3642 7.2735 | 0.9261 11.9067 | 1.5160
0.7 0.3 4.2094 | 0.4020 11.2033 | 1.0698 18.4523 | 1.7621
0.8 0.2 6.8620 | 0.4369 19.0592 | 1.2133 31.5427 | 2.0081
0.9 0.1 14.7465 | 0.4694 42.6226 | 1.3567 70.8129 | 2.2540
0.99 0.01 156.1429 | 0.4970 || 466.7386 | 1.4857 || 777.6715 | 2.4754
1 0.5 1.5 2.5
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Example 9.10 — Ascending Motion of a Rocket

Consider the ascending motion of a rocket of initial mass m,, (including shell
and fuel). The fuel is consumed at a constant rate g= —dm/dt and is expelled
at a constant speed u relative to the rocket. At time ¢, the mass of the rocket
is m(t) =my—qt. If the velocity of the rocket is v=v, at t =t;, determine the
velocity v(t).

1
mvy (Bv*+mg) At
_I_

| | [ |
Momentum at ¢ Impulse during At ‘ T ‘
(gAt)(u-v)

(m-q At)(v+Av)

Momentum at t+At

Figure 9.2 Ascending motion of a rocket.
The aerodynamic drag force F;, which is opposed to the direction of motion, is
_ 1 2
Fd = 5 pV CdA,

where A is the the frontal (or projected) area of the rocket, p is the density of the air,
and C; is the dimensionless drag coefficient, a number used to model the complex
dependencies of drag on shape inclination and some flow conditions. Note that the
drag force F; depends not on the velocity but on the velocity squared. If the fluid
properties are considered constant, the drag force can be written as

Fd = ﬂVZ,

where f is the damping coefficient.
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To set up the equation of motion of the rocket, apply the Impulse-Momentum
Principle between time ¢ and time ¢+ At:

(Momentum at time ¢) 4+ (Impulse during At) = (Momentum at time ¢+ At),

where, as shown in Figure 9.2,
Momentum at time t = m(t)v(t),
Impulse during At = — [ﬁvz(t) —I—m(t)g] At,
Momentum at time t 4+ At = m(t 4 At) v(t + At) — (qAt) [u—v(t)]
= [m@) —qAt][v()+Av] — (qAD) [u—v(D)].

Hence
m)v(t) — [Bv2 () +m(t) g] At = [m(t) —qAt][v(t) + Av] — (qAD) [u—v ()],

and, by taking the limit Af— 0, one obtains the equation of motion of a rocket
moving upward at high speed during the propelled phase

m(t) d;(tt) + BV + mi)g — qu = 0,
m—— e — e’ ———
Inertia Drag Gravity Thrust
force force force

which is a first-order nonlinear differential equation with variable coefficients. The
equation can be reduced to Bessel’s equation by the following change of variables.

Letting the velocity be _
m(t) V(t)
BV (1)
where V (t) is the new transformed “velocity,” one has

v(t) =

>

v m@) V() m(t)Vz(t)+ﬂ1(t)V(t) h(t) = —
& BV BV pve o 0T

Substituting into the equation of motion yields

d*v dv
m?(t) dtz(t) — gm(t) % + [ﬁgm(t) - ,Bqu] V() =0.

Now changing the time ¢ to the dimensionless variable t

2 q
== ) = ym() = —==r,
T 7 Bgm m 3 ﬁgt

one has
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v d [ 28gdV\ dr 4B%¢*(d*V 1dV
dr? dr

The equation of motion becomes Bessel’s equation

d’v dv
7 () +7 @ + (@ =) V(@) =0, v=2 ﬁ
dr? dr q

The solution of Bessel’s equation is

V(r) = Cl Jv(T) + Cz Yy(f)>
dV(z)
dr

The velocity of the rocket is

e [%]U(T) —]v+1(r)] n cz[% Y, (1) — Yv+l(r)].

2Bg dV(r)
mn) V() m(t)'[_q_r )

v(t) = =
BV (1) BV(7)
R A C,Y,(]-[C C,Y, (0]
e () Flee+ 6ol - [ @+ G Y o]
- BlC (@ +C, Y, ()]
=i|:t.cfv+1(f)+yu+1(f) —v], Czﬂ.
28 Cl, (O +Y, () c,

The constant C is determined by the initial condition v =v, when t =¢; or 7 =1,
and is given by

AYU(TO) - YV+1(‘L'O) 1 2,31’0 )
= — s A — | — , . / .

9.4 Summary

@ A point x is an ordinary point of the linear ordinary differential equation

Y x) + ) yTTV) 4 s () TP () + -+ po(x) (%) = f(x),

if each of the coefficients p,(x), p,(x),..., p,_;(x) and f(x) is analytic at x =x,,
i.e., each of them can be expressed as a power series about x,, that is convergent for
|x—x,| <r, r>0. Every solution of this differential equation can be expanded in
one and only one way as a power series in (x —x)

o0
y(x) = a,(x—xp)" }x—x0‘<R, R=r.
n=0
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@ Consider the second-order linear homogeneous ordinary differential equation

»'(x) + P(x)y"(x) + Q(x) y(x) = 0.
If x=0 is a regular singular point, then
e itis notan ordinary point, i.e., notall P(x) and Q(x) are analytic at x =0;

e xP(x) and x*>Q(x) are analytic at x=0, i.e.,

o0 o0
xP(x) = Y P,x", x*Qx)= > Q,x", |x|<r.
n=0 n=0

Let oy = o, be the two real roots of the indicial equation o (o —1) +a Py + Q, =0.
The differential equation has at least one Frobenius series solution given by

o0
y(x) =x4) a,x", ay,#0, O0<x<r.
n=0

A second linearly independent solution is given as follows:

e If a;—a, is not an integer, then a second Frobenius solution is
o0
y,(x) =x%2) b, x", O<x<r.
n=0

o If o, =, =a, then

o0
y,(x) =y, (x) Inx +x*> b,x", O<x<r,

n=0
which is not a Frobenius series solution.

o If o, —a, is a positive integer, then

o0
yx) =ay;(x)Inx+x2) b,x", O0<x<r,

n=0

which is a Frobenius series solution if a =0.
The general solution of the differential equation is then given by
yx) = Cy,(x) + G, y,(x).
@ The solution of Bessel’s equation
2y +xy' +(x*—1)y =0, x>0,
where v =0 is a constant, is
y(x) =B, (x) = C J,(x) + C, Y, (x),

in which ], (x) and Y, (x) are the Bessel functions of the first and second kinds,
respectively, of order v. When v #0, 1, 2, ..., the solution can also be written as

yx)=B,(x)=C,J,(x)+C,]_,(x), v#0,1,2, ....
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The differential equation

d’y 1-2a dy 2 at—v2p?
— — p=l — [y=0 0
dx? + x dx + [(,B,ox ) + x2 :|y X7

where o, 8, v, p are constants, can be transformed to Bessel’s equation and the
solution is given by

y(x) = x*B,(Bx").

Problems

9.1 Show that the general solution of the Airy equation

y// —xy= 0,
is, for |x| < oo,
0 kl_[(3k 2) 0 kl_[ (3k—1)
— 1 =1 3n =1 3n+1
y(x) ao{ +nz=:1_(3”)! X }+a1{x+’;—(3n+l)! X

9.2 Show that the general solution of the equation
(A+x%)y" +4xy’ +2y =0,

is, for |x| <1,

& a,+a,;x
yx) = Y (=D (agx* + a; x*") = 2 12 )
n=0 I+x

Determine the general solution of the following differential equations in terms of
power series about x =0.

. [T (4k—3)
9.3 y" +xy=0. @y(")—%{““z( D" 1(4 ) <
N [ (4k—2) . 11 (4k—1)
+a1{x+ P S T MH}HZ{’C +2 2 T
2 o ]‘[(4k2—2k 1)
94 (1-x%)y"+y=0. @y(")—%{l_?_n; 2n)! <

n—1
JER | (4k*+2k—1)

k=1 2n+1
+a i x—— — x
1{ 6 n; 2n+1)!
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9.5 y"—2x*y=0.

LA )’(X)zao{ i::

271
ﬁ (4k) (4k—1)

2" 4n+1
ﬁ (4k+1) (4k)

||M8

x4”}+a1{x+

- T (6k=D)Gk+1)
k=1
(3n)!

3n

ox|><w
|
E,M

9.6 y"—2x*y +xy=0.€ y(x):ao{l—

o I 6k+1)(3k+2)

k=0 3n+1
+a,{x + X
1{ n; (3n+1)!

2 N _ _x3 13x*
9.7 (x*—=1)y 4+ (“@x-1)y +2y=0. @y(x)_ao 1+x? —+T

11x° i >+ < x2+7x 19x* +53x )
— —— a x—— — e S— — s s
20 1 2 6 24 40

98 y "+ (14+cosx)y=0 €D yx)=a <l—x +5x _23x +19x
7 y==u Y=o 24 720 5040
271x10 x> 7x° 13x7  151x°
— ...>+a1<x__ — — _>
725760 3 120 1680 181440

9.9 "+ y'sinx +ycosx =0 @ (x)=a (1_x2+x4_31x6 379
2y Ty yeosx==u Y=\ T T 70 20320

1639x10 ) ( X 59x7+31x9 )
907200 3 10 2520 6480

9.10 Show that the general solution of the modified Bessel’s equation of order 0
xy"+y ' —xy=0, x>0,
is, for 0 < x < 00,

X2 X 1+34+34++2

clen? 2,121 [(2n)!1]?

n

y(x) = (C; + C,Inx) Z

9.11 Show that the first Frobenius series solution of the Laguerre equation
xy” 4+ (1—x)y'+ky =0, k= nonnegative integer,
is given by
k!
= B
For the case of k=3, show thata second linearly independent solution is given by

0 (1 3 +3x2 x3>1 . 23x2+11x3 X 6-(n—4)! ,
x)=|1-3x+=———)Inx+7x— -
< 2 6 4 12 = (n)?
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Determine two linearly independent solutions of the following equations.

9.12 xzy” + (x—2x2)y/ —xy=0.

(=14 +3x2+5x3+35x4+21x5+
c@ X) = X — — ] — ] —
% 4 12 192 ' 320

) 1 +( x x> 19x*  25x° >
x)=y;(x)Inx+ (————— —_———
P2=N 4 4 128 384
9.13 x*y" — 2x+xP)y' +2y=0.
2 3 .4 5 00 o1
) x* x Xt x ) , X x ) x
x)=x"(1+x+=—4+—+=—4=—4... ) =x — =x"¢
AU <++2+6+24+120+ ,;)n!

x
yz(x):yl(x)lnx+x<1+x—T——___...

9.14 x%y" + (%x—i—xz)y’ +xy=0.
2 3 4 5 00 (_x)n

@yl(x)=ﬁ<1—x+x——x—+i_x_+...)Z\/;Z — JRe

2 6 24 120
(=12 +4x2 8x3+16x4 32x5+
X) = — X — . e— —— —

)2 3 15 ' 105 945

9.15 x*y" + (x—x})y —(x+1)y=0.

> ® (1+2x+x2+x3+x4+x5+ )
% 3 4 15 72 420

(x)—x‘1(1+x2+2x3+x4+x5+ )
Y20 = 3 4 15

9.16 x*y” +2xy —(x*+2)y=0.

> (1+x2+x4+ S . )
X)=X — —
% 10 280 15120 1330560 172972800
. X2 xh 46 8 10
= (1- 2 )
2 8 144 5760 403200

9.17 xy" —2xy' ' —y=0.

5x2  35x> 21x*  77x° )

3x
G@ = 14— —
71x) x(+2+4+48+64+640+

*) (o) Inx + (1+ +x2 x> 79x*  499x° N )
X) = x)Inx Xt —— — — —
72 % 4 3 192 1920

9.18 xy"+2y ' —xy=0.

x2 x4 x6 x8 xl()
X :1 — — “ e
> yn@w=1+ 5 120 5040 " 362880 | 39916800
. x2 x4 x6 x8 xlO
)=x 1+ =+—4—+ + +)
2(%) ( 2 24 ' 720 ' 40320 @ 3628800



PROBLEMS 429

9.19 x%y” —x*y' +2(x—1)y =0.
PN
€D y,(x) =54, yz(x)=x21nx+x_1<—2—3x—3x2+T+4—O+‘--)

920 xy"+y —xy=0.

x2 x4 X6 XS xlO
Gw X)=14 =t = e
n@ =1+ T 52 3304 T 127456 | 14745600 |
) (0 lnx+ ( x% 3x* 11x° 25x8 137x10 )
)=y x)Inx+(—=——=—— — — —
)2 % 4 128 13824 1769472 884736000

9.21 Consider the stability of a simply supported tapered column of length L.
The column is subjected to an axial compressive load P. The cross-section of the
column is of rectangular shape. The thickness of the column is constant h, and the
width changes from b, at the bottom to b, (b, <b,) at the top linearly along the
length x as shown in Figure 9.3. The modulus of elasticity for the column material
is E. Determine the first three buckling loads when the column loses its stability in
the x- y plane for b, /b,=0.5, 0.6, 0.7, 0.8, 0.9, 0.99.

Figure 9.3 Buckling of a simply supported tapered column.
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d2
@ Moment-curvature relation: dng(f) + K 25_1 nE)=0
k PL? b byh’
K=m, K=—m, &t=1-k% k=1—=t f=0, [=-x
K El, b, L 12

Buckling equation: J;(2K) Y, (2K;) —J;(2K;) Y,(2K) =0, K; =K+1—«

El, kK,
F’ p}’l: p , n:1,2,3,...,

Bucklingloads: P, = (pnrr)2
For a prismatic beam with b, =b,, p,=n, n=1,2,3,...

Buckling loads for a simply supported tapered column with rectangular cross-section.

n=1 n=2 n=3

b/by | « K, Py K, P> K, P3
0.5 0.5 5.3873] 0.8574 10.7384| 1.7091 16.0973] 2.5620
0.6 0.4 6.9860| 0.8895 13.9463| 1.7757 20.9123| 2.6626
0.7 0.3 9.6283] 0.9194 19.2393| 1.8372 28.8541| 2.7554
0.8 0.2 14.8858 | 0.9477 29.7611| 1.8947 44.6387| 2.8418
0.9 0.1 30.6131) 0.9744 61.2213| 1.9487 91.8306| 2.9231
0.99 0.01]] 313.3722] 0.9975|| 626.7439 | 1.9950|| 940.1158 | 2.9925
1 1 2 3

9.22 An experimental race car developed to break land speed record is propelled
by a rocket engine. The drag force (air resistance) is given by R= Bv?, where v
is the velocity of the car. The friction force between the wheels and pavement is
F=pumg, where p is the coefficient of friction. The initial mass of the car, which
includes fuel of mass m,,, is m,. The rocket engine is burning fuel at the rate of q
with an exhaust velocity of u relative to the car. The car is at rest at £ =0. Show that
the differential equation governing the velocity of the car is given by, for 0 <t < T,

d
m(t)d—:+,3v2+,um(t)g—qu=0, m(t) =my—qt,

where T'=m,_,/q is the time when the fuel is burnt out.

For my=>5000 kg, m,, ,=4000 kg, q=50 kg/sec, u=700 m/sec, f=0.1, and

n=0.5, what is the burnout velocity of the car? @ v(T)=1683.9 km/hr




Numerical Solutions
of Differential Equations

In previous chapters, various analytical methods are introduced to solve first-order
and simple higher-order differential equations (Chapter 2), linear differential equa-
tions with constant coefficients (Chapters 4 and 6), systems of linear differential
equations with constant coefficients (Chapter 7), and linear differential equations
with variable coefficients (Chapter 9).

However, in practical applications, there are many equations, especially non-
linear differential equations and differential equations with variable coefficients,
which cannot be solved analytically. In these situations, numerical approaches
have to be applied to obtain numerical solutions.

In this chapter, a number of classical numerical methods are presented, through
which the concepts of error and stability are introduced.

10.1 Numerical Solutions of First-Order Initial Value
Problems

Consider the first-order differential equation

d
= =Sy, e =

The solution y(x) is required to satisfy the initial condition, i.e., y = y, at x=x,,.
The differential equation, along with the initial condition, is therefore called an
initial value problem, as discussed in Chapter 1. Discretize the independent variable
x at points x,, X;, X,, ..., in which Xy =xi+h, i=0,1,2,...,and h is called the
stepsize.

431
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Knowing the initial point (x,, y,), solutions of the differential equation at the

discrete points x,, x,, ... are required. Adopt the following notations:
w y(x;),i=1,2,..., istheexactvalue of the solution of the differential equation
at x=x;;
@ y,i=1,2,..., isanumerical approximation of the solution of the differential

equation at x = x;.

Expand y(x+ah) in Taylor series about x as

B ah (ah)? (ah)® ,
y(x+oah) —y(x)+7y (x) + 57 (x)+Ty () +---.

By selecting different values of « and truncating the Taylor series at different orders
of h, various approximate schemes can be developed.

10.1.1 The Euler Method or Constant Slope Method
Taking o =1, x = x;, and keeping only the first two terms in the Taylor series give
y(x;+h) ~ y(x) + hy'(x;),
or, noting y'(x;) = f(x;, y,)
Vi =yithfx,y), i=01,2,....

This formula forwards the approximate solution y; at x; a step h to y; , at x
and is called the (forward) Euler method.

i1’
Note that, unless the slope y" = f(x, y) = constant for X SXSX ) i=0,1,...,
¥;,, may not be the true value of y at x; . Since the Euler method assumes the
slope y’ for x; <x <x; , asaconstant f(x;, y;) using the value at the left end x, it
is also called the constant slope method. A schematic diagram for the Euler method

is shown in Figure 10.1.

Example 10.1

For the initial value problem y’=x y?—y, y(0)=0.5, determine y(1.0) using the
Euler method with h=0.5.

The differential equation is a Bernoulli equation and can be written as

L]
-y +—==x.
»? y
1 d 1d d
Letting u=—, one has d—z: —Fd—i, which leads to —d—z+u=x, a first-

order linear equation of the form

du .
= +P(x)u = Q(x), with P(x)=-1, Q(x)=—x.
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B4

Yo
! Exact solution
E )’(x1)
: : y(x,)
i h Exact values
i ' )/(xz) Cumulative
NN Y
NN 70
I Ny
E i Approximate& H i E
L e i
i h 1 h 1 h 1 i h | h 1
- ——— —— - - ot -
H H H H A H H H —
X0 X1 X v Xp—1 Xy X

Figure 10.1 The Euler method.

It is easy to evaluate

/P(x) dx = —x, efp(x)dx —e ¥ e_fp(x)dx =e¥,

/Q(x)efp(x)dxdx = /—xe_x =e F(x+1).

The general solution is

1 _
U= ——e¢ fP(x)dx[/Q(x)efp(x)dxdx+Ci|Zex[e_x(x+l)+C]=l+X+Cex
Y

Using the initial condition y(0)=0.5,
1
i 140+C-e" =14C = C=1.

Hence the exact solution of the initial value problem is

y(x) = y(0.5) = 0.317589, y(1.0) = 0.211942.

1+x+e*
The Euler method is, with h=0.5,

faoy) =xy7 =y Yig =i+ hfx ).
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The results are as follows

i=0: x,=0, y,=05£0,05) =0x0.5"—0.5= —0.5,
¥, = 0.540.5x (—0.5) = 0.25;

i=1: x, =05, y =025 £(0.50.25) = 0.5x0.25°—0.25 = —0.21875,
¥, = 0.2540.5x (—0.21875) = 0.140625.

The difference between the exact value and the approximate value at x=1.0 is

|y(1.0)—y,| = [0.211942 — 0.140625| = 0.071317.

10.1.2 Error Analysis

In general, there are two types of error in numerical solutions of a differential
equation, i.e., roundoff error and truncation error.

In floating-point representation, arithmetic among numbers is not exact. For
a particular computer, the smallest number ¢ that, when added to 1.0, produces
a floating-point result that is different from 1.0 is called the machine accuracy or
the floating-point accuracy. In general, every floating-point arithmetic operation
introduces an error at least equal to the machine accuracy into the result. This error
is known as roundoff error and is a characteristic of computer hardware. Roundoff
errors are cumulative. Depending on the algorithm used, a calculation involving n
arithmetic operations might have a total roundoff error between +/7¢ and ne.

The discrepancy between the exact result and the result obtained through a
numerical algorithm is called the truncation error. Truncation error is introduced
in the process of numerically approximating a continuous solution by evaluating
it at a finite number of discrete points. It is the error that a numerical algorithm
would have if it were run on an infinite-precision computer. Truncation error can be
reduced, at the cost of computation effort, by developing and selecting algorithms
that are of higher orders of the stepsizes.

J

Euler point y;,1=y;+hk
Slope k=y'(x;) =f(x;, y;) ]

Local error

Exact value

% y(xis1)

Exact solution

Xi Xit+1 x

Figure 10.2 Local error of the Euler method.



10.1 NUMERICAL SOLUTIONS OF FIRST-ORDER INITIAL VALUE PROBLEMS 435

In most cases, truncation error is independent of the roundoff error. A numerical
result thus includes the accumulation of truncation errors due to the approximation
in the numerical algorithm and the roundoff errors associated with the machine
accuracy and the number of operations performed.

Truncation Error of the Euler Method

To study the truncation error in the (i+1)th step, refer to Figure 10.2, in which
y(x;,,) is the exact solution satisfying y = y; at x=x;.

Consider the Taylor series

h h?
Y ) = y(x+h) = y(x) + F)’/(x,-) + ")+

=y(x;) +hy'(x;) + %hzy”(ri); X STiSXiyy-

The local error or truncation error at the (i+1)th step is

h2 Vi 2 "
|)’(xi+1) —)’i+1| = ’7)’ (r)| < m;h7, |;V (ri)| S2my, X STESXpy .

Starting from the initial point y(x,) = y,, the cumulative error at x=x,, after
following the Euler method for n steps is (Figure 10.1)

n—1
|y(xn)—yn| < ZmihzéMnhz, M:max{ml,mz,...,mn},
i=0

= M (x,,—x)h, nh = x, —x,
= Ch, M (x,—x,) = C.
The cumulative error is of the first order of h, i.e., O(h) or | y(x,) — y,| < Ch.

Table 10.1  Comparison of solutions and cumulative errors for different stepsizes.

h=0.5 h=0.2 h=0.1

x|y yi b=yl v eyl v |y -y
0.0 10.5 0.5 0 0.5 0 0.5 0

0.1 110.453480 0.45 0.003480
0.2 10.412984 0.4 0.012984 |]0.407025| 0.005959
0.3 10.377379 0.369636] 0.007743
0.4 110.345802 0.3264 0.019402 (] 0.336771| 0.009031
0.5 110.317589]10.25 0.067589 0.307631] 0.009959
0.6 110.292217 0.2696421 0.022574 |1 0.281599] 0.010617
0.7 10.269269 0.258197] 0.011072
0.8 110.248414 0.2244391 0.023975 |1 0.237044] 0.011370
0.9 110.229379 0.217835] 0.011544
1.0 10.211942110.140625] 0.071317 ]10.187611] 0.024330 ] 0.200322] 0.011619
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As a numerical example, Table 10.1 shows the solutions and the cumulative
errors for the initial value problem in Example 10.1 with different stepsizes. Since
the cumulative error is of the order O(h), the accuracy of numerical approximation
can be increased by using a smaller stepsize.

However, there are two caveats with increasing numerical accuracy by decreasing

stepsize:

@ It is not efficient. It is more preferable to use higher order algorithms that are
more accurate and efficient.

@ The use of arbitrarily small stepsizes in numerical computation is prevented
by roundoft error. When the stepsize is small enough, the local truncation
error may be smaller than the roundoff error. Furthermore, to determine
the solution of a differential equation at some point x, a smaller stepsize h
means a larger number of steps x/h; the accuracy may actually decrease as
the roundoft errors accumulate while the computation steps along.

The Euler method is the simplest algorithm for numerically solving an ordinary
differential equation. However, it is not recommended for any practical use because
it is not very accurate when compared to other higher order methods, such as the
Runge-Kutta methods, which will be introduced in Section 10.1.5. It is presented
here for understanding the essential procedure of solving an ordinary differential
numerically and the concept of error analysis.

10.1.3 The Backward Euler Method

Taking @ = —1, x=x; ,, and keeping only the first two terms in the Taylor series
give

Y —h) = yxi ) — h)’/(xiﬂ)’
or, noting y'(x; ) = f(x; 1> ¥y 1)

Vi =Yiy1 — h & Yi)s

or
yi+1:yi+hf(xi+l’yi+l)’ i=0,1,2,....
This formula is called the backward Euler method, since y; is derived in terms of
Jit1:
If function f(x, y) islinearin y, then f(x, y) =a(x)y+b(x) and
Yi = Yipr — hlaGxi )y + b))
Y41 can be expressed explicitly in terms of y;
Yi+hblxyy)

Yip1 = 1—h-a(x,, ) )
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Otherwise, the backward Euler method gives an implicit equation for y; . A root-
finding algorithm has to be applied to solve the nonlinear algebraic equation for
Jit1:

The backward Euler method is one of a class of numerical techniques known
as implicit methods. The main disadvantage of implicit methods is that nonlinear
algebraic equations must be solved at each step. However, the most important
advantage of implicit methods over explicit methods is that they give better stability,
which will be illustrated in Section 10.3.

Example 10.2

For the initial value problem y’=x y?—y, y(0) =0.5, determine y(1.0) using the
backward Euler method with h=0.5.

The backward Euler method is, with f(x, y) =x y2 —y and h=0.5,
Yigr =Yi T h G yig)-
The results are as follows
i=0: x,=0, y,=0.5,
$1=0.54+0.5%(0.5x y2 —y,) —> 0.25y7—1.5y,+0.5=0,
3, =0.354249, 5-6645754;

2% Since the difference between y,.; and y,, |y, — y,|, is of the order O(h?),
the root 0.354249 is selected. The root 5.6645751 is not reasonable and should be
discarded.

i=1: x,=05, y; =0.354249,
¥, =0.354249+0.5x (1.0 y3— y,) = 0.5y3 —1.5y,+0.354249=0,
¥, =0.258427, ZF4+573;
Cumulative error: | y(1.0)—y,| = |0.211942 — 0.258427| = 0.046486.

#% Similarly, the root 0.258427 is selected and the root 2.741573 is discarded.

For nonlinear algebraic equations, there are usually more than one
real root; care must be taken to pick the correct root, especially when the roots are
closely spaced.

10.1.4 Improved Euler Method—Average Slope Method

The Euler method y; | = y;+h f(x;, y;) is not symmetric; it uses the slope f(x;, y;)

at the left end point of the interval [x;, x;_ ,] as the actual slope of the solution y’(x)

i+1
over the entire interval.
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On the other hand, the backward Euler method y, , =y, +hf(x; ;,y; ) uses
the slope f(x, ;,
slope of the solution y’(x) over the entire interval.

¥;41) at the right end point of the interval [x;, x;, ] as the actual

The improved Euler method combines the Euler method and the backward
Euler method. It uses the average of the slopes f(x;, y;) at the left end point and

f(x; 1> ¥;,,) at the right end point of the interval [x;, x as the actual slope of

it1]
the solution y’(x) over the entire interval, i.e.,

h .
Yig1 =X+ E[f(xi’yi) +fCp i) =012,

The improved Euler method or the average slope method is also called the trapezoidal
rule method because of its close relation to the trapezoidal rule for integration

Y(xigy) —y(x) = /

i+1 h
y'(x)dx ~ 5 [y'(x) + y'(xii )]
Expanding y'(x;_ ) in Taylor series yields

h
Y i) = 5 G+l =y + 5y () + o(h).
Noting that .

1 1
Yip1 =it Eh[f(xi»)’i)+f(xi+1’)’i+1)] =)+ Eh[)’/(xi)“‘)’/(xiﬂ)]’
the truncation error of the improved Euler method at the (i+1)th step is

Y i) = Yia| = ’[Y(xi) +hy'(x) + %hz)’//('xi) + o))

— Dyt h{y ') + [ +hy "+ o]} |
= o(h%).

Hence, the truncation error of the improved Euler method in each step is of the
order O(h?), and the cumulative error is of the second order of h, i.e., O(h*) or

|y(xn)—yn| < CHh?.

The improved Euler method is obviously implicit and shares the advantage of
implicit methods in terms of stability, which is particularly important in solving
stiff equations (see Section 10.3 for a brief discussion).

On the other hand, it also shares the disadvantage of having to solve a nonlinear
algebraic equation at each step with the backward Euler method. To overcome this
problem, a numerical technique known as predictor-corrector can be applied, in
which the value y; | on the right-hand side of the equation is approximated using
an explicit method, such as the Euler method. Unfortunately, while the improved
Euler method is rendered explicit by applying the predictor-corrector technique, it
also loses its stability characteristic as an implicit method.
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A schematic diagram is shown in Figure 10.3 to illustrate the procedure of the
improved Euler predictor-corrector method.

Improved Euler Predictor-Corrector Method

Atthe (i+1)thstep,i=0,1,2,...,

(1) k, = f(x;, y;) Slope at the left end point x;

(2) Predictor y; 11 =Y; thky  Predict y at x;; using the Euler method

3) ky = f(x; 1 ylP 1) Predicted slope at the right end point x;
k. +k

(4) k==L 9 The averaged slope is used on [x;, x; ]

2
(5) Corrector y; , = y; +hk Improved Euler point

l)/ © Slope kzzf(xiﬂ’yil:—l)

@ Euler point y© =y, +hk,

(1) Slope k,=f(x;, y;)

Exact solution
-—

ky+k, |

O Average slope k=

Exact value E © Improved Euler point
; y(xis) ; Yin=yithk
E h E h
: : I
Xi Xit1 Xipg X

Figure 10.3 Improved Euler predictor-corrector method.

Example 10.3

For the initial value problem y’=x y*—y, y(0) =0.5, determine y(1.0) using the

improved Euler method and the improved Euler predictor-corrector method with
h=0.5.

(1) The improved Euler method is, with f(x, y) =x y2 —yand h=0.5,
1
Vi1 = Vi + 3h[f( 70 + f(ip yi)]-
The results are as follows

i=0: x,=0, y,=0.5,



440 10 NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS

y1=05+73 x0.5x [(0x0.52—0.5)+(0.5% y2 — y))]
== 0.125y] —1.25y,+0.375=0 = y, =0.309584, 9-696416;
i=1: x;=05, y =0.309584,
,=0.309584 4% x 0.5 x [(0.5 x 0.309584% —0.309584) + (1.0 x y3 — y,)]
== 0.25y5—1.25y,+0.281373=0 = y,=0.236262, +763738;
Cumulative error: | y(1.0) —y,| = [0.211942 — 0.236262| = 0.024321.

(2) The improved Euler predictor-corrector method is
k,+k
2

ki =G 95 yip =yi+hky ky=fx v, k= 2, Jin=yit+hk.
The results are as follows
i=0: x,=0, y,=0.5,
k, = £(0,0.5) = 0x0.5*—0.5 = —0.5,
¥ =054+ +0.5x(—0.5) = 0.25, 2% Predictor
k, = £(0.5,0.25) = 0.5x0.25* —0.25 = —0.21875,
k= %(—0.5—0.21875) = —0.359375,
y; = 0.5+0.5%x(—0.359375) = 0.320313; 2% Corrector
i=1: x;, =05, y; =0.320313,
k, = £(0.5,0.320313) = 0.5 % 0.320313% —0.320313 = —0.269012,
yg = 0.320313+ + 0.5x (—0.269012) = 0.185806, 2% Predictor
k, = £(1.0,0.185806) = 1.0 x 0.185806% —0.185806 = —0.151282,
= %(—0.269012—0.151282) = —0.210147,
y, = 0.3203134-0.5 x (—0.210147) = 0.215239; 2T Corrector

Cumulative error: | y(1.0)—y,| = |0.211942 — 0.215239| = 0.003297.

10.1.5 The Runge-Kutta Methods

Taking o =1, x = x;, and keeping only the first three terms in the Taylor series give

h? ,
yxi+h) ~ y(x) +h)//(xi)+ Ty/(xi). (1)
Since y'(x) = f(x, y), differentiating with respect to x yields

_Of  ofdy of o

. 2
ox Jdydx  ox dy @

y//(x)
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On the other hand, applying the Taylor series for function F(x,, x,) of two variables

dF dF 1 ,0°F
F(x}, x,) = F(ay, a,) + (xl_al)a_xl + (xz—az)a—xz + 7 (x,—ay) a_xf

+2( )( ) O°F + ( )282F +
x—a x—a — x —a — P
1 1772 2 8x18x2 2 2 8x§

to function f(x+ % h, y+ % hf) yields, keeping only the first two terms,

f+3h, y+3hf) ~ f(x, y) + [(%h)% + (%hf)%}

= f(x, y) + %h y"(x). #% Using equation (2)

Hence, an approximation of y”(x) is given by

y/(x) ~ % [fa+3h y+5hf) — f(x, )], (3)
Substituting equation (3) into equation (1) results in
YY) & () + hf i, y) + R [f (it T yi+ 3 hf G 7)) = fxi 7)),
or
Yip1r =Yt hf(xi"‘%’% )’i"‘%hf(xi’)’i))-

From this equation, the second-order Runge-Kutta method or midpoint method can
be developed.

A schematic diagram is shown in Figure 10.4 to illustrate the procedure of the
second-order Runge-Kutta method. The cumulative error is of the second order of
h, i.e., O(h%) or |y(xn) —yn| < CH.

Example 10.4

For the initial value problem y’=x y?—y, y(0) =0.5, determine y(1.0) using the

second-order Runge-Kutta method with 4 =0.5.

The second-order Runge-Kutta method is, with f(x, y) =x y*— y and h=0.5,
1 1
ky = f(x; ¥ Yigd = Vit hky,  ky=fC;+3h Yied?  Vin1 =yi+hk,.
The results are as follows

i:0: XOIO, )’020-5:
k, = £(0,0.5) = 0x0.5*—0.5 = —0.5,



442 10 NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS

Second-Order Runge-Kutta Method

Atthe (i+1)thstep,i=0,1,2,...,

1) k; = f(x;5 99 Slope at the left end point x;

Predicted y at the midpoint x; + % h

1
2 .. =y +=hk
@ y’+11' vit 7k using the Euler method

(3) ky = f(x; —{—%h, P, ] ) Predicted slope at the midpoint x; +%h

4) k=k, Slope on [x;, x; ] is taken as the midpoint slope
(5) yiy1 =y; +hk Second-order Runge-Kutta method
| .

2 Euler point y; ;= y;+hk;

Euler point y;.q if step size is %h

@ 2nd-order Runge-Kutta y;,=y;+hk,

Exact value y(x;4;)

Exact solution

<1

X; X;
1 xi_,_%h 1+1

Figure 10.4 Second-order Runge-Kutta method.

1
Yorg = 0.5+3X0.5%(=0.5) = 0.375,

ky = £(0.25,0.375) = 0.25x 0.3752 —0.375 = —0.339844,
¥, = 0.5+0.5x (—0.339844) = 0.330078;
i=1: x, =05, y =0.330078,
k, = £(0.5,0.330078) = 0.5 x 0.3300782 —0.330078 = —0.275602,
Vyyq = 0330078+ %05 % (—0.275602) = 0.261178,
ky = £(0.75,0.261178) = 0.75x 0.2611782 —0.261178 = —0.210017,

¥, = 0.330078+0.5 % (—0.210017) = 0.225069;

Cumulative error: | y(1.0) —y,| = |0.211942 — 0.225069| = 0.013128.
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Higher-order Runge-Kutta methods can also be developed. For most practical
applications, the fourth-order Runge-Kutta method is the most popular method.

A schematic diagram is shown in Figure 10.5 to illustrate the procedure of the
fourth-order Runge-Kutta method. The cumulative error is of the fourth order of
h, i.e., O(h*) or |y(xn) —yn| <CHh*.

Example 10.5

For the initial value problem y’=x y?—y, y(0)=0.5, determine y(1.0) using the
fourth-order Runge-Kutta method with h=0.5.

The fourth-order Runge-Kutta method is, with f(x, y) =x y2 —y and h=0.5,
ky = f(x;> yi)s Vird :)’H‘%hkl) kZ:f(xi+%h, )’l-+%)> 5’i+% Z)’i"‘%hkz’
ks :f(xi+%h’ 5’1‘+§)’ Vig1=Yithks,  ky=flx;+h yi0),
k=% (ky+2ky+2ks+ky), i =yi+hk.
The results are as follows
i=0: x,=0, y,=0.5
k, = £(0,0.5) = 0x0.5*—0.5 = —0.5,
Yopy =05+ 1%0.5% (~0.5) = 0.375,
k, = £(0.25,0.375) = 0.25 X 0.375>—0.375 = —0.339844,
Fopg =05+ 1 x0.5 x (—0.339844) = 0.415039,
ks = £(0.25,0.415039) = 0.25 x 0.415039% —0.415039 = —0.371975,
Y, = 0.5+0.5x (—0.371975) = 0.314012,
k, = £(0.5,0.314012) = 0.5 % 0.3140122 —0.314012 = —0.264711,
k= %(—0.5—2 % 0.339844 —2 % 0.371975—0.264711) = —0.364725,
y; = 0.540.5x (—0.364725) = 0.317638;
i=1: x, =05, y, =0.317638,
k, = £(0.5,0.317638) = 0.5 % 0.317638% —0.317638 = —0.267191,

1
yl+% = 0.317638+ 5 x 0.5x (= 0.267191) = 0.250840,

k, = £(0.75,0.250840) = 0.75 x 0.250840% —0.250840 = —0.203649,

~ 1
yH% = 0.317638+ 5 x 0.5 x (—0.203649) = 0.266725,
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Fourth-Order Runge-Kutta Method

Atthe (i+1)thstep,i=0,1,2,...,

D) k= f(x; ) Slope at the left end point x;

Predicted y at the midpoint x; —l—%h

1
2 ., =y.+=hk
@ Vit > vit 7k using the Euler method

(3) ky = f(x; —I—%h, Vit } ) Predicted slope at the midpoint x; —l—%h

4) k=k, Slope on [x;, x; —I—%h] is taken as the midpoint slope
= 17 Improved predicted y at the midpoint x. +~h
5 . = Y. —hk P P )’ P 1 2
) y’*‘% it 2 (similar to second-order Runge-Kutta method)

6) k3 = f(x; —|—%h, Pan 1 ) Improved predicted slope at the midpoint x; —{—%h

7 =k Slc?pe on [x., xi-l—%h] is taken as the improved
midpoint slope
®) Yy, =yit+ hk Predicted y at the right end point x;

(9) ky= f(x;+h,y;,;) Predicted slope at the right end point x;

ky+2k,+2k;+k, Slope on [x;, x;+h] is taken as the weighted
6 average slope

(10) k=

(1) y; ., = y; + hk Fourth-order Runge-Kutta method

| Y
© Slope k,=f(x+5h, y;.4)
@ Slope ky=f(x;+%h, Visd)

m4th-0rder Runge-Kutta
Yini=yithk

Oy, ,=yi+3hk,

i@f’nf%*%hl&

O Slope ky=f(x;, y;)

Exact value y(x;4;)

OJi=yithks ‘

@ Slope ky=f(x;+h, ¥iy1)

: |
h : sh

POY ST

—
1 Xi+1 X
x,-+7h

Figure 10.5 Fourth-order Runge-Kutta method.
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ks = £(0.75,0.266725) = 0.75 x 0.266725% —0.266725 = —0.213369,

Y, = 0.317638+0.5 x (—0.213369) = 0.210953,

k, = f(1.0,0.210953) = 1.0 x 0.210953% —0.210953 = —0.166452,

k= %(— 0.267191 —2x0.203649 —2x0.213369 —0.166452) = —0.211280,
y; = 0.317638+0.5 x (—0.211280) = 0.211998;

Cumulative error: | y(1.0) —y,| = |0.211942 — 0.211998| = 0.000056.

10.2 Numerical Solutions of Systems of Differential
Equations

As discussed in Section 7.4, any ordinary differential equation or system of differ-

ential equations can be expressed as a system of first-order differential equations.

For example, consider the following equations of motion of a two-dimensional
nonlinear system

i+ By + @ (14 1,47 + v1245) 9, = a, cos Q,
Gy + Body + 05 (1 + ¥3,q45 + ¥0q5) 4, = a, cos 2.
Letting x=1, y; =q;, y, =4 ¥3=4;> and y, =4, changes the equations to
73+ Brys + ot (1+ vy, 1 + v1,05) y1 = a; cos Qx,
Yot Brys+ w%(l + J/Zny + yzzyg)yz = a, cos Qx.

In the matrix form, one has

N V3
21 V4
s3| | aicosQx — o 1+ vy 07 + vy — By
Ja a, cos Qx — 3 (L+ vy 07 + V5093 ¥s — By ys

Hence, without loss of generality, consider the initial value problem of a system
of m first-order differential equations

Y =fGy), vy =Y

where x is the independent variableand y ={ y, y,, . . .» ¥, } " isan m-dimensional
vector of dependent variables, and f(x, y) ={f}> f5>- - -» fu} " is an m-dimensional
vector of functions of x, y;, ¥,, ... Ve

The numerical methods presented in Section 10.1 for a first-order ordinary
differential equation can be readily extended to a system of first-order ordinary
differential equations.
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1. The (Forward) Euler Method or Constant Slope Method
Yign =Y +hfkx,y), i=012,....
2. The Backward Euler Method
Vi =Y thfx, ,yi), i=0,12,....
3. Improved Euler Method or Average Slope Method
Vier = Vi + 2h[EGoy) G yi)] =012,

4. Improved Euler Predictor-Corrector Method

Atthe (i+1)thstep,i=0,1,2,...,

(D k, =f(x;,y,) Vector of slopes at the left end point x;
(2) Predictor ylP 1 = Y; T hk; Predict y at x; | using the Euler method
(3) k, = f(x; vy +1) Predicted slopes at the right end point x;
k, +k
(4) k = % Vector of averaged slopes is used on [x;, x; ;]

(5) Corrector y;,; =y; +hk  Improved Euler point

5. Second-Order Runge-Kutta Method
Atthe (i+1)thstep,i=0,1,2,...,

1 k; =f(x;,y)) Vector of slopes at the left end point x;

Predicted y at the midpoint x; —l—%h
using the Euler method

@) Vi =Yit %hkl
3) k, =f(x; —i—%h, Viid ) Vector of predicted slopes at the midpoint x; —l—%h
4) k =k, Slopes on [x;, x;, ;] are taken as the midpoint slopes
(5) yi =V; +hk Second-order Runge-Kutta method

6. Fourth-Order Runge-Kutta Method

Atthe (i+1)thstep,i=0,1,2,...,

1 k; =f(x;,y) Vector of slopes at the left end point x;

@ y., =y + % hk, Ve.ctor of predicted y at the midpoint x; —I—%h
i+ using the Euler method

(3) k, =f(x; —I—%h, Visd ) Vector of predicted slopes at the midpoint x; —{—%h
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Slopes on [x;, x; —1—%}1] are taken as the midpoint

@ k=Ik slopes

Improved predicted y at the midpoint x; +%h

- 1,
5 V... =y, +5hk
) Vied TYiT 32 (similar to second-order Runge-Kutta method)

6) k; =f(x; +%h, Vit ] ) Improved predicted slopes at the midpoint x; +%h

7) k =k Slc.)pes on [x., x; +%h] are taken as the improved
midpoint slope

®) vy =Vt hk Predicted y at the right end point x;_;

(9) ky, =f(x;+h,y;;;) Vector of predicted slopes at the right end x;

k,+2k, +2k;+k, Slopes on [x;, x;4h] are taken as the weighted

(10) k=
6 average slopes

(1) y;4 =y; + hk Fourth-order Runge-Kutta method

Example 10.6

Consider the initial value problem 2y” — y'® sin 2x=0, y(0)=0, y'(0)=1.

1. Determine the exact solution y(x) of the initial value problem.

2. Determine y(0.5) using the fourth-order Runge-Kutta method with h=0.5.

(1) This second-order equation is of the type of y absent. Letting u=y’ and
u' = y" give 2u’ = u’ sin 2x. The equation is now variable separable

du . 1 1
2= = [sin2xdx+C =—> = = =cos2x—C.
u3 uz 2

Using the initial condition u =y’ =1 at x =0 yields

1 1 1
= ==c0s50-C = C= —=.
12 2 2
Hence,
1 14 cos2x 2 /
—_— T —— COST X ——> U=y = Secx.
u? 2

2% Since u=y'=1>0 at x=0, the + sign is taken.

Integrating with respect to x results in
y= /secxdx + D = In|secx+tanx| + D.

Using the initial condition y=0 at x=0 gives 0= In|sec 0+ tan 0|+ D, which
leads to D=0 and

y = In|sec x+ tan x|.
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(2) Letting y, =y, y,=y’, onehas
2y, —y3sin2x =0 — y) = %yé’ sin 2x,
or, in the matrix form,
{yi} ~ { 72 ] B {fl(x,y)} B {fl(x;ypyz>} - {yl}
¥, 2y} sin2x f(xy) L6571 7) ¥
The fourth-order Runge-Kutta method is
1 1
k) =f(x; y,)s Vird =y;i+3hk, k=f(x;+3h, Y,-+%)> Y1+ =Yit3 ks,
1, =~ - -
ks =f(x;+5h, Yi—i—%)’ Vi =Yithks, ke=f0;+h 7y,
k= %(kl +2k +2ks +ky), vy, =y +hk.

The results are as follows

i=0: x =0, yo, =y0)=0, yy,=y"(0)=1, h=0.5,
= o) 0] 1o
£,(0;0,1) %xl3x sin 0 ol’
o] , 1 0.25
b))
K, — {fl(O.ZS; 0.25, 1)} _ { 1 } _ { 1 }
£,(0.25;0.25,1) % x 13 x $in 0.5 0.239713 [’

) 0 ) . 1 0.25
= + = x0.5x%x = ’
Yot+d 1 2 0.239713 1.059928

y £,(0.25; 0.25,1.059928) 1.059928 1.059928
T £0.25025,1.059928) [ |+ 1.0599283xsin0.5] | 0285444

) o] 1.059928 0.529964
Y2 = + 35 x0.5 )
1 0.285444 1.142722
£,(0.25; 0.529964, 1.142722) 1.142722 1.142722
£,(0.25; 0.529964, 1.142722) 1.142722°xsin 1.0 ~ | 0.627814 [

2
1 1
2\10 0.239713

1.059928 1.142722 1.043763
0.285444 0.627814[)  |0.279688 |’

Y11 »,(0.5) 0 1.043763 0.521882
Yi= + 0.5 % = )
N2 ¥,(0.5) 1 0.279688 1.139844

k=
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{ln| sec0.5+ tan o.5|} {0.522238}
=05 sec0.5 1.139494
and the error is

0.522238 0.521882 0.000356
y(0.5) —y, = — = .
1.139494 1.139844 —0.000350

10.3 Stiff Differential Equations

The exact solution at x=0.5 is

ln|secx+tanx|
sec x

y(0.5) = {

Consider the simple first-order ordinary differential equation

y(x)=—ay,  y(0) =y, a>0.

The solution of this initial value problem is y(x) = y,e™*, which approaches zero
as x— 00.

Applying the Euler method gives
Yis1 =i th(—ay) — y,=0-ah)y, i=0,12,....
Noting that y, = y(0) =1, one has
yp=1—ah)"y, n=12....

Since a>0, for 0<h<2/a,
if h>2/a,
unstable for this initial value problem when h > 2/a. The Euler method is therefore

1—ah|<1 and |y,|—0 when n—oo. However,

1 —ah| >1 and ‘yn{ — 00 when n—00. Hence, the Euler method is

conditionally stable.
Using the backward Euler method yields

Vi .
YVig1 =y +th(=ay, ) = yiH:TIah’ i=012,...,

or
1

y}’l = (l+ah)" yO
It is clear that for any stepsize >0, |y,|—0 when n— oo. Hence, the backward
Euler method is unconditionally stable for all h> 0.
Similarly, using the improved Euler method leads to

1
1_5ah

1
Vi =it 7hl(—ay) + (—ayi)] = yipy = Y

1+ 5 ah

For any stepsize h >0, |y,|—0 when n— oo, and the improved Euler method is

unconditionally stable.
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Backward Euler

Improved Euler Euler

Figure 10.6 lllustration of unstable Euler method.

Figure 10.6 shows the numerical results obtained using the Euler method, the
backward Euler method, and the improved Euler method for a=20, h=0.11>2/a.
It can be clearly seen that the Euler method is unstable.

In this example, y(x) varies rapidly—decaying exponentially at the rate of e 2%,

Small stepsizes must be taken to ensure the stability of explicit methods, such as the
Euler method.

In general, implicit methods give better stability. When large stepsizes are used,
accuracies in numerical solutions decrease; however, stability is still maintained.

An ordinary differential equation problem is stiff if its solution has two com-
ponents, one varying slowly and the other varying rapidly, so that a numerical
method must take small stepsizes to obtain satisfactory results.

A practical example of a stiff equation is the equation of motion of an over-
damped single degree-of-freedom system

y'(x) + 2wy y'(x) + W} y(x) = asinQx, ¢>1,

where x is the time parameter. If the system is at rest when x =0, then y(0)=0
and y’(0)=0.

For ¢ =2, w,=Q2=10, a=400, the response of the system can be solved ana-
lytically using the approaches presented in Chapter 4 to yield

— cos 10x.
(—
Steady-state
response

3-2+3 3+2v3 _100-
y(x) = 6x/-e 10Q+V3)x 4 Jr6x/-e 102 —+/3)x

Transient response
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The first two terms decay exponentially as x — co. After some time, the contribu-
tion of these two terms in the response becomes negligible; these two exponentially
decaying terms correspond to the transient response. As a result, the last sinusoidal
term is the steady-state response, which is the term that survives or dominates for
large time x.

1.59
Transient Response
X
- y(%)
0.51
S
0 v = v
1 4 x

-0.51

_1-

Figure 10.7 Response of an overdamped single degree-of-freedom system.

The total response y(x) and the transient response are shown in Figure 10.7. It
is obvious that, after some time x, only the steady-state response is dominant and
is important in application.

However, in numerically solving the equation of motion for response y(x), the
situation is very different. Since the transient response varies rapidly and the steady-
state response changes slowly, the differential equation is stiff. The selection of the
stepsizes for the stiff equation is dictated by the transient response. To guarantee
the stability of numerical algorithms, small stepsizes must be chosen.

Table 10.2 shows the solutions of the overdamped single degree-of-freedom
system solved with h=0.05, using the fourth-order Runge-Kutta method, the
backward Euler method, and the improved Euler method. Both the fourth-order
Runge-Kutta method and the improved Euler method yield satisfactory results,
with cumulative errors at x =4.0 being 0.99% and 3.26%, respectively.

When the stepsize is increased to h=0.1 (Table 10.3), the fourth-order Runge-
Kutta method is unstable, with the solution growing exponentially. The backward
Euler method and the improved Euler method, both of which are implicit methods,
are still stable, although the accuracies are reduced due to the increase in stepsize.
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Table 10.2 Comparison of solutions of the stiff equation with A =0.05.

Fourth-Order | Backward | Improved
i Runge-Kutta Euler Euler &)
0.5 —0.007319 —0.197616 0.008708 || —0.001491
1.0 0.914348 0.682814 0.899324 0.912976
1.5 0.785655 0.829904 0.755871 0.779044
2.0 —0.400632 —0.142329 | —0.404011 || —0.403012
2.5 —0.995135 —0.890839 | —0.967697 || —0.989875
3.0 —0.159268 —0.357430 | —0.140444 || —0.153904
3.5 0.906000 0.689663 0.889207 0.903783
4.0 0.673584 0.749148 0.645224 0.666962

Table 10.3 Comparison of solutions of the stiff equation with h=0.1.

” Fourth-Order | Backward | Improved y(x,)
! Runge-Kutta Euler Euler !

0.1 0 0.560981 0.258914 0.281961
0.2 0.142997 1.167179 0.917111 1.046507
0.3 —1.682978 1.167762 1.344935 1.472217
0.4 —10.476709 0.468697 0.966145 1.022521
0.5 —42.113580] —0.365213 0.038926 || —0.001491
0.6 —154.678301] —0.629606 | —0.668021 || —0.744324
0.7 —562.756082] —0.130746 | —0.564187 || —0.588792
0.8 —2052.495719 0.633761 0.208191 0.271801
0.9 —7494.944646 0.930297 0.903682 1.007744
1.0 —27372.057913 0.461990 0.855766 0.912976

Consideration of stiff equations is mainly on the efficiency of the numerical
algorithms. Even for conditionally stable algorithms, as long as the stepsizes are
small enough, they can solve stiff problems, although they may take a long time to
do it with small stepsizes.

10.4 Summary

In this chapter, some classical methods for numerically solving ordinary differential
equations are introduced.

Explicit Methods

@ The (forward) Euler method. The cumulative error is of the order O(h).

@ The improved Euler predictor-corrector method. The cumulative error is of
the order O(h?).

a The second-order and fourth-order Runge-Kutta methods, with the cumula-
tive errors being of the orders O(h?) and O(h*), respectively.
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Implicit Methods

# The backward Euler method. The cumulative error is of the order O(h).

:a The improved Euler method. The cumulative error is of the order O(h?).

There are two types of errors in numerical solutions of ordinary differential equa-
tions. The roundoftf error is due to the finite lengths of floating-point representa-
tions and is a characteristic of computer hardware. Roundoff errors are cumulative.
Truncation error arises when numerically approximating a continuous solution by
evaluating at a finite number of discrete points. Accuracy of numerical approxima-
tion can be improved by selecting algorithms that are of higher orders of stepsize h
and using small stepsizes, as long as they are not so small that the local truncation
error may be smaller than the roundoff error.

A differential equation is stiff if its solution has two components with vastly
different rates of change. Selection of algorithms and stepsizes is often determined
by the stability of the method, affected mainly by the component of solution with
the fastest rate of change. Implicit methods usually give better stability. Small
stepsizes must be used to obtain results with satisfactory numerical accuracy.

In solving practical application problems, it is important for an engineer to be
able to describe a physical problem using a mathematical model, to establish the
governing differential equations following physical laws, to select suitable methods
for solving the differential equations, and to interpret the results obtained.

The purpose of this chapter is, through the introduction of some simple classical
methods, to present the concept of numerical solutions of differential equations, the
errors involved in the approximation, and caveats in selecting numerical algorithms.
It is not the objective of this chapter nor is it essential for an engineer to master and
implement numerical algorithms that are of high accuracy and efficiency.

With the rapid and constant development of computer software, sophisticated,
high-performance numerical algorithms have been and are still being developed
and implemented in numerical libraries such as

- the Numerical Recipes series in various programming languages including C,
C++, and Fortran (authored by W.H. Press, B.P. Flannery, S.A. Teukolsky,
and W.T. Vetterling, and published by the Cambridge University Press);

- the free GNU Scientific Library for C and C++ programmers;

- the commercial IMSL and NAG Libraries.

Symbolic and numerical computation software, such as Maple, Mathematica, and
Matlab, all have built-in high-level commands for numerical solutions of ordinary
differential equations.

Application examples solved using Maple will be presented in Chapter 12.



454 10 NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS

Problems

10.1 Consider the initial value problem y’= —xy>+5y, y(0)=1.
10
V20x—2+102e 0%

2. Determine y(0.4) using the (forward) Euler method (FE) and the backward
Euler method (BE) with h=0.2, and determine the cumulative errors by

1. Show that the exact solution is y =

comparing with the exact solution.
€D p:(0.4) =3.6800;  ypp(0.4) =3.3187

10.2 Consider the initial value problem y’ = —e**y, y(0)=1.

1. Show that the exact solution is y = e1=¢"/2,
2. Determine y(2.0) using the (forward) Euler method (FE) and the backward
Euler method (BE) with h=0.5.
€ ypp(2.0)= —4.3754;  ypp(2.0) =0.00028894

3. Determine the cumulative errors by comparing with the exact solution and
discuss the results.

10.3  Consider the initial value problem y’ = (sin® x — y) cos x, y(0)=2.

1. Show that the exact solution is y = sin® x — 2 sin x+2.

2. Determine y(1.0) using the improved Euler method (IE) and the improved
Euler predictor-corrector method (IEPC) with h=0.5, and determine the cu-
mulative errors by comparing with the exact solution.

€D y:(1.0)=1.0031;  yppc(1.0)=1.0706

10.4 Consider the initial value problem y’'= — y°>+20y, y(0)=1.

20 1
1. Show that the exact solutionis y= <—> Z.
14+19e—80x

2. Determine y(0.2) using the improved Euler method (IE) and the improved
Euler predictor-corrector method (IEPC) with h=0.1.

€D y1:(0.2)=2.1337;  yppc(0.2) = — 8.7568 x 10!

3. Determine the cumulative errors by comparing with the exact solution and
discuss the results.

10.5 Consider the initial value problem y’= —3y+3, y(1)=0.

1. Show that the exact solution is y=1—e 3*~D,
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2. Determine y(3.0) using the improved Euler method (IE) and the improved Eu-
ler predictor-corrector method (IEPC) with h=0.5 and h=1.0, respectively.

€D 1=05: yp(3.00=0.99958; yppc(3.0) =0.84741

3. Determine the cumulative errors by comparing with the exact solution and
discuss the results.

2 )

10.6 Consider the initial value problem y’= cos® =+ Z, y(1)=0.
X X

1. Show that the exact solution is y =x tan™!(In x).

2. Determine y(2.0) using the (forward) Euler method (FE), the improved Eu-
ler predictor-corrector method (IEPC), the second-order Runge-Kutta method
(RK2), and the fourth-order Runge-Kutta method (RK4) with h=0.5, and
determine the cumulative errors by comparing with the exact solution.

€ ypp(2.0)=1.1131;  yppc(2.0) =1.1865

10.7 Consider the initial value problem y’ = sin®(x— y), y(0)=0.

1. Show that the exact solution is y =x— tan™! x.

2. Determine y(1.0) using the second-order Runge-Kutta method (RK2) and
the fourth-order Runge-Kutta method (RK4) with h=0.5, and determine the
cumulative errors by comparing with the exact solution.

€D yixr(1.0)=0.22256;  ypye,(1.0) =0.21493

10.8 Consider the initial value problem y’ = % (x*+31ny), y()=1.

1. Show that the exact solutionis y= X,

2. Determine y(1.4) using the second-order Runge-Kutta method (RK2) and
the fourth-order Runge-Kutta method (RK4) with h=0.2, and determine the
cumulative errors by comparing with the exact solution.

10.9 Consider the initial value problem

e e 4 s Y
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1. Show that the exact solution is

R

2. Determine y(0.4) using the (forward) Euler method (FE) and the backward
Euler method (BE) with h=0.1 and h=0.2, respectively.

€ h=0.1: y:(0.4)={0.6561, —0.6561} "5 yp;(0.4) ={0.74551, —0.80801} "

h=0.2: ye(0.4)={1.64,—2.64)";  ygp(0.4)={0.80556,—0.91667}"

3. Determine the cumulative errors by comparing with the exact solution and
discuss the results.

10.10 Consider the initial value problem 1+ y2=2yy”, y(1)=2, y'(1)=1.

1. Show that the exact solutionis y= % x*+ %x + %

2. Convert the second-order equation into a system of two first-order ordinary
differential equations.

3. Determine y(2.0) using the improved Euler predictor-corrector method (IEPC)
with 4 =0.5, and determine the cumulative error by comparing with the exact

solution. @AW yppc(2.0)=3.2518

10.11 Consider the initial value problem y” =e*y’?, y(0)=0, y'(0)= —%.

1. Show that the exact solutionis y=In(1+e ) —1In2.
2. Convert the second-order equation into a system of two first-order ordinary
differential equations.

3. Determine y(1.0) using the improved Euler predictor-corrector method (IEPC)
with h=0.5, and determine the cumulative error by comparing with the exact

solution.  @¥ yppc(1.0)= — 0.37883
10.12  Consider the initial value problem x%y” —x2y’ =3 —x2%, y(1)=3, y'(1) =2.

1. Show that the exact solution is y = % +x+x2.
2. Convert the second-order equation into a system of two first-order ordinary
differential equations.

3. Determine y(2.0) using the fourth-order Runge-Kutta method (RK4) with
h=0.5, and determine the cumulative error by comparing with the exact

solution.  @¥ yrk4(2.0)=6.5083

10.13 Show that the local truncation error of the second-order Runge-Kutta
method in each step is of the order O(h®), and the cumulative error is of the
order O(h?), or |y(xn) —yn| < CHh.



Partial Differential Equations

Partial differential equations found wide applications in various engineering dis-
ciplines. The study of partial differential equations is a vast and complex subject.
In this chapter, the method of separation of variables is introduced, which, when
applicable, converts a partial differential equation into a set of ordinary differential
equations. As applications, the method of separation of variables is applied to study
the flexural vibration of continuous beams and heat conduction.

11.1 Simple Partial Differential Equations

Some simple partial differential equations can be solved by direct integration with
respect to the independent variables.

Example 11.1

2

8xgy = 12xy2 + 8x%e%, u,(x,0) =4x, u(0,y) =3.

Solve

The partial differential equation has two boundary conditions u, (x,0) =4x and
u(0, y) =3, which are required to be satisfied by the solution.

Because of the boundary condition u, (x, 0) =4x, it is easier to obtain u, firstso
that this boundary condition can be applied. Integrating the differential equation
with respect to y, while keeping x fixed, yields

d
a—u =4xy> +4x°e¥ + f(x).
x

Applying the boundary condition u, (x,0) =4x leads to

U (x,0) =4x-0°+4x°e* 4 f(x) =4x° + f(x) =4x == f(x) =4x—4x"

457
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Hence 5
u
== 4xy° +4x7e? +4x — 4x°.
x
Integrating with respect to x, while keeping y fixed, gives
u=2x*+xte¥ 257 —x* + C.

The constant of integration C can be determined from the boundary condition
u(0, y)=3:

u0,y) =202y + 0. e +2.0°-0*'+C=C=3 =— C=3.
The solution of the partial differential equation is

u(x, y) = 2x%° + x*e? +2x% — x* + 3.

11.2 Method of Separation of Variables

The method of separation of variables is illustrated through a few examples.

Example 11.2

ou ou
Solve X=——y=—+2u=0, u(l,1)=3, u(2,2)=48.
ox ay

The solution of the partial differential equation u(x, y) is a function of x and y.
Apply the method of separation of variables by assuming

u(x, y) = X(x)-Y(y),

i.e., consider u(x, y) asthe product of a function of x and a function of y, hence the
name “separation of variables.” Substituting into the differential equation yields

x(j—fY) —y( j—j) +2XY =0.

Dividing the equation by XY leads to

dx dy

dx dy +2XY de+2 y dY
x - —_ =0 = =— == —.

xy 2 xy "Xy X dx Y dy

—— S———
A function of x only A function of y only

For a function of x only to be equal to a function of y only, they must be equal to
the same constant k, i.e.,

dXx
X o _rdr
X dx Y dy



11.2 METHOD OF SEPARATION OF VARIABLES 459

The X-equation gives

dx
% i k—2. 2% First-order ODE, variable separable
X

The solution is given by
1 k—2 o
;dX = —dx+C = ln’X‘:(k—Z)ln‘x‘—i—lnC = X(x) =Cx" "~
X

The Y -equation yields

dy
% I =k #4% First-order ODE, variable separable
Y

The solution is easily obtained as
1 k X
74V =[—-dy+D — In|Y|=kln|y|+InD = Y(y) = Dy".
Y
The solution of the differential equation is given by
u(x,y) = X(x)-Y(y) = Cx*=2.Dyk = Ax*=2yk, A =cCD.

The constants A and k can be determined from the boundary condition u(1,1) =3
and u(2,2) =48:

ul,D)=A-1""2.1k =4 =3,
u(2,2) = A-2k=2.0k —3.0%k-2 _ 48 — 2?%k-2 _ 16 — k=3,

Hence, the solution of the partial differential equation is

u(x, y) = 3xy3.

Example 11.3

Find the solution of the heat conduction problem

Ty ol 0
dx2 at’
with the initial condition
u(x,0) = 2sin 37TTx’ for 0<x<I; (2)

and the boundary condition

u0,t) =0, u(L,t) =0, for t>0. (3)
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The solution u(x, t) is a function of x and t. Apply the method of separation of
variables and let
u(x,t) = X(x)-T(t),

i.e., the product of a function of x and a function of . Substituting into the
differential equation (1) yields

%T:9(X%).

Dividing by X T leads to

d’x . X dT

dx2 dt 1 &2x 9dT

XT XT X dx2 ~ T dt
— e’ —

A function of x only A function of ¢ only

For a function of x only to be equal to a function of ¢ only, both of them should be
equal to the same constant k, i.e.,

1 d*X 9dT

Because the nonzero initial condition (2) involves the independent variable x, the
X-equation is solved first

d*x .
@ — kX =0. 2T Second-order linear ODE

The characteristic equation is A2 —k=0.

Recall the results for linear ordinary differential equations (Chapter
4). Depending on thevalue of k, the roots of the characteristic equation A2 —k=0
and the solution of the differential equation have different forms

1. A=48 = X(x)=C,eP*+C,ef* = Acosh Bx + Bsinh x

2. A=0,0 = X(x)=C,+Cyx

3. A==if == X(x) =AcosBx+ Bsin fix
The values of k depend on the boundary condtions.
Because the initial condition (2) is a sinusoidal function, the roots of the character-
istic equation must be a pair of imaginary numbers in order for the complementary

solution X (x) to have sinusoidal functions. As a result, it is required that k= — 2,
Hence A = =£if, and the solution is

X(x) = A cos Bx + Bsin fx.
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Comparing the solution with the initial condition (2), it is obvious that

B = 3 K — ﬂz _ 972
L N Iz
The T-equation gives
9 dT 92
= — l, #% First-order ODE, variable separable

Tdt 12
and the solution is

b

1 w? m?
/?dT=/—th+c — ln}T|:—Ft+ln}C

T(t) = Cexp(— Z—; t).

Hence the solution of the partial differential equation (1) is

3mx . 3mx 2
ulx,t) =Xx)T(t) = (A cos A + Bsin T) -Cexp(— = t).

The constant C can be absorbed into A and B as follows

3nx . 3mx 72
u(x,t) = (AC cos T + BC sin T> exp(— F t),

where the constants AC and BC canbe renamed as A and B to yield

2

3nx . 3mx T
u(x,t) = (A cos - + Bsin T) exp(— = t).

Using the initial condition (2) results in

3mx . 3mx 72
u(x,0) = (A Ccos T + Bsin T) exp(- —_— ())

L2
3nx . 3mx . 3mx
=Acos—+BsmT =251nT.

Comparing the coefficients of sine and cosine terms gives A =0 and B=2; hence

(1) = 2si 3nx ( 72 t)
u(x,t) = 2sin =——exp| —=—1t).

L P\ T
Applying the boundary conditions (3) yields

2

0
exp(— r t) =0, 2% BC satisfied

. 3w
u(0,t) = 2sin 2

L 2
exp(— % t) =0; 2% BC satisfied

3
u(L,t) = 2sin

hence the boundary conditions (3) are automatically satisfied.

Therefore, the solution of the partial differential equation (1) is
2
b/

(6, 1) = 2sin = ( t)
ux, = Z S1Il = cX — — .
L SP\T Tz
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Example 11.4

Find the solution of the boundary value problem

9%u . 9%u 0
ax2 a2’
with the boundary conditions
u0,6) =0,  u(10,t) =0, (2)
and the initial conditions
. TX .
u,(x,0) = sin T + 2sin 2w x, (3)
. TX .
u(x,0) = 6sin > + 12sin 2 x. (4)

The solution u(x, t) is a function of x and t. Separate the variables x and ¢, and
let u(x,t) =X (x) T(t). Substituting into the differential equation (1) yields

EX g T
dx2 = 77 de2’

Dividing the equation by X T' leads to

dZXT XdZT

dx? = de? 1d°X 9 d°T

XT = XT X dx2 T de?’
— m— e’

A function of x only A function of ¢ only

For a function of x only to be equal to a function of ¢ only, they should both be
equal to the same constant k, i.e.,

Since the nonzero initial conditions (3) and (4) involve the independent variable x,
the X-equation is solved first
d’x

= kX =0. 2% Second-order linear ODE
X

The characteristic equation is A>—k=0. Since the initial conditions (3) and (4)
contain sinusoidal functions in x, the complementary solution of X(x) must be
a sinusoidal function. As a result, the roots of the characteristic equation must
be a pair of imaginary numbers. Hence k= — 82, which leads to A = 4-i. The
solution is

X(x) = A cos Bx + Bsin fx.
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Comparing the solution with the initial conditions (3) and (4), it is seen that j
takes two values and the corresponding solutions are

4 TX . X
lglz? —_ Xl(x):AICOST —|—BlsmT,
B, =2 == X,(x) =A,cos2nx+ B,sin2mwx.

The T-equation is

Tk
—_—— =T =0. 27 Second-order linear ODE
de2 9

k
The characteristic equation is A2 — 3 =0 = A=4i g, and the solutions are

LT wt . Tt
— )lezl:lg > Tl(t)zclcos?%—Dlsm?,

T
ﬂl—'g
2 2t . 2mt
By =21 = A, = :|:1? = T,(1) = CzcosT +D251HT-
The solutions of the differential equation (1) are
T
(A rrx+B . J'rx)(c JTt+D . y'rt)
= COS — sin — COS — sin — ),
! 2 7 ™6 "6
By =21 uy(x,t) =X,(x) T,(¢t)
. 2wt . 2wt
= (A2 cos2mx + B, sin an) (Cz cos = + D, sin T)
Since differential equation (1) is linear, the sum of solutions is also a solution; hence
u(x,t) = uy (x,t) + uy(x, 1)
= (4 cos ==+ Bysin =) (c D ”t)
Cos — sin cos — sin —
1 1 > 1 3 1 3
. 2t . 2wt
+ (A2 cos2mx + B, sin 27rx) (C2 cos —= + D, sin T)
Constants A, A, ..., D, are obtained using the boundary and initial conditions.
Using initial condition (4)
TX . TX .
u(x,0) = <A1 cos —= + B, sin T> C, + (A, cos 2x + B, sin 27rx) C,
. TX .
= 6sin T + 12sin 27w x,
which leads to A; =A, =0. Hence, u(x, t) becomes

. X Tt . Tt
u(x,t) = B, smT (Cl cos— + Dy sin ?)

271 2t
+ B, sin 2w x <C2 cos > + D, sin T)
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Constant B, can be absorbed into C, and D,, and constant B, can be absorbed
into C, and D, as follows

(x, 1) = sin — ( B,C, L . BD, 7”)
Uu(x, t) = sin =— cos —_— Sin =—
2 6 6
. 2t . 2mt
+ sin 2w x ( B,C, cos T + B,D, sin T>’
where, by renaming the constants,
B,C, = C,, B,D, =D;,, B,C, =C(C, B,D, =D,
one obtains
TX mt mt 2t . 2mt
u(x,t) = sin > <C1 cos — +D sin ?> +sin 2w x (C2 cos wry + D, sin T)
Using initial condition (4) again gives
. TX ) . TX .
u(x,0) = sin T -C; +sin27x-C, = 6sin T + 12sin 27 x,

which yields C; =6 and C, =12.

Since
. TX T . mt b4 wt
ut(x,t)=sm7(—C1-gsm?+D1-gcos?)
+sin2ﬂx<—C2-2—nsin£+D2~2—ﬂcosﬁ>,
3 3 3 3

applying initial condition (3) yields
. X T . 2 . X .
u,(x,0) = sin > -Dlz + sin 271x-D2? = sin —- + 2sin 27 x,

which leads to D, =6/m and D, =3/m.
Applying boundary conditions (2) gives

-0 Tt Tt
u(0,t) = sin — (Cl cos =— + Dy sin ?>
. 2t . 2mt
+ sin (27 - 0) (C2 cos = + D, sin T) =0,

. om-10
u(10,t) = sin

(C Tt D si nt>
COS =—— Sin =—
! 6 6
. 2t . 2wt
+ sin (27 - 10) (C2 cos T + D, sin T) = 0;

hence boundary conditions (2) are automatically satisfied.
The solution of the partial differential equation (1) is
3 . 2mt )

) . X (6 mt + 6 . nt) 4 sin2 (12 2wt n
u(x,t) = sin — | 6 cos — + — sin — sin 2w x COS == + = Sin =— }.
2 6 T 6 3 T 3
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11.3 Application—Flexural Motion of Beams

11.3.1 Formulation— Equation of Motion

Consider the flexural vibration of a uniform elastic beam as shown in Figure 11.1.
The beam is subjected to a transverse dynamic load w(x,t). Let p be the mass
density per unit volume of the beam, L the length (span) of the beam, A the
cross-sectional area, I the moment of inertia about the neutral axis, and v(x, t) the
transverse displacement of the central axis.

wix) Ml TRTTTEIT!
l/r\'\rl/l/ M v+Av

V+AV
| |
x | Ax 1

Figure 11.1  Flexural motion of a uniform elastic beam.

To set up the equation of motion, study the free-body of an infinitesimal segment
of length Ax shown in Figure 11.1. The beam segment is subjected to the portion
of the dynamic load w(x,t), which is considered to be constant over the small
segment Ax, the shear force V and the bending moment M on the left end, and
the shear force V4 AV and the bending moment M+ AM on the right end.

Summing up the moments about the midpoint of the beam segment gives

Ax Ax
N ZMIOZ (M—l—AM)—M—i—V'T-l-(V-i-AV)-T:O,
which, after neglecting higher-order terms and taking the limit Ax— 0, leads to
oM
AM+ V- Ax=0 — V = __8 .
x
Applying Newton’s Second Law in the vertical direction
9%y
| ma=)>_F: (pAAx)w =(V+AV) =V 4+ w(x, t)Ax,
0% av+ 8 Aazv 82M+ D
— = — + w(x, = —_— = ———  w(x, ).
oz ox P T TR

2

Using the moment-curvature relationship of an elastic element EI % =M, the

equation of motion becomes

2 4

0°v a*v
+ El— = w(x,t).

A —
PASE ot
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11.3.2 Free Vibration

For free vibration, the externally applied dynamic load w(x, t) =0, and the equa-
tion of motion becomes

9%y 9ty
pAﬁ+EIa = =0.

Apply the method of separation of variables and let v(x, t) =X (x) - T(t). Substitut-
ing into equation of motion yields

2 4
pAX0T() + EIX 0T =0, T = Sy = $XD
de? dx*
Dividing the equation by X (x) T'(¢) leads to
- av) av) g
T X _ pX W _ IO
T(¢) X(x) X(x) T(1)

A function of x only A function of t only

For a function of x only to be equal to a function of ¢ only, each of them must be
equal to the same constant k, i.e.,

Iv)
g X6 ot T e
X(x) T(t)

The T-equation gives
.. k
T(t) + —~ T(t) =0, 2% Second-order linear ODE
P

and the characteristic equation is A>+k/(pA)=0. In order to have oscillatory
solution in time ¢, i.e., the solution of T'(¢) is a sinusoidal function, the roots of the
characteristic equation must be a pair of complex (imaginary) numbers. Hence,
k/(pA) =w? and the characteristic numbers are A = +iw. The solution is

T(t) = A, coswt + B, sinwt = a cos(wt —¢),
where A, B, or a, ¢ are real constants, w > 0 is undetermined at this point.
The X-equation becomes
1
pA 2) 1
EI '

This is a fourth-order linear ordinary differential equation. The characteristic
equationis A*—B4=0 — A?=p2%, — B2 — A==8, £ipB. Thesolutionis

XUV (x )_ k X(x)—O s XMW(x)— B*X(x) =0, B= (

X(x) = A cos x + Bsin 8x + C cosh 8x + D sinh Bx,

where A, B, C, D are real constants.
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The response is

vix,t) = X(x) T(t)
= (A cos Bx + Bsin Bx 4+ C cosh Bx + D sinh Bx) - a cos(wt — @),

in which the constant a can be absorbed into A, B, C, D to yield
v(x,t) = (A cos Bx + Bsin Sx + C cosh Bx + D sinh 8x) cos(wt — ).

For a simply supported beam, both ends are pinned or hinged and the boundary
conditions are, at x=0 and L,

v(x,t) =0,
%v(x, t) %v(x,t)
Mx,t) =0 —= El———=0 — ——— =0
dx2 dx?
Since
v (x, 1) , . 2
a2 (—A cos fx — Bsin Bx + C cosh Bx + D sinh x) 8 cos(wt —¢),

applying the boundary conditions results in
v(0,t) =0: (A+C) cos(wt—¢) =0,

v(L,t) =0: (AcosfBL + Bsin BL + C cosh BL + D sinh BL)
- cos(wt—¢) = 0,

3%v(x,t
YODl 0 (CA+C) B eos(i—p) =0,
9x? x=0
3% (x, t
;(xz ) =0: (—AcosBL — Bsin L + C cosh BL + Dsinh L) g
X x=L

- cos(wt—¢@) = 0.

Since cos(wt — ¢) is not identically equal to zero ¢, the shaded terms in the above
boundary conditions must be zero.

The first and third boundary conditions give
A+C=0, —-A+C=0 = A=C=0.
The second and fourth boundary conditions are simplified as
Bsin L 4+ Dsinh L = 0,
—Bsin L + Dsinh L = 0.
Adding these two equations yields

2D sinh BL = 0.
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Since >0 and sinh BL+#0, one must have D=0, and the fourth boundary

condition becomes
Bsin 8L = 0.

This equation implies

1. B=0, which leads to v(x, t) =0, i.e., there is no vibration. This case is not
interesting.

2. B#0, sin BL =0, whichyields L = &, 27, 37, ..., ie,

_nr o [ELp _(mmy? [EL
ﬂn—T, w, = ,OA'Bn_<L) ,OA’ n=12,....

The solutions of the equation of motion for a simply supported beam are
. hmx
v,(x,t) = B, sin T cos(w,t—¢,), n=12,...,

where w,, is the natural circular frequency of the nth mode of vibration of the
beam, and
. hmXx
X,(x)=sin -
is the nth mode shape. The first three mode shapes of a simply supported beam are
shown in Figure 11.2.

Figure 11.2  First three mode shapes of a simply supported beam.
Note that, since n can be any positive integer, a continuous beam is a system
with infinitely many degrees-of-freedom.

Since the equation of motion is linear, the sum of any two solutions is also a
solution; hence, the response of free vibration is given by

o0 (0,¢]
nmx
v(x,t) = Z v,(x,t) = Z B, sin - cos(w,t—¢,)
n=1 n=1
. nmwx .
=2 sin— (a, cosw,t + b, sinw,t),

n=1

where B,, ¢, or a,, b, are determined by the initial conditions at t =0.
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Example 11.5 — Free Flexural Vibration of a Simply Supported Beam

A uniform beam of length L is lifted from its right support and then dropped as
shown in the following figure.The beam rotates about its left end. At time ¢ =0, the
right end of the beam hits the right support with velocity V,,, and the right end is
held in contact with the right support for ¢ >0, i.e., the beam is simply supported.
Determine the response of the beam for time ¢ > 0.

‘ Velocity =V,

Suppose the beam rotates as a rigid body, at time t =0, the velocity of the beam is

av(x,t) X v
at g L7

and the displacement is v(x, t)| +—o=0. The response of the beam is given by

o0
nwx ni\ 2
v(x, t) = Z sin T(a” cosw,t +b,sinw,t), w,= (T) / %

n=1

Applying the initial conditions

and the response is reduced to

o0
. nmx
v(x, t) = Z b, sin - sinw,t.
n=1

Using the second boundary condition gives

av(x,t)
ot

o8}
. nmxX X
= E b,w, sin =—— = =V,.
L
t=0 n=1

o8}
. NIX
= E b, sin =——-w, cos w,t
L
=1

t=0
Note that this initial condition is expressed in Fourier sine series in x. Some relevant
results of Fourier series are summarized on pages 470-471.

To determine the coefficients b,, multiplying the equation by sinZE ) m=1,

L
2,..., and integrating with respect to x from 0 to L yield

o0 L L
. NmX . mux Vo . mmux
E b,w, | sin=—sin dx==— [ xsin dx.
— 0 L L J L

L
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Note the orthogonality property of the sine functions

L nmx . mrx 0, m # n,
Sin =— sin dx = 1
0 L L TL, m = n,

L L
mmx L mmx
/ x sin i dx = —— xd(cos T ) # Integration by parts
0

mm Jo

L mmx|L L mmx L L?
=——(xcos ‘ —/ cos dx):——-Lcosmn:(—l)mH—.

mi 0 0 mm mm
Hence

LV 1? 2V,
b w, === (-1)"— — p ="' m=12...,
meme2 L =D m m= (D mrw,,

and the response of the beam for ¢ >0 is

2V 1 nmwx
0 n+1 . :
v(x,t) = — E —1 sin ——sinw,,t.
(1) T n—l( ) nw, L n

Fourier Series

A periodic function f(x) of period 2T can be expressed in the Fourier series

a, 0 nmwx . nmx
flx) = 5 +n§:l(ancosT +bnsmT) .

The coefficients a,, and b,, can be obtained using the orthogonality properties of
the sine and cosine functions

T nIwx mix T ngx | mux 0, m#n,
COS = COS dx = sin =—— sin dx =

T T T T T T T, m=n,
B nwTx . Max
/ COS =— sin dx = 0.
_T T T
To find a,, multiplying the Fourier series by cos@, m=0,1,2,..., and inte-

grating with respect to x from — T to T yield

T a T
f f(x) cos Tlix=2 08— dx
r T 2 ) T

00 T 00 T
+ Zan/_TcosnLTxcos m;xdx+ an/_TsinﬂTxcos m;fxdx,
n=1 n=1
which gives, after applying the orthogonality properties,

1 [T nwx
an:—f f(x)cos ——dx, n=0,1,2,....
T /) 7 T
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Similarly, to find b,, multiplying the Fourier series by sin%, m=1,2,...,and

integrating with respect to x from — T to T yield
1 (T
b, = ?/;Tf(x)sinﬂTxdx, n=12,....

The Fourier series converges to function f(x), which equals f(x) at points of
continuity or the average of the two limits of f(x) at points of discontinuity.
@ If f(x) is an even function, i.e., f(—x)=f(x), then b, =0, and the Fourier
series reduces to the Fourier cosine series
a & nmwx 2 (T nmwx
0
X)==—+ ) a,c0s——, a, = = x)cos—dx, n=0,1,2,....
fo =2+ Tacos T, a, T/()f() -

@ If f(x) is an odd function, i.e., f(—x)= — f(x), then a, =0, and the Fourier
series reduces to the Fourier sine series

o.¢] 2 T
flx) = ansinﬂ, bnz—/ f(x)sinﬂdx, n=12....
= T T J T

11.3.3 Forced Vibration

Consider the case of a simply supported beam subjected to a dynamic concentrated
load P sin Qt applied at x =a as shown in Figure 11.3.

a | PsinQt

!
EI pA &

L |

Figure 11.3 A simply supported beam under concentrated dynamic load.

Using the Dirac delta function (see Section 6.3), the dynamic concentrated load
can be expressed as
w(x,t) = Psin Qté(x—a).

The partial differential equation of motion becomes

0%y oty .
pAw +EI@ = Psin Qt §(x—a).

Applying the method of separation of variables and using the results obtained for
free vibration, let

o0
v(x,t) = Z q,,(t) sin ?

n=1
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Substituting into the equation of motion yields
> nwx > nmw\4 nmwx
PA X_; 4 (1) sin —— + EI ; q,(t)- (T) sin —= = Psin Q1 3(x—a).

Multiplying the equation by sin ULLES

T m= 1,2, ..., and integrating with respect

to x from 0 to L give

i [PAqn(t) + EI( ) qn(t)] /L sin ? sin m:x dx

n=1

. L . mmx
= Psin Qt/ 8(x—a) sin dx.
0
Using the orthogonality of sine function and the property of Dirac delta function

a-+te¢
/ f(x)8(x—a)dx= f(a), one obtains, for m=1,2,...,

mm . . mma
[PA G () + EI( ) qm(t)] = Psin Qt sin -
i.e.,
. 2 ) ma\2 | EI 2P | mma
4, + 0, q,,(t) = p,,sinQt, o, = <T> A P = _,oAL sin ——.

This is a system of infinitely many uncoupled second-order linear ordinary differen-
tial equations. Each equation can be solved separately using the methods presented
in Chapter 4, and the solutions are given by

. sin Qt
q4,(t) = A, cosw,t + B, sinw,t +p,, —7
w2, —
Transient solution Steady-state solution

The transient solution is the response of free vibration (due to initial displacements
and velocities) and will approach zero when time increases if there is some damping
in the system. Hence, the transient solution is not as important as the steady-state
solution in dynamic analysis of engineering systems.

The steady-state solution is the response of forced vibration due to the externally
applied dynamic load given by

sin Qt

(t): — m=12, ....
qm,steady—state Pm a)%n —Q2

Therefore, the steady-state response of the beam is

v(x,t) = an(t) sin 2% — Z a)anQZ i mzx sin Qt.

n=1
It is seen that, when Q2 =w,, the beam is in resonance in the nth mode, leading to
large amplitude of vibration in the nth mode.
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11.4 Application—Heat Conduction

11.4.1 Formulation—Heat Equation

Heat conduction is the transfer of heat from warm areas to cooler areas. Consider
two parallel planes, a distance Ax apart, in a solid as shown in Figure 11.4(a).
Suppose the temperatures at the two planes are T and T 4 AT, respectively. In time
At, the quantity of heat entering an area A of the plane at x is Q(x) =Q, and the
quantity of heat leaving an area A of the plane at x+ Ax is Q(x+ Ax) =Q,+ AQ,..
The quantity of heat flowing between the planes through area A in time At is

T — (T+AT)

AT
(Q+Q) — @ =KA——=m At —> AQ, = —kAZ-4Y,

where k is the coefficient of thermal conductivity, and the negative sign indicates
that heat flows in the direction of falling temperature.

Fourier’s Law of Heat Conduction

The rate of heat conduction, dQ, /dt, is proportional to the area A measured

normal to the direction of heat flow, and to the temperature gradient d7'/dt in

the direction of the heat flow, i.e.,

dQ, Lk dT
dr dx’

where k is the coefficient of thermal conductivity.

Equation of Heat Conduction

Consider the volume element, shown in Figure 11.4(b), in ahomogeneous (uniform
constituency) and isotropic (same properties in all directions) solid with constant
coefficient of thermal conductivity k.

From Fourier’s Law of Heat Conduction, the total quantity of heat entering the
face dydz at x in time dt is given by

oT
dQ, = —k(dydz) gdt.

Denote the heat leaving the face dydz at x4+dx as dQ Since

x+dx*
dQ, 4, —dQ, _ 3(dQ))
dx ax

the heat flowing in the volume element in the x-direction in time dt is

20(dQ,) 92T
dQ, 4, —dQ, = Txdx = —k(dxdydz) Wdt'

Similar analyses in the other two directions give the corresponding equations.
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4 de+dy
,/sz
Q\x i | /'/ dy
| : dx ’ 40
AQx TAAT dQy "i i x+dx
P

2
N Il dz
X \ ,,’,/ I e

|
Y |d
| Q

Qx+A0x de/ i y x
| 4

x S 2

z Y (b)

Figure 11.4 Heat conduction.

Suppose that the solid generates heat at a rate g, (x, y,z) per unit time. The total
internal heat generated in time dt in the volume element is

ng = qg(x, y,z)(dxdydz)dt.
In time dt, the internal energy of the volume element is increased by
T
dU = pC(dxdydz) T dt,

where p is the density and C is the specific heat of the solid.

Applying the Principle of Conservation of Energy of the volume element gives

(de+dx - de) + (de+dy - de) + (sz—',-dz - sz) = ng - dU>

which results in

9T N 9°T N FPT %02 LLar
axz  9y? 022 k a ot’

where o =k/(pC) is the thermal diffusivity of the solid. Some important special
cases (without internal heat generation) can be reduced from this general equation:

One-Dimensional Transient Heat Conduction

T 19T
—_——=—— #% Fourier's equation in one-dimension
ax2 o Ot

Two-Dimensional Steady-State Heat Conduction

92T  0%T

—_t+ —=0. 25 Laplace's equation in two-dimensions
ax?  9y? P 1
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Three-Dimensional Steady-State Heat Conduction

92T N 92T N 92T
axz  9y? 022

= 0. #¢ Laplace's equation in three-dimensions

Boundary Conditions

.
e o
.
X o X X
—_—
e h
——
——
x=xp, x=xp, xX=xp,
(a) (b) ©

Figure 11.5 Boundary conditions.

Boundary Condition of the First Kind

In this case, the temperature at a boundary is specified as T, as shown in Figure
11.5(a). Then
T(xy, y,2,t) = Tj,.

Boundary Condition of the Second Kind

In this case, the heat flux (the rate of heat transfer per unit area of the solid) at a
boundary is specified as Qb as shown in Figure 11.5(b). Then

—k (%)x:xb = Q,

In the case when the boundary is insulated, the heat flux is zero, i.e., Qb =0, which

leads to
oT

0x

= 0.

szb

Boundary Condition of the Third Kind

In this case, the body is in contact with a convecting fluid as shown in Figure
11.5(c). At the boundary, the heat conduction in the solid equals the heat convected

by the fluid, i.e., o7
k(55) oy, = [ Thees, ~ 1)
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where Ty is the temperature of the convecting fluid far away from and unaffected
by the boundary, and h is the heat transfer coefficient, which includes the combined
effects of conduction and convection in the fluid.

A boundary condition is homogeneous if all of its terms, other than zero, are
of the first degree in the unknown function (temperature) and its derivatives. For
example, terms of the form T (3T /dx) and T (3*T/0x?) are of the second degree;
terms of the form T and 9T /0x are of the first degree; and terms of the form T,
and T} are of the zeroth degree.

The method of separation of variable can be applied to solve heat conduction
problems, if

a for transient heat conduction in one-dimension, all boundary conditions are
homogeneous.

a for steady-state heat conduction in two-dimensions, at lease three of the four
boundary conditions are homogeneous;

a for steady-state heat conduction in three-dimensions, at lease five of the six
boundary conditions are homogeneous.

Four heat conduction problems are considered in the following subsections.

11.4.2 Two-Dimensional Steady-State Heat Conduction

Hot Surface
T(x,b)=f(x)

h3,T,
Sfa

Figure 11.6 Finned surface and two-dimensional heat conduction.

The rate of convective heat transfer from a primary surface is directly proportional
to the surface exposed to the fluid. It is a common practice in engineering to
increase this area by attaching thin strips of metal or fins to the primary surface.
Two typical examples of finned surfaces are shown in Figure 11.6.

A long straight fin is modeled as a long (in the z-direction) conductive bar of
rectangular cross-section (a x b) attached to a hot surface with one of its sides as
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shown in Figure 11.6. The coefficient of thermal conductivity is k. A cold fluid
of temperature Tf flows around the three remaining sides of the bar. The bar
augments the heat transfer from the hot surface to the fluid.

The temperature changes in the z-direction are assumed to be negligible. As
a result, the heat conduction in the fin is two-dimensional, i.e., in the x- and y-
dimensions. This assumption is justified from the fact that the length of the fin
in the z-direction is very large compared to both a and b, making end effects
unimportant.

The heat transfer coefficients along the three sides of the fin are constant and are
denoted by h, h,, and h;. The temperature at the boundary y =b is known and is
given by f(x).

Of interest is the steady-state temperature distribution within the fin, from which
the heat flux (the rate of heat transfer per unit area) through the base of the fin can
also be determined.

The heat equation for the two-dimensional steady-state problem is

2T  8%T Two-dimensional

Franl ay? =0 0<x<a 0<y<bh, Laplace's equation
with the boundary conditions
T T
at x=0: k§=h1(T—Tf), at x=a: —k§=h2(T—Tf),
T
at y=0: kg:h_,)(T—Tf), at y=>b: T = f(x).

Consider the special case h; — 00, h, =00, h;— 00, f(x) =T,. Verylarge heat
transfer coefficient h implies “perfect” thermal contact, allowing one to set the
surface temperature of the solid equal to the fluid temperature Tf in contact with
the solid. Hence, the boundary conditions become

T(Oa )’) = Tfa T(a) )’) = Tf) T(X, O) = Tf) T(X, b) = TO)

in which all four of the boundary conditions are nonhomogenous.

To apply the method of separation of variables to solve this two-dimensional
steady-state heat conduction problem, at least three of the four boundary conditions
must be homogeneous. Hence, by defining a new variable T (x, y) = T (x, y) — Ty,
the two-dimensional steady-state problem becomes

°T T
axz  ayr

with the boundary conditions

T70,y) =0, T(@y) =0, T(x0 =0 T(xb) = To—Ty.
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Applying the method of separation of variables, letting

T(x, y) = X(x)- Y (),

and substituting in the two-dimensional Laplace’s equation yield

X (x) Y (y)
12 Y()/) +X(x) d_y2 = 0.

Dividing the equation by X(x) Y (y) leads to

1 dZX(x)__ 1 dZY(y)__ 5
X(x) dx2 — Y(y) dy?

b

A function of x only A function of y only

in which, for a function of x only to be equal to a function of y only, each of them
must be equal to the same constant — w?.
The X-equation gives
x .
= +w°X =0, 2% Second-order linear ODE

and the characteristic equation is A2 +®? =0 = A = +iw. The solution is
X(x) = A coswx + Bsin wx.
The Y-equation gives

d’y
I ©’Y =0, 2% Second-order linear ODE
y

and the characteristic equation is A> —w? =0 — A = Fw. The solution is
Y(y) = Ccoshwy + Dsinhwy.
The solution of the two-dimensional Laplace’s equation is
i"(x, y) = X(x)Y(y) = (A cos wx+Bsinwx) (Ccoshwy+Dsinhwy),

in which the constants A, B, C, D, and @ >0 are constants to be determined using
the boundary conditions.

Apply the boundary conditions
i"(O,y) =A-(Ccoshwy+ Dsinhwy) =0 — A =0,
T(x,0) = (Bsinwx)-C=0 —> C = 0.

/25 B cannot be zero; otherwise, it will lead to zero solution.
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The solution becomes
T(x, y) = Bsinwx-Dsinhwy = Fsinwxsinhwy. #Z5 Rename F=B-D
Use the boundary condition

T(a,y):Fsinwasinhwy:O = sihwa=0 = wa=nr, n=12,...,
nm A . .

w,==—, n=12,... = T,(x,y)=F,sinw,xsinhw,y.
a

Since the heat conduction problem is linear, any linear combination of solutions is
also a solution. Hence, the general solution is

oo
Tx,y) =Y T,(x,y) = Z F, sin ﬂ sinh =2
n=1 n=1 a
Apply the boundary condition

- b nmx
T(x,b F, h = sin — = =T,—T
(x,b) = Z sin — - sin — I

n=1

which is expressed in Fourier sine series in x. Noting that

¢ mm a ¢ nmx . mux 0, n#m,
/ sin dx = [1 — (—l)m], / sin =—— sin dx = {
0 mit 0

a a Sa, n=m,
multiplying the equation by sianTwc , m=1,2,..., integrating with respect to x
from 0 to a yield
¢ nmx | mux
Z F, sinh — [ sin —— sin dx = (T,— Tf)/ sin — dx,
n=1 0 a
., m a a m
F, sinh - = (TO—Tf)%[l—(—l) ],
0, m=2n, n=1,2,...
— 4(Ty—T;)
Fy = #, m=2n-—1, n=12,...
. . mmb
mm sinh
a

Hence, the distribution of temperature of the two-dimensional steady-state heat
conduction is

T(x,y) =Ty + T(x, y)

2n—1 2n—1
(2n )J'rxsinh(n )Ty

a a
2n—1Dnb

4(TO_Tf) oo Sin
>

I
!

T m=l (2n—1)sinh
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11.4.3 One-Dimensional Transient Heat Conduction

Consider a wall or plate of infinite size and of thickness L, as shown in Figure
11.7, which is suddenly exposed to fluids in motion on both of its surfaces. The
coefficient of thermal conductivity of the wall or plate is k. Suppose the wall has an
initial temperature distribution T'(x, 0) = f(x). The temperatures of the fluids and
the heat transfer coefficients on the left-hand and right-hand sides of the wall are

Ao
I

T(x,0)=f1 (x).

Tfl, h, and sz, h,, respectively.

x=0 x=L X
k, o
hy, Th hy, T
I TR—

Figure 11.7 An infinite wall.

Because the wall or plate is infinitely large, the heat transfer process is simplified
as one-dimensional (in the x-dimension).

The differential equation (Fourier’s equation in one-dimension), the initial con-
dition, and the boundary conditions of this one-dimensional transient heat con-
duction problem are

oT 32T
— () — O<X<L, t?o,
ot 9x2
Initial Condition (IC): T = f(x), at t=0,
oT
Boundary Conditions (BCs): k 8_ =h; (T— Tfl), at x=0,
x

—k% =h, (T—sz), at x=1L.

This mathematical model has many engineering applications.

@ The infinite wall is a model of a flat wall of a heat exchanger, which is initially
isothermal at T = T|,. The operation of the heat exchanger is initiated at t = 0;
two different fluids of temperatures Tf1 and sz, respectively, are flowing
along the sides of the wall.

- The infinite wall is a model of a wall in a building or a furnace. One side of the
wall is suddenly exposed to a higher temperature Tp due to fire occurring in
aroom or the ignition of flames in the furnace.
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@ The infinite plate is a model of a large plate, whose thickness L is much
smaller than the other two dimensions. Immediately after it is manufactured,
the hot plate is immersed in a cold liquid bath of temperature Tf1 = sz = Tf'
This heat treatment process is known as the quenching process.

Suppose T'(x,0)=T, and the heat transfer coefficients h; =h,=h—o00. The
initial and boundary conditions become

T(x,0=Ty,  TOH=Ty,  T(L1) =T,

in which both of the boundary conditions are not homogeneous. To apply the
method of separation of variables, both boundary conditions must be converted to
homogeneous boundary conditions. Let

T, —T
27 f1
ulx) = Tpy + ——x u(0)=Tp, u(l)=Ty,.

Defining a new variable i"(x, t)=T(x,t) —u(x), the differential equation, initial
condition, and boundary conditions become

19T 9T

a ot 0x*’

. T, —T
IC: Tx,0) = T(x,0) ~ux) = (Ty—Tj,) - sz Ly,

BCs: T(0,t) = T(0, t) — u(0) = 0,
T(L,t) = T(L,t) —u(L) = 0.

Applying the method of separation of variables, letting YA“(x, H=X(x)-V(),
and substituting in the differential equation yield

1 vy  EXx)
e X =g =z V-

Dividing the equation by X (x) V (¢) leads to

1 1 dv( 1 X&),

oVO A T Xw ae

A function of t only A function of x only

in which, for a function of ¢ only to be equal to a function of x only, each of them
must be equal to the same constant — w?.
The X-equation gives

2

d°X
_d 5> + w?*X =0, 2% Second-order linear ODE
x
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and the characteristic equation is A>4+w? =0 — A = Fiw. The solution is
X(x) = Acoswx + Bsin wx.
The V-equation gives
%dV = —qw?dt, 2% First-order ODE, variable separable

and, by integrating both sides, the solution is
In|V| = a0’ +C —> V() = Ce ",
The solution of the partial differential equation is
T, t) = X(x) V() = e_““’zt(A cos wx + Bsin wx),

in which the constants A, B, and @ >0 are constants to be determined using the
initial and boundary conditions.

Apply the boundary conditions
T0,6) =e . A =0 — A=0,
i"(L, t) = et BoinwlL =0 —> sinwL=0 — wL=nmw, n=1,2,...,
/2T B cannot be zero; otherwise, it will lead to zero solution.

nw 3 —awlt
w, = T n=12,... = T,(x,t)=B,e " sin w, X.

Since the heat conduction problem is linear, any linear combination of solutions is
also a solution. Hence, the general solution is

T(x,t) = ioz i‘n(x, t) = i B, e @il sin ﬂ
n=1 n=1 L
Apply the initial condition
T(x,0) = niBn sin ﬂLx = (Ty—Tp) — @x,
which is expressed in Fourier sine series in x.
Multiplying the equation by sin?=E m=1,2,..., integrating with respect to

L
x from 0 to L, and using the orthogonality condition of the sine function yield

00 L L T, —T
> Bn/ $in —— sin —— dx = / [(T0 —T¢) — ux] sin ——— dx,
n=1 Jo L 0 L

L L

L L
B ===
2 mm

m

[(Ty—Tp) + (D" (T, = Tpy)],
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2
_ +1 .
B, = — [(To—T7) + D™ NI~ Tpp)], m=12,....
Hence, the temperature of the one-dimensional transient heat conduction is

T(x,t) = u(x) + T(x, 1)
T, —T

f2 Sl o 2 n+1
—— —_— | (T—T —1 T.—T
x+n§:1mr[( 0 f1)+( ) (T fz)]

=T + -
ni\ 2 . nmx
X exp{—oz(—) t} Sin ——.

L L

11.4.4 One-Dimensional Transient Heat Conduction on a
Semi-Infinite Interval

In areas where the atmospheric temperature remains below 0°C for prolonged
periods of time, the freezing of water in underground pipes is a major concern.
Fortunately, the soil remains relatively warm during those periods, and it takes
weeks for the subfreezing temperatures to reach the water mains in the ground.
Thus, the soil effectively serves as an insulation to protect the water from the
freezing atmospheric temperature.

Snow Pack T, T(0,0)=T,
Tp at t=0
. H Mathematical = 1(%0)=f(x) o
Soil o Modeling
_T
Yx
Water Main ‘

Figure 11.8 One-dimensional transient heat conduction on a semi-infinite interval.

Figure 11.8 shows the ground at a particular location covered with snow pack at
temperature T,. The average thermal diffusivity of the soil is « at that location. If
the ground has an initial uniform temperature of T, it is of interest to know the
change of temperature with time so that the minimum burial depth H of the water
mains can be determined to prevent the water from freezing.

The problem can be modeled as heat conduction on a semi-infinite body as
shown in Figure 11.8, which is similar to the heat conduction problem of an infinite
plate considered in Section 11.4.3 except that the thickness of the plate L — co. The
temperature changes with time and the depth x, and is therefore a one-dimensional
heat conduction problem.
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The differential equation (Fourier’s equation in one-dimension), the initial con-
dition, and the boundary condition of this one-dimensional transient heat conduc-
tion problem are

aT 32T
—_——=—— 0<x<oo, t=0,
ot 9x2

Initial Condition (IC): T(x,0) = T,

Boundary Condition (BC): T(0,t) =T,

in which the boundary condition is not homogeneous. To apply the method of
separation of variables, the boundary condition must be converted to homogeneous
boundary condition.

Defining a new variable i“(x, t)=T(x,t) —T,, the differential equation, initial
condition, and boundary conditions become

10T 92T
—_——— — 0<x<oo, t>0,
o Ot 9x2

IC: T(x,0)=T(x0)—T,=T,—T,,

S

BC: T(0,t) = 0.

Applying the method of separation of variables, letting T, ) =Xx)-V(),
and substituting in the differential equation yield

L VO _ d’X (x) Ve
o T T T axe '
Dividing the equation by X (x) V' (¢) leads to
1 1 dvey 1 &Xw)
aVH dt X e

A function of t only A function of x only

in which, for a function of t only to be equal to a function of x only, each of them

must be equal to the same constant — w?.

The X-equation gives
x .
= +w°X =0, 2% Second-order linear ODE

and the characteristic equation is A>+w? =0 = A = %iw. The solution is
X(x) = A coswx + Bsinwx.
The boundary condition ’.7"(0, t)=X(0) V() =0 leads to X(0) =0. Hence,

X0)=A=0 = X(x) =Bsinwx.
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The V-equation gives
1
v dV = —aw?dt, 2% First-order ODE, variable separable

and, by integrating both sides, the solution is
In|V| = —ae?t+C —> V(1) =Ce ",
The solution of the partial differential equation is
T(x,t) = X(x) V(t) = Bsin wx- Ce 90"t — T(x,t) = B(w) e~% sin wXx,

in which the coefficient B depends on w. Since this solution is valid for all values of
o > 0, the general solution is obtained by integrating over 0 < w < oo:

o o0 2
T(x,t) = / B(w)e ¥ sinwxdw.
0

For one-dimensional heat conduction in a plate of finite thickness
L (Section 11.4.3), there are countably infinitely many values of ®, i.e, o =nm /L,
n=1,2,.... Thesolution of the heat conduction equation is expressed as a Fourier
series in x. For one-dimensional heat conduction on a semi-infinite interval, the
thickness of the plate L —c0. There are uncountably infinitely many values of w.
The summation in the Fourier series becomes integration, and the Fourier series

in x becomes Fourier integral in x.

Fourier Integral

For a nonperiodic continuous function f(x), — oo <x < + 00, the corresponding
Fourier integral can be written as

flx) = /OO [a(a)) cos wx + b(w) sin a)x] do,
0

400 400
a(w) = - f(x) cos wxdx, b(w) = p f(x) sin wxdx.

a If f(x) is an even function in —oo <x <4009, i.e., f(—x) = f(x), then b(w) =0

o0 400
flx) = / a(w) cos wxdw, a(lw) = % f(x) cos wxdx,
0 0

which is called the Fourier cosine integral.
a If f(x) isanodd functionin —oo <x <+00, i.e., f(—x)=—f(x), then a(w) =0
o0 2 400
flx) = / b(w) sin wxdw, b(w) = — f(x) sin wxdx,
0 7 Jo

which is called the Fourier sine integral.
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Apply the initial condition
n o0
T(x,0) = / B(w) sinwxdw = Ty— T,
0
which is a Fourier sine integral, and

B(w) = &;TS)/O sin wé& d&.

Hence, the solution is

* 12(T,—T o
/ [m sin wé dé] e %" sin wx dew
=0 Y2 £=0

2(T,— T e e
M [/ sin w& sin a)x-e_‘“"ztdwi| dé&.
T £=0 LJw=0

T(x,t)

Noting that

sin wx sin wé = %[cosa)(x—é) —cosw(x+.§)],
2

o0 T x
/ e coswxdw = [ — exp(— —),
0 4a 4a
one has

o0 2
/ sin w& sinwx-e *“dw
0

1 0 2 0 2
=5 |:/ cosw(x—&)e *dw —/ cosw(x+E£)e *? tdw:|
0 0

1 [ [ { (x—%‘)z} { (x+é‘)2”
== /= |exXp|— — €xXpy — .
2V dat 4dat 4ot

Hence, the solution becomes

N ' Y (x—§)? (x+£)?
T(x,t)_m/0 [exp{— ypm }—exp{— Tor }]dé.

Using the error function and the complementary error function defined as

2 x 2 2 o0 2
erf(x) = \—/;/ e ' dt, erfc(x) =1 — erf(x) = ﬁ/ e ' dt,
0 x

one has

00 2 00 B
/ exp _(x 2 }dé:/ e_’72v4atdn, 2% Letting 77:S X

:_ﬁ VAot

ey = vt [1-eni(- =) |
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The solution can then be simplified as

Tt = % mot ”1 —erf(- J%ﬂ B [1 B erf(&)}}

_T,-T

S

{erf(\/%) — erf(— \/%) }, 2% erf(—x) = —erf(x)

A X
T, t) =T, + T(x,t) = T, + (T,—T,) erf( )

vaat
Example 11.6

The ground at a particular location is covered with snow pack at T, = —10°C for
a continuous period of three months (90 days). The average thermal diffusivity

of the soil is @ =0.15 x 10 m?/sec at that location. Assuming an initial uniform
temperature of T\, = 15°C for the ground, determine the minimum burial depth H
of the water mains to prevent the water from freezing.

-10 -5 0 5 10 15 T (°C)

1.24 0 M0

t=90 days
x (m) 4

Figure 11.9 Distribution of temperature in the soil.

Given that T,= —10°C and T,=15°C, it is required that T'(H,t) >0 for t <90
days, i.e., t <90 x 24 x 3600 =0.7776 x 10 sec. Since

T(x,t):TS—i—(TO—TS)erf( = )

Aot



488 11 PARTIAL DIFFERENTIAL EQUATIONS

one has

T(H,t) = T, + (T,~T}) erf(

H ) 0
>V,
Aot

) T, -10
T,— T, 15— (—10)

(
er
vV 40lt

Using the Table of Error Functions or a mathematical software, such as Maple (see
Chapter 12), it can be found that

H
>0.3708 —> H >0.3708y/4-(0.15x1076)-(0.7776x107) = 0.80 m.
Vaat
Hence, the minimum burial depth of the water mains is 0.80 m to prevent the water
from freezing. Changes of the soil temperature T with the depth x are shown in

Figure 11.9 for various values of time t.

11.4.5 Three-Dimensional Steady-State Heat Conduction

In Section 11.4.2, the fins on the surfaces are long in one dimension as compared
to the other two dimensions so that the heat conduction can be approximated as a
two-dimensional problem.

In some engineering application, the three dimensions of the fins are comparable
and the heat conduction must be considered as a three-dimensional problem.

%ﬁm (Tf)

Figure 11.10 Finned surface and three-dimensional heat conduction.

Insulated

In Figure 11.10, a fin of length b with square cross-section a x a is mounted on
a hot surface, while the other end of the fin is insulated. The coefficient of thermal
conductivity of the fin is k. The temperature distribution at the hot surface is given
by T(x, y,b) = f(x, y). A fluid coolant of temperature Ty flows past the fin. The
heat transfer coefficient between the fin surface and the coolant is h. Of interest is
the steady-state temperature distribution within the fin.
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The heat equation for the three-dimensional steady-state problem is given by the
three-dimensional Laplace’s equation

9°T N 9T N 9°T

axz  9y? 022

=0, 0<x<a, 0<y<a, 0<z<b,

with the boundary conditions

oT oT

at x=0: kg =h(T—Tf), at x=a: —ka =h(T—Tf),
oT oT

at y=0: k@ =h(T—Tf), at y=a: —kg:h(T—Tf),
oT

at z=0: = =0, at z=b: T = f(x, ).
z

Consider the special case f(x, y)=T, and h—o00. The boundary conditions
become

T(0,y,z) = Tf, T(a,y,z) = Tf>
T(x,0,z) = Tf, T(x,a,z) = Tf,

T'(x,,0)
0z
in which all six of the boundary conditions are nonhomogenous.

=0, T(x, y,b) = T,.

To apply the method of separation of variables to solve this three-dimensional
steady-state heat conduction problem, five of the six boundary conditions must be
homogeneous. Hence, by defining a new variable T(x, y,2)=T(x, y,z)— Tf, the
three-dimensional steady-state problem becomes

P2T 92T 9T
9x2 + ay? + 022

with the boundary conditions
T0,y,2)=0, T(a,y2) =0,
T(x, 0,z) =0, T(x, a,z) =0,

T(x, 7,0
0z
Applying the method of separation of variables, letting

T(x,y,2) = X(x)-Y(y)-Z(2),

=0, TCxpb)=T,—T

and substituting in the three-dimensional Laplace’s equation yield

2
X(x
2V (2@ + X y(” 22) + X ¥ () & (Z) ~0
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Dividing the equation by X (x) Y (y)Z(z) leads to

1 X | 1 dvy 1 dZe |,
Xw &2 (Yo &7 Z@ a2 |

A function of x only A function of y and z only

in which, for a function of x only to be equal to a function of y and z only, each of
them must be equal to the same constant — w?. Furthermore,

L&Yy L, 1 d2e
YO 42 0 T Z@ 42

A function of y only A function of z only

in which, for a function of y only to be equal to a function of z only, each of them
must be equal to the same constant — Q2.
The X-equation gives
x ,
= +w*X =0, 2% Second-order linear ODE
and the characteristic equation is A2+ ®? =0 = A = %iw. The solution is
X(x) = A, coswx + B sinwx.
The Y-equation gives
e’y :
d_y2 +Q°Y =0, 2% Second-orderlinear ODE
and the characteristic equation is A2+ Q% =0 — A = £iQ. The solution is
Y(y) =A,cosQ2y + B,sinQy.
The Z-equation gives
ez, :
= (w*+Q)Z =0, 2% Second-order linear ODE

and the characteristic equation is A2 — (0> + Q) =0 = A=4v, v=vw?+Q2.
The solution is

Z(z) = Ajcoshvz + Bysinhvz.

The solution of the three-dimensional Laplace’s equation is

TA“(x, y,2) = X(x)Y(y)Z(z) = (A1 cos wx+ By sin wx) (A3 cos Qy+B, sin Qy)
X (A3 coshvz+Bj sinhvz),
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in which the constants A}, B, A,, B,, A3, B;, >0, and 2 >0 are constants to be
determined using the boundary conditions.

Apply the boundary conditions

YA“(O, y,2) = A;-(Aycos Qy+B,sin Qy) (A;cosh vz+B;sinh vz)
=0 = A; =0,
YA‘(x, 0,z) = (B;sinwx)-A,-(Ascoshvz+B;sinhvz) =0 =— A, =0,
oT . : :
= » = (B;sin wx) (B,sin Qy) - v (A3sinh vz+ B;cosh vz) o

= (B;sinwx) (B,sinQ2y)-vB; =0 = B3 = 0.
The solution becomes
T(x, ¥,2) = B;sinwx-B, sinQy-A;coshvz = Fsinwx-sinQy- coshvz.
Use the boundary conditions

T(a, y,z) = Fsinwa-sinQy-coshvz =0 — sinwa=0,
mm

wa=mn, m=12,... = w,==-—, m=12,...,
a

T(x,a,z) = Fsinwx-sin Qa-coshvz =0 = sin Qa =0,
nm

Qa=nr, n=12,... = Q,=—, n=12,...,
a

which gives, for m=1,2,...,and n=1,2,...,

A . mMEX | nmy Vm?+nlaz
T,,,(x, y,2) = F,,, sin =— - sin == . cosh =———v.
a a a
Since the heat conduction problem is linear, any linear combination of the solutions

is also a solution. Hence, the general solution is
X nmy vmi+nlmz

n 00 00 m
T(x,y,z2) =) Y F,,sin - sin - cosh
m=1n=1 a a a

Apply the boundary condition

A O X T T /2 an
T(x,y,b) = Zl Z:lan sin max -sin nay . cosh ~— —Zn
m=1in=

>

m=1

[e%e} o) 2 b
(Z F,,, cosh motnn - sin mry) sin T To—Tf,
= a a a
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which is expressed in Fourier sine series in x with G,,, m=1,2,..., being the

. o . . ITX . . . .
coefficients. Multiplying the equation by sin ==, i=1,2,.. ., and integrating with
respect to x from 0 to a yield

a a ; 2(Ty—Tp) .
G,E = (TO—Tf)-E[l—(—l)] — G, = T[l—(—l) ],
[e%e) /32 2 b
> (Fin cosh = T ) sin —2 = G;,
n=1 a a

b3
which is expressed in Fourier sine series in y. Multiplying the equation by sin% ,
j=1,2,..., and integrating with respect to y from 0 to a yield

Vit+j’nb a a )
Ej coshT-E = Gi.j?[l_(_l)J],
4(T,~T)) | .
Fj = ———=—=—[1-(-D'][1-(-1].
ijnzcosh—l —;] ud

Hence, the temperature distribution of the steady-state heat conduction is
T(x y,2) =Ty + T(x, y,2)

4(TO—Tf)§§[1—(—1)i][1—(—1)f] _inx | jmy

= Tf + — — Sin = sin cosh

Vii+jinz

i 2 27D a a a
i=1j=1 z]cosh‘/l +)°m
a
16(Ty—T;) o 1

m? m=1n=1 V2em—-1)24+Q2n—-1)%2nb

(2m—1)(2n—1) cosh -

. C2m—-Drx . 2n—1)my VCem—1)2+Q2n—1)2nz
X sin - sin - cosh .

a a a
11.5 Summary

The method of separation of variables may be applied to solve certain partial
differential equations, which have many important engineering applications. When
the method is applicable, it converts a partial differential equation into a set of
ordinary differential equations.

Consider a partial differential equation governing u(x, y), the procedure of the
method of separation of variables is as follows:

1. Separate the function u(x, y), which is a function of x and y, to a product of
X(x) and Y(y), i.e., u(x, y) = X(x)-Y(y).
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2. Substitute into the partial differential equation. Manipulate the resulting
equation so that one side of the equation is a function of x only, and the other
side of the equation is a function of y only. For this to be true, both of them
must be equal to the same constant k:

o SR =g S ) =k

A function of x only A function of y only

3. One then obtains two ordinary differential equations:

f(x,X, ;—df, %,...)zk, and g(y, Y, j—;, %,) = k.

The values of the constant k and the constant coefficients in the solutions are
determined by the boundary and initial conditions. For linear problems, any
linear combination of solutions is also a solution.

Problems

11.1  Find the solution to the following partial differential equation:

d d
x—u =u +y—u; u(l,1) =2, u(l,2) =8. @ u(x,y) = 2x3‘y2
x dy
11.2  Find the solution of the heat conduction problem:
1 d%u _ du_
49x2 9t

4mx
u(x,0) = 3sin - for 0<x<L; u(0,t) =0, u(L,t) =0, for t>0.

@ 60 =3 4rx —472¢
u(x,t) = 3 sin — ex
L P\ T2

11.3  Solve the following boundary value problem:

du  d%u . .
rri ﬁ; u(0,t) =0, u(r,t) =0, u(x,0) = 2sin 3x — 5 sin 4x.
x

9
€D u(x,t) =2e 1 sin3x — 5¢ ¥ sin4x

11.4 Find the solution of the heat conduction problem:

9%u ou . .
—_— = —; u(0,t) =0, u(l,t) =0, u(x,0) = sin2wx — sin 57 x.
ax2 ot

—4n?t . 2572t .
€D ux,t)=e 47 sin 2w x — e 2" sin 5x



494 11 PARTIAL DIFFERENTIAL EQUATIONS

11.5 Solve the following boundary value problem:

’u _ u
otz 9x2’

. TX . 3mx
u(0,t) =0, u(L,t) =0, u(x,0) =0, u,(x,0) = 5sin T — 3sin T

. mwx . mwt L _ 3mx . 3mt
€ u(x,t) = —sin — sin — — — sin — sin —
b4 L L b4 L L

11.6  Find the solution of the boundary value problem:
’u  0*u
o2 9x?’
u(0,t) =0, u(w,t) =0, u,(x,0) = 2sinx — 3sin2x, u(x,0) = 0.
oot 9 .2t
@ u(x,t) = 6sinxsin = — = sin 2x sin —
3 2 3
11.7 A cable is under constant tension F as shown in the following figure.

1. Show that the transverse vibration v(x, t) is governed by the equation

9%y B F 9%y
t2  m ox2’

where m is the mass of the cable per unit length.

2. The cable is fixed at both ends and is imposed on the following initial condi-

tions
. X av(x,t)
v(x,0) = asin —, =
Determine the response of the cable.
. TTX w |F
¢ v(x,t) = asin — cos (— - t)
L LV m
F m F
- —_—
X
L |
1

|

11.8 The simply supported beam is subjected to a constant moving concentrated
load P as shown in the following figure. The load P is at the left end of the beam
when t =0 and moves at constant speed U toward the right. The beam is at rest at
time t = 0. Adopt the following notations:

mn U mm\2 [ EI
Qm: T 5 w"’:(T) p—A’ m=1,2,....
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P Ut |P

S M

? EL pA ﬁ X
L |
|

B

. mm | EI
1. For the nonresonant case, i.e., 2, #w,, — U # _L —A, m=1,2, ...,
0
L
show that the response of the beam is, for 0 <t < ik i.e., when the load is on
the beam,
2P & 1 Q mix
v(x,t) = (——msina) t +sin Q t)sin
(2) pAL n; w2, — Q2 \  w, " "
. . . rm | EI
2. If the structure is resonant in the rth mode, i.e., v, =,, or U= T —A,
0
show that the response of the beam is, for 0 <t < 6’
2P ad 1 Q mimx
v(x,t) = <— —Z sinw,,t + sin Q t) sin
PAL { mZ:l w2, -2\ o, " "
m#£r

1 . L ITX
+ == (sinw,t — w,t cos w, 1) sin T
r

11.9  Electronic components mounted on substrate surfaces may result in high
temperatures affecting the operation and reliability of electronic equipment. To
ensure the reliable operation of the equipment, efficient removal of heat from the

electronic components is desired.

Y
7222222222/ n
72222222272/
V222222222
7222222222/ o B T

Coolant (Ty) a Insulated
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The heat exchanger designed to cool a substrate surface, on top of which elec-
tronic components are mounted, is shown in the above figure. The bottom of the
heat exchanger is assumed to be insulated. Suppose that all the fins and coolant
channels are identical. The heat transfer through a typical fin between two adjacent
coolant channels can be modeled as a two-dimensional problem as shown. The
coefficient of thermal conductivity of the fin is k. The temperature at the base of
the fin (and the substrate surface) is T|,. The temperature of the coolant is Tf and
the heat transfer coefficient h— o0o.

Determine the steady-state temperature distribution in a typical fin.

4(T,— Tf) o Sin w cosh w
@ Teoy) = Tf + T ,,gl 2n—1mb
(2n—1) cosh ——-

11.10 The infinite wall as shown in the following figure is a model of a wall in a
furnace. Suppose the wall is initially isothermal at temperature T,,. The left-hand
side of the wall is suddenly exposed to a high temperature Tf due to the ignition of
flames in the furnace. The heat transfer coefficient on the left-hand side of the wall
is h— o0. The right-hand side of the wall is insulated. Determine the temperature
history T'(x, t).

?oo

Insulated
X
x=0 b x=L
h,Tf L
[
o0 4(Ty—Tj) 2n—1)m 12 Q2n—1)mx
T =T o[ DT Grbrn
@ (x, 1) +r12—:1 D xp{ o > }sm 5T

11.11 A thick metal slab is originally isothermal at temperature T|,. A heat flux
Q is received on one side of the slab starting at time t =0 for a short period of
time. As a result, the temperature of the slab is raised. The coefficient of thermal
conductivity and the thermal diffusivity of the metal are k and «, respectively. The
metal slab can be modeled as a semi-infinite body for the time period during which
it is heated as shown. Obtain the temperature history T (x, t) of the slab during the
heating process.

Q dat 2
@ T(x,t):TO—I—?{— %exp(—%ﬂ)—kxerfc(\/%)}




PROBLEMS 497

SERERERRR

Tp at t=0
k o

X
Use the integrals
/oo {_ (x_ )2
£=0 [eXP 4at
[lol o] ool S
£=0 P 4ot P 4ot

2

= 4ot exp(— 4x_t> + xv/4mat erf(
o

at

2
} + exp{— (x4+$) H dé =2/ mat

7=)

11.12 A fin of length b with square cross-section axa is mounted on a hot
surface as shown in the following figure. The coefficient of thermal conductivity of
the fin is k. The temperature at the hot surface is T,. A fluid coolant of temperature
Ty flows past the fin. The heat transfer coefficient between the fin surface and the

coolant is h— oo.

Hot Surface

%lant (Tf)

Show that the steady-state temperature distribution T'(x, y, z) in the fin is

16(T,—~T,) oo oo )
It : m;n; Jm—1)2+@n—1)2xb
 (2m—1)(2n—1) sinh

a

@em—-1)rx . @n—-Dry .  J/Cm—12+Q2n—-1)2nz
- sin - sinh .
a a a

X sin



Solving Ordinary Differential
Equations Using Maple

Computer software packages for symbolic computations, such as Maple and Mathe-
matica, are very useful in mathematical analysis. In this chapter, Maple commands
commonly used in solving ordinary differential equations are introduced.

dsolve is a general ordinary differential equation solver, which can handle
various types of ordinary differential equation problems, including

@ compute closed form solutions for a single or a system of ordinary differential
equations, with or without initial (boundary) conditions;

- compute solutions using integral transforms, such as the Laplace transform;

- compute series and numerical solutions for a single or a system of ordinary
differential equations.

Calling Sequence

# Solve ODE for function y (x), in which x is the independent variable and y is the
dependent variable. In using dsolve, options may be specified to instruct Maple
how to solve the equation, such as expressing the solution in implicit equation or

using the Laplace transform.

dsolve (ODE,y(x) ,options)

# Solve ODE together with initial conditions IC for function y (x).
dsolve ({0DE,IC},y(x),options)

In the following, various examples are solved using dsolve to illustrate the proce-
dures. The output from Maple is formatted somewhat for better presentation.

498
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12.1 Closed-Form Solutions of Differential Equations

12.1.1 Simple Ordinary Differential Equations

First-order and simple higher-order ordinary differential equations studied in
Chapter 2 can be easily solved using Maple.

Example 12.1 (Example 2.9)

Solve y’ = (x+y)2.

>O0DE:=diff(y(x),x)=(x+y(x))"2; 2% Define the ODE.
d
ODE := Ey(x) = (x +y(x))2

>sol:=dsolve(0DE,y(x)); 2% Solve the ODE using dsolve.

sol := y(x) = —x — tan(—x + _C1) #Z% _Clis an arbitrary constant.

Example 12.2 (Example 2.8)

Solve d_)/ = L—i_s
dx 2x—-2y-2

>0DE:=diff (y(x),x)=(x-y(x)+5)/(2*x-2xy(x)-2): /25 Define the ODE.
>sol:=dsolve(ODE,y(x)); 2% Solve the ODE using dsolve without options.
sol := y(x) = x — 6 LambertW (— % e/12_Cle77/%) —7

#¢ The result is in terms of a special function, because Maple tries to solve a
nonlinear equation to obtain an explicit solution.
#7 To overcome this problem, use the implicit option to force the solution in
the form of an implicit equation.
>sol_implicit:=dsolve(ODE,y(x),implicit);

sol_implicit ;== —x + 2 y(x) — 12 In((y(x) —x+7) — _C1 =0

Example 12.3 (Example 2.45)

Solve yy” =y"?(1 —y'siny —yy’ cosy).

2 In Maple, the nth-order derivative of y(x) withrespectto x isdiff (y(x),x$n).

>0DE:=y (x)*diff (y(x),x$2)=diff (y(x),x) "2*%(1-diff (y(x),x)*sin(y(x))
-y (x)*diff (y(x),x)*cos(y(x))): 25 Define the ODE.

>sol:=dsolve(ODE,y(x)); 2% Solve the ODE using dsolve without options.
sol := y(x) = _C1, —cos(y(x))+_Clln(y(x)) —x—_C2=0
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25 An explicit or implicit solution can be tested using odetest, which checks the
validity of the solution by substituting it into the ODE. If the solution is valid,
odetest returns 0. When there are many solutions, use map to apply odetest to
each element of sol.

>map (odetest, [sol] ,0DE) ; [0, 0]

25 The first 0 indicates that the first solution sol [1] isvalid; the second 0 indicates
that the second solution sol[2] isvalid.

Example 12.4 (Example 2.33)

Solve 2xyy’ =y* —2x°, y(1)=2.

>0DE: =2x*x*y (x) *diff (y(x) ,x)=y(x) "2-2%x"3: /2% Define the ODE.
>IC:=y(1)=2; 2% Define the initial condition IC.

IC := y(1) = 2
2% Solve the ODE and IC using dsolve without options.
>sol:=dsolve({0DE,IC},y(x));

sol ;== y(x) = v —x3 4+ 5x 2% Explicit solution.

25 Use odetest to check if the result satisfies the ODE and IC.

>odetest(sol, [ODE, IC]); [0, 0]

/25 The first 0 indicates that the solution satisfies the ODE; the second 0 indicates
that the solution satisfies the IC.

2% Solve the ODE and IC using dsolve with implicit option.
>sol_implicit:=dsolve({0DE,IC},y(x),implicit);
sol_implicit := y(x)? + x> —5x =0 2% Implicit solution.

>odetest(sol_implicit, [ODE, IC]);

Example 12.5 (Example 2.1)

d
Solve E% + %eyzﬁx =0.

[0, 0]

>0DE:=diff (y(x),x)+1/y(x)*exp (y(x) "2+3*x)=0: 2% Define the ODE.
>sol:=dsolve(ODE,y(x)); 2% Solve the ODE using dsolve without options.

soli= 60 = \/ln@ Faci) Y0 = _\/ln(% =5 C1)

#2% Solve the ODE using dsolve with implicit option.

>sol_implicit:=dsolve(ODE,y(x),implicit);

sol_implicit := ¥ — 7™’ 4 _C1=0
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Example 12.6 (Example 2.24)

Solve y*dx + (xy +y* — 1)dy = 0.

>0DE: =y (x) "2+ (x*xy (x)+y (x) "2-1) *diff (y(x) ,x)=0: 2% Define the ODE.

>sol:=dsolve(ODE,y(x)); 2% Solve the ODE using dsolve without options.

sol := y(x) = oROOtOf(2_Z—2xe-*—(e-#)*+2_C1)

25 The solution is in terms of RootOf(- - -), because Maple tries to solve a nonlinear
equation to obtain an explicit expression for y(x).

#2% Solve the ODE using dsolve with implicit option.

>sol_implicit:=dsolve(0DE,y(x),implicit);

— 5P +InGe) + €1
yx)

245 Simplify the result selecting the left-hand side of the equation using 1hs and
extracting the numerator using numer.

sol_implicit := x —

>sol_implicit:=numer (lhs(sol_implicit))=0;

sol_implicit := 2xy(x) + y(x)?> — 2In(y(x)) —2_Cl1 =0

Example 12.7 (Problem 2.92)

Solve 2xy’ —y=Iny’.

>0DE:=2*x*diff (y(x) ,x)-y(x)=1n(diff (y(x),x)): /25 Define the ODE.

2% Solve the ODE using dsolve with implicit option.
>sol_implicit:=dsolve(ODE,y(x),implicit);

T+ _Cl1 2(_T+_C1
sol_implicit := |:x(_T) = % y(_T) = (—;T—) — ln(_T):|

#¢ This ODE is of the type solvable for variable x or y. The solution is in the form

of parametric equations with _T being the parameter.

Example 12.8 (Example 2.37)

Solve y:x{d—y—i- 1+ (d_y)2}

dx d

>0DE: =y (x)=x*(diff (y(x) ,x)+sqrt (1+diff (y(x),x)~2)): 2% Define the ODE.
>sol:=dsolve(ODE,y(x)); 2% Solve the ODE using dsolve without options.

_C1
S0] 1= — —_—— | x =0

(o +y(0)>)? (_ 1oy 1 (x2+y(x)2)2)
y(x)?x2 2 xy(x) 2 y(x)?x?
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#2¢ To simplify the result, use simplify with option sqrt and assume that both x
and y(x) are positive.
>sol:=simplify(sol,sqrt) assuming x::positive, y(x)::positive;
X (_Clx + x? —|—y(x)2)
x? + y(x)? -
22 Simplify the result further: take the left-hand side of the equation using 1hs;

extract the numerator using numer; and divide by x.

>sol:=numer (lhs(sol))/x=0;
Clx+x*+y(x)*=0

#% Solve the ODE using dsolve with implicit option.
>sol_implicit:=dsolve(0DE,y(x),implicit);

N _C1 _C1(T + V1+T?)
SOl_lmphClt = |x(T) = \/_—., y(T) = —m——e——=
1+ T2 earcsinh(T) 1+ T2 earcsinh(T)

>simplify(sol_implicit); % Use simplify to simplify the result.

Cl1 Cl
T) = — T) = ——
[x( : VI4+T(T +V1+T?) @ \/1+T2]

#4% For this ODE, dsolve with option implicit yields solution in the parametric
form.

Example 12.9 (Example 2.16)

1 x Yy y 1 y x x
Solve (—sm———cos—+1>dx+<—cos———sm—+ )dy_O
y oy ¥ x xxoyry oy

>0DE:=1/y(x)*sin(x/y (x)) -y (x)/x"2*cos(y(x) /x)+1+(1/x*cos (y(x) /x)
-x/y(x) "2*sin(x/y (x))+1/y(x) "2)*diff (y(x),x)=0: /25 Define the ODE.

24 Solve the ODE using dsolve and simplify the result using simplify.
>sol:=simplify(dsolve(ODE,y(x)));

1—&—2)1(x)cos2 z —2y(x)—_Cly(x)— 2y(x)sm&cosy() —xy(x)
2y(x) 2x
sol := — =0
y(x)

24 Simplify the result further: take the left-hand side of the equation using 1hs;
extract the numerator using numer; simplify the trigonometric functions using
combine; and collect terms of y(x) using collect.
>sol:=collect (combine (numer (lhs(sol))),y(x))=0;
sol .= —1+ (sinM — cosL +x+ 1+_C1 )y(x) =0
x y(x)
#¢ The "1" before _C1 can be absorbed in the constant _C1 using algsubs.
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>sol:=algsubs(1+_C1=C[1],s01);

sol := —1+ <sinM—cosL —|—x+C1)y(x)=O

X y(x)
Example 12.10 (Example 2.4)

dy

X

Solve +£+2=0, y(0) =1.
y

>0DE:=diff (y(x),x)+x/y(x)+2=0: 2% Define the ODE.
>IC:=y(0)=1: 2% Define the IC.
>sol:=dsolve({0DE,IC},y(x)); 2% Solvethe ODE and IC using dsolve.

x (1 + LambertW(—x))
LambertW(—x)

sol :== y(x) = —
#Z¢ Without the implicit option, the solution is in terms of a special function.

25 Now solve the ODE using dsolve with the implicit option.
>sol_implicit:=dsolve({0DE,IC},y(x),implicit);

sol_implicit :=
#Z5 With the implicit option, Maple does not render a solution if the initial
condition is included.

2% Solve the ODE using the implicit option but without the initial condition.
>sol_implicit:=dsolve(ODE,y(x),implicit);

ln<y(xi+x>)’(x) + ln(y(xi—i_x)x +x

sol_implicit := —_C1 + +1In(x) =0

y(x)+x

#45 The solution contains terms with x appearing in the denominator; hence, the
initial condition at x=0 cannot be applied directly. This is the reason that Maple
does not give a solution when both the implicit option and the initial condition
IC are imposed.

27 To simplify the implicit solution, take the left-hand side of the solution using
1hs, and extract the numerator using numer.

>S0L1:=numer (lhs(sol_implicit));
. 3 y(x)+x y(x)+x
SOLIL := —_Cl y(x) _Clx—l—ln( - >y(x) +ln( - )x+x

+ In(x) y(x) 4+ In(x) x

#7 The solution can be further simplified by combining the logarithmic terms
using combine and assuming that x is positive.



504 12 SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING MAPLE

>S0L2:=combine(SOL1) assuming x::positive;

SOL2 := —_Cly(x) — _Clx + y(x) In(y(x) +x) + x In(y(x) +x) + x

#45 The initial condition y(0) =1 can now be applied using subs.
>eqn:=subs ({x=0,y(x)=1},S0L2) ;
eqn := —_C1 +1In(1)

#¢ The constant _C1 is solved from the resulting algebraic equation using solve.
>_Cl:=solve(eqn,_C1);

Cl:=0
#¢ The particular solution in the implicit form is obtained.
>sol_implicit:=collect(SOL2,1n);

sol_implicit := (y(x)+x) In(y(x)+x) + x

#% Verify that the solution obtained satisfies both the ODE and IC using odetest.
>odetest(sol_implicit, [0DE,IC]);
[0, 0]
#4 To plot an implicit equation, use implicitplot in the plots package.
>with(plots): 2% Load the plots package.
>implicitplot(sol_implicit,x=-5..5,y(x)=-0..10,view=[-5..1,0..9],
numpoints=100000,thickness=3,labels=["x","y"],
tickmarks=[[-5,-4,-3,-2,-1,0,1]1,[0,1,2,3,4,5,6,7,8,911);

Example 12.11 (Example 2.35)

Solve x = % + (%)4.

>0DE:=x=diff (y(x),x)+diff (y(x),x)"4: 2% Define the ODE.
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>sol:=dsolve(0DE,y(x)); 2% Solve the ODE using dsolve.

sol := y(x) = % xRootOf(—x+_Z+_Z*) — 5 RootOf(—x+_Z+_Z*)* + _Cl
# The solution is expressed in terms of a root of a polynomial equation of degree
four,ie, Z*+_Z—x=0,inwhich _Z isthe unknown. Using the option implicit
in dsolve does not help.

#245 Extract the value of y(x) from the solution sol using eval.
>eval (y(x),so0l);

2 xRoOtOf(—x+_Z+_Z*) — S RootOf(—x+_Z+_Z*? + _C1

# This result is then assigned to y, defined as a function of x, using unapply.
The ditto operator, %, is a shorthand notation for the previous result.

>y:=unapply(%,x);
yi=x— %xRootOf(—x%—_Z—l—_Z“) — 1—36RootOf(—JH—_Z—I—_Z‘l)2 + C1

25 These two lines can be combined as
>y:=unapply(eval(y(x),sol),x);

# This task can also be accomplished by using
>y:=unapply(rhs(sol),x);

#¢ The ODE is of the type solvable for variable x; the solution can be expressed in
the form of parametric equations. Rewrite the fourth-degree polynomial equation
and solve for x in terms of the parameter _Z.
>eqn:=Root0f (-x+_Z+_Z"4,_Z)=_7:
>xp:=solve(eqn,x);

xp=_Z+ 74
# Variable y is also expressed in terms of the parameter _Z.

>yp:=simplify(eval (subs(x=xp,subs(eqn,y(x)))));
=% 722+ % 2%+ _Cl

#% For a better presentation, the parameter _Z is replaced by p.
>xp:=subs(_Z=p,xp); yp:=subs(_Z=p,yp);

spi=p+pt  ypi=3p+5p + _Cl

Most of the first-order and simple higher-order ODEs studied in
Chapter 2 are nonlinear equations with closed-form solutions in the form of non-
linear equations or parametric equations; implicit is one of the most important
options in obtaining a solution in terms of elementary functions (exponential,
logarithmic, and trigonometric functions). As illustrated in the examples, in many
cases, one has to direct Maple interactively in order to obtain an useful result.
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12.1.2 Linear Ordinary Differential Equations

Linear ordinary differential equations studied in Chapter 4 can be easily solved
using Maple as shown in the following examples.

Example 12.12

Solve y”" —y” +y" —y = 8xsinx + 5¢% + x?, y(0)=2, y'(0)=9, y"(0) =5.

2% In Maple, y'(a)=b = D(y) (a)=b, and y™(a) =b = (Deen) (y) (a)=b.
25 Define the ODE and initial conditions ICs.
>0DE:=diff (y(x),x$3)-diff (y(x),x$2)+diff (y(x) ,x)-y(x)=8*x*sin(x)

+bxexp (2*x) +x"2:
>ICs:=y(0)=2, D(y) (0)=9, (DE@2) (y) (0)=5:
#2% Solve the ODE with ICs using dsolve. Sort the result by collecting the sine
terms and then the cosine terms.
>sol:=collect(collect(dsolve({0DE,ICs},y(x)),sin),cos);

sol := y(x) = (—x*—3x+6)sinx + (x> —x—3) cosx + 4e* + e** — x> — 2x

Example 12.13 (Example 4.29)

ex
1+ex

Solve y"”" —y' =

>0DE:=diff (y(x),x$3)-diff (y(x),x)=exp(x)/(1+exp(x)): 2% Define the ODE.
#% Solve the ODE using dsolve. Sort the result by collecting exponential terms.
>sol:=collect(dsolve(ODE,y(x)),exp);
sol 1= y(x) = (_Cl — %ln(1+ex) + %ln(ex)) e* — (_C2 + %ln(l—i—ex))e—x
+_C3+ 3+ —In(1+eY)
25 The % after _C3 can be absorbed in the arbitrary constant _C3.

Example 12.14

Solve x*y” —xy’ +2y = x(Inx)* + 4xsin(In x).

245 Define the ODE. This is an Euler differential equation.
>0DE:=x"2*diff (y(x),x$2) -x*diff (y(x),x)+2*y(x)=x*(1n(x)) "4

+4*xx*sin(1n(x)):
>sol:=dsolve(0DE,y(x)); 2% Solve the ODE using dsolve.
sol := y(x) = _Clxcos(lnx) + _C2xsin(Inx) + x((ln x)* —12(Inx)? + 24

+sin(Inx) — 2In x cos(In x))
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12.1.3 The Laplace Transform

Integral transforms, such as the Laplace transform and the Fourier transform, are
available by loading the inttrans package using with(inttrans). In Maple,
the Heaviside step function H(t—a) is Heaviside(t-a), and the Dirac delta
function 8(t —a) is Dirac(t-a).

>with(inttrans): /T Load the inttrans package.

2% Given a function f(¢).
>f:=t*cosh(2*t)+t " 2*xsin(5*t)+t"3+sin(t) *Heaviside (t-Pi);

f :=tcosh2t + t% sin 5t + £> + sin t Heaviside(f — 1)

>F:=laplace(f,t,s); /% Evaluate the Laplace transform using laplace.

1 1 10(3s2—25) 6 77

F:= + + + =+
2(s—2)2  2(s+2)2 (s2+425)3 st s241

#7 Given the Laplace transform of a function G(s).
>G:=(8-3)/(s72-6%s+25)+2/(s+2) "3+exp (-2*s) * (2+1/(s"2+1)) ;
s—3 2

—2s
= + +e (24
G s2—65+25  (s+2)3

52+1)

£ Evaluate inverse Laplace transform using invlaplace.

>g:=invlaplace(G,s,t);

g:= el cosdt + 2e 42 Dirac(t —2) + Heaviside(t —2) sin(t —2)

25 When evaluating the inverse Laplace transform by hand, one frequently needs
to perform partial fraction decomposition, which can be easily done using Maple.
>F:=8%(s+2)/(s-1)/(s+1)"2/(s~2+1)/(s"2+9); 2% Define a fraction.

8(s+2)
F.=
(s—=D(s+12(s2+1)(s>+9)

#¢ Perform partial fraction decomposition using convert with option parfrac,
in which s is the variable.

>convert (F,parfrac,s);

3 1 27 N s—3 N s—11
10(s—1)  5(s+1)?  50(s+1)  4(s>+1)  100(s*+9)

When an ODE is solved using dsolve with the option method=laplace, Maple
forces the equation to be solved by the method of Laplace transform.



508 12 SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING MAPLE

Example 12.15 (Example 6.18)

Solve y"'— y"+4y' —4y=40(t*+t+1)H(t—2), y(0)=5, y'(0)=0, y"(0)=10.

>ODE:=diff (y(t),t$3)-diff (y(t),t$2)+4*diff (y(t),t)-4*y(t)
=40% (t~2+t+1) *Heaviside (t-2) : 2% Define the ODE.

>ICs:=y(0)=5, D(y) (0)=0, (DQE2) (y) (0)=10: 2T Define the ICs.
#2% Solve the ODE and ICs using dsolve with the option method=laplace. The

trigonometric terms are simplified using combine. The result is simplified by first

collecting terms with Heaviside (t-2) and then exponential terms using collect.

>sol:=collect(collect(combine(dsolve({0DE,ICs},y(t) ,method=laplace)),
Heaviside(t-2)),exp);

sol := y(t) = 6¢' + 112(1 —Heaviside(Z—t)) e 4 (23 cos(2t —4)
—21sin(2t —4) —10¢* — 30t — 35) Heaviside(f —2) — cos 2t — 3sin 2t

Example 12.16

Solve y" —y"+4y'—4y =10e7".

2T Define the ODE.
>0DE:=diff (y(t),t$3)-diff (y(t),t$2)+4*diff (y(t),t)-4*y(t)=10*exp(-t):

#45 Solve the ODE using dsolve with the option method=1aplace. Simplified the
result by collecting sine, cosine, and then exponential terms using collect.

>collect (collect (collect (dsolve (ODE,y(t),method=laplace),sin),cos),exp);
y(1) = ="' + (14+ 530+ 5"(0) '+ 5 (y(0)— " (0)) cos 2t
+(~1- 23+ 3 y'(0) — 75 y"(0)) sin 2t
>dsolve(ODE,y(t)); 2% Solve the ODE using dsolve without any option.

y(t) = —e '+ Cle'+ C2cos2t+ _C3sin2t

Using the option method=1aplace to solve an ODE by the method
of Laplace transform is done "behind-the-scene." When the initial conditions are
specified, there is no difference between the particular solutions obtained with and
without the method=1aplace option.

However, when the initial conditions are not specified, the general solution ob-
tained with the method=1aplace option is expressed in terms of the unknown ini-
tial conditions y(0), y'(0), y”(0), ...; whereas the general solution obtained without

the method=laplace option is given in terms of arbitrary constants _C1, _C2,....
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12.1.4 Systems of Ordinary Differential Equations

Example 12.17

Solve yj —y; =0, y;—y;=2H(x—1), 6y, +1ly,+);+6y;=e".

>0DE[1] :=diff (y[1] (x),x)-y[2] (x)=0: 2% Define the ODEs.

>0DE[2] :=diff (y[2] (x),x)-y[3] (x)=2*Heaviside(x-1):

>0DE[3] : =6y [1] (x)+11*y [2] (x)+diff (y[3] (x),x)+6%y[3] (x)=exp(-x):

#45 Solve the ODEs using dsolve. The result is simplified by collecting first the
exponential terms and then terms involving Heaviside (x-1) using collect.

>sol:=collect(collect(dsolve({0ODE[1],0DE[2],0DE[3]},{y[1] (x),y[2] (%),
y[31(x)}),exp) ,Heaviside(x-1));

sol := {)’1 (x) = (— e 307D 4 gem2xmD 5okl 4 2) Heaviside(x —1)

3.C2 _C3\ s, Y
+ (_c1 +== T)e _(3.Cl+4 C2+ _C3e
+(3 cry2=2 83, X 3) -
— — — - e ’
- 2 2 2 1
¥,(x) = (3e_3("_1) —8e 27D 4 Se_(x_l)) Heaviside(x —1)
9.C2 3.C3\ _s, o
+ (—3_(31 - = T> e 4 (6_Cl+2 C2+8 _C3)e
+< 3 C1 5 C2 _(C3 x+5) x
— —_— e——— —  — ——  — — e 5
- 2 2 2 3
y3(x) = (—9e_3(x_1) +16e720D _ Se_(x_l)_z) Heaviside(x —1)
27 C2 9.C3
+ (9_c1 + ==+ —T) e ¥ _(12_C1+16_C2+4_C3)e 2

5.C2 _C3 7y _,
+<3—C1+T+T_'>e }

4
Example 12.18

Solve x"+3x" +2x+y 4y =4t>+2+40tcos2t,

X +2x+y —y=192te* 4 5sin2t, x(0)=0, x'(0)=0, y(0)=0.

>0DE[1] :=diff (x(t),t$2) +3*xdiff (x(t),t)+2*x(t)+diff (y(t),t)+y(t)
=4%t"2+2+40%t*cos (2*%t) : 27 Define the ODEs

>0DE[2] :=diff (x(t),t)+2*x(£)+diff (y(t),t) -y (t)=192*t*exp (2%t)
+5*sin(2%t) :

>ICs:=x(0)=0, D(x) (0)=0, y(0)=0: 27 Define the initial conditions ICs.
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2% Solve the ODEs and ICs using dsolve. The result is simplified by collecting
the exponential terms, the cosine terms, and the sine terms using collect.
>sol:=collect(collect(collect(dsolve({0DE[1],0DE[2],ICs},{x(t),y(t)}),

exp),cos),sin);

sol :={x(t) = (4t+421_(1)) sin2t+(—3t+15 19) cos2t + 2 77 o2t 11458 -
+ (2421208 4 12 — a1 45,
y(6) = (2 t—z—oo)sm2t+(6t+20)c052t +(96t2+1_72)62t
12f —2t+4}

2T Use odetest to check if the solution satisfies the ODEs and ICs.
>odetest(sol, [ODE[1],0DE[2],ICs]);
[0, 0, 0, 0, 0] 27 All of the two ODEs and three ICs are satisfied.

Eigenvalues and Eigenvectors of a Matrix

In solving systems of linear ordinary differential equations using the matrix method,
as studied in Chapter 7, one needs to find the eigenvalues and the corresponding
eigenvectors (sometimes the generalized eigenvectors if there are multiple eigen-
values) of the system matrix A. This task can be easily accomplished using Maple.

>with(LinearAlgebra): 2T Loadthe LinearAlgebra package.
>A:=Matrix([[1,-1],[2,-1]11); 2% Define matrix A.

1 -1
A=
2 -1
# Evaluate the eigenvalues and eigenvectors using Eigenvectors, stored in A

and wu, respectively. In Maple, i is denoted as I.

> (lambda,v) :=Eigenvectors(A);

1,1 1 1
A, vi= ! > z7t3l 2731
-1 1 -1

As studied in Chapter 7, if matrix A has a multiple eigenvalue X with multiplicity
m > 1 and if there are fewer than m linearly independent eigenvectors correspond-
ing to A, then matrix A is defective. In this case, a complete basis of eigenvectors is
obtained by including generalized eigenvectors.

In matrix theory, if matrix A of dimension n x n has n linearly independent
eigenvectors, it can be reduced to a diagonal matrix D, i.e., Q 'AQ=D, in which
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the diagonal elements of D are the eigenvalues of A and the columns of Q are the
corresponding eigenvectors.

However, if matrix A is defective, it can be reduced to the Jordan form J, i.e.,
Q'AQ =], in which the diagonal elements of the Jordan form J are the eigenvalues
of A and the columns of Q are the eigenvectors and generalized eigenvectors of A.

>with(LinearAlgebra) : #7 Load the LinearAlgebra package.
>A:=Matrix([[1,0,1],[0,1,-1],[0,0,211); 2% Define matrix A.
1 0 1
A=]01 -1
00 2

> (lambda,v) :=Eigenvectors(A) ; 2% Evaluate the eigenvalues and eigenvectors.

1 0 1 1
Avi=]11, 1 0 —1
2 0 0 1

25 Although matrix A has an eigenvalue A =1 of multiplicity 2, it does have two
linearly independent eigenvectors.

>A:=Matrix([[4,-1,0],[3,1,-1]1,[1,0,111); /2% Define matrix A.

4 -1 O
A=(3 1 -1
1 0 1

> (lambda,v) :=Eigenvectors(A) ; 2T Evaluate the eigenvalues and eigenvectors.
2 1 0 0
Avi=]21, 2 00
2 1 0 O

#Z5 Matrix A has an eigenvalue A =2 of multiplicity 3; but it has only one
eigenvector, because the last two columns of v are zero vector.

/25 Use JordanForm to determine the Jordan form J and matrix Q.
>(J,Q) :=JordanForm(A,output=["J",’Q’]);

210 1 2 1
,Q:=|0 2 1|, |2 3 0
00 2 110

2 In matrix Q, the first column is the eigenvector and the last two columns are
the generalized eigenvectors.
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12.2 Series Solutions of Differential Equations

Special Functions
#5 Maple can be used to evaluate special functions effectively.
>convert (GAMMA (n+1) ,factorial); 2% Convert Gamma function to factorial.
n! 2 T(n+1)=n!
>GAMMA(1/2); 2% Evaluate F(%)
Foomrd)-E
>evalf (GAMMA(1/3)); 2% Evaluate I' ( %) using floating-point arithmetic.
2.678938537 25T (3) =2.678938537

>evalf (BesselJ(1/3,1)); 2% Evaluate ]% (1) using floating-point arithmetic.

0.7308764022 Agi:]%(l)::0.7308764022

/2% Expand Jo(x) in series about x =0 to the order O(x!?).
>J[0] :=series(BesselJ(0,x),x,12);

x2 x4 x6 x8 10

_ 0 x12
4 o4 23044_147456 14745600-+ >

2% Convert J, to polynomial by dropping the order term O(x'?).

>J[0] :=convert (J[0],polynom) ;

1 X2 N x4 X6 N x8 xlO
0 4 64 2304 147456 14745600

/2 Expand Yy (x) in series about x=0 to the order O(x'?) and then convert to
polynomial. Unfortunately, the result is not presented in avery clear format.

>Y[0] :=convert (series(BesselY(0,x),x,12),polynom);

1, Y

2(=In24+1Inx) 2 1—In2+Inx —=+

YO;:¥+_V+ - 2 2 )24
T T 2 T

#%5 To factor out 2/m, divide Y, by 2/7 first (and then multiply by 2/7 later).

2% Since Maple does not allow collecting in terms of (Inx—In24y), replace
(Inx—In2+y) by T and then collect in terms of T.

>Y[0] :=collect(simplify(subs(1ln(x)=T+1n(2)-gamma,Y[0]/(2/Pi))),T);

x2 x4 x6 x8 xlO
PR GO S S S, )1
4 64 2304 147456 14745600
x2 3x*  11x° 25x8 137x10

2 128 13824 1769472 384736000
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#Z¢ Replace T with In(x/2)+y and multiply by 2/7 to obtain final result.
>Y[0] :=2/Pi*subs(T=1n(x/2)+gamma,Y[0]);

Y 2 (1 x2+x4 x© n x8 x10 )(1 x+ )

(T — — — — — 1N =—

0 T 4 64 2304 147456 14745600 2 Y
x?  3x* + 11x° 25x8 + 137x10
4 128 13824 1769472 884736000

2% Plot J;(x) and Y (x).
>plot ({BesselJ(0,x) ,BesselY(0,x)},x=0..20,y=-1..1,numpoints=1000) ;

Y
14

0.8 4
0.6 4
0.4 4
0.24
O-
~02 4

-04

-06

Example 12.19 — Buckling of a Tapered Column (Example 9.9)

Evaluate the first three buckling parameters p,,, n=1,2, 3, of the fixed-free tapered
column (r, = 0.57,) with circular cross-section considered in Section 9.3.2.

#% Define the buckling equation.
>eqn:=BesselJ(-1/2,K/(1-kappa))* (BesselJ(1/2,K)-K*BesselJ(-1/2,K))
-BesselJ(1/2,K/(1-kappa) ) * (BesselJ(-1/2,K)+K*BesselJ(1/2,K)):

>kappa:=(r[0]-r[1]1)/r[0]: 25 k= (ry—1) /1
>r[1]:=0.5%r[0]: 251, =0.57,
>plot(eqn,K=0..15); #27 Plot the buckling equation for 0 <K < 15.

044
. 4 ¢ & 10 \_p 1.4/
K

—-044
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>K[1] :=fsolve(eqn,K=1..3); 2% Find the first root K, between 1 and 3.
K, :=2.028757838

>pl1] :=evalf (kappa*K[1]/Pi); #5 The first buckling load p,.
p; = 0.3228868382

>K[2] :=fsolve(eqn,K=4..6); 2% Find the second root K, between 4 and 6.
K, :=4.913180439

>p[2] :=evalf (kappa*K[2] /Pi); #45 The second buckling load p,.
p, i= 0.7819569531

/% Find the third root between 6 and 10 and evaluate the third bucklingload p;.
>p[3] :=evalf (kappa*fsolve(eqn,K=6..10)/Pi);

p; = 1.269844087

Series Solutions of Differential Equations

Series solution of an ordinary differential equation can be obtained using dsolve
with the option series and ’point’=x to expand the series about point x = x,,.

Example 12.20 (Problem 9.1)

Solve the Airy equation  y"(x) — x y(x) = 0.

>0DE:=diff (y(x) ,x$2) -x*y(x)=0: 25 Define the ODE.

#% Solve the ODE without any option. The solution is given in terms of the Airy
functions.
>dsolve (ODE,y(x));

y(x) = _C1 AiryAi(x) + _C2 AiryBi(x)

#2% Solve the ODE with the series option. The series is expanded about *point’
x=0. The default order of the series expansion is 6, i.e., 0(x%).
>sol:=dsolve(ODE,y(x),series, ’point’=0);

sol := y(x) = y(0) + D(»)(0)x +  y(0) x> + 5D (0) x* + 0(x°)

/25 Convert the series into a polynomial by dropping the order term O(x%).

>sol:=convert (sol,polynom) ;
sol := y(x) = y(0) + D(»)(0)x + % y(0)x* + 55 D(»)(0) x*

#¢ Rearranging the solution by collecting terms involving y(0) and D(y)(0).
>collect(collect(sol,D(y) (0)),y(0));

5@ = (1+2) 50 + (x+ ) DO
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#¢ Expand the series about x =1 using ’point’=1. Convert to polynomial and
then rearrange the solution by collecting terms involving y(1) and D(y)(1).
>sol:=dsolve(0DE,y(x),series, ’point’=1):

>sol:=convert(sol,polynom) :

>collect(collect(sol,D(y) (1)),y(1));

B P S G D Gt VM et O
y(x)_[l—i- > + S + 4 + 0 :|y(1)

(x—1°% (x-D* (x-1)°
s "1 1o

+ [(x—l) + } D(» (1)

#7 The order of the series expansion can be changed using Order.
>Order:=11: 2% Change the order of series expansion to O(x!!).
>sol:=dsolve(0DE,y(x),series, ’point’=0):
>sol:=convert(sol,polynom) :
>collect(collect(sol,D(y) (0)),y(0));

x3 x6 P x4 x/ 510

= (1 —_ —
y) (+ +180+12960>y()+<+ > 7501 T 15360

)DO©)

#5 When the ODE is a homogeneous linear ordinary differential equation with
polynomial coefficients, dsolve with option ’formal_solution’ gives a set of
formal solutions with the specified coefficients at the given ’point’. In the
following, the result is formatted for better presentation.

>Formal_Solution:=dsolve(0DE,y(x),’formal_solution’,’point’=0);

Formal_Solution := y(x)

2 00 9—nx3n o0 3—%—211 3n+1
=CTI'(%
: (3)7§F(n+l)f‘(n+%) F(g)rg)F(n+1)F(n+ 5)

Example 12.21

Solve the Riccati-Bessel equation x?y”(x) + [x —k(k+1)]y(x) =0, for k= —1.

—_

#% x isaregular singular point. The roots of the indicial equation are o} =, = 5.
>0DE:=x"2+diff (y(x),x$2)+(x"2-k*(k+1))*y(x)=0: 25 Define the ODE.
>ki=-1/2: 25 Set the value of k to —%.

#24 Solve the ODE without any option. The solution is given in terms of the Bessel
functions J,(x) and Y (x).

>dsolve(0DE,y(x));

y(x) = _Cl1 V/x BesselJ (0, x) + _C2 +/x BesselY (0, x)



516 12 SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING MAPLE

#¢ Obtain formal solutions using dsolve with option ’formal_solution’.
>Formal_Solution:=dsolve(ODE,y(x),’formal_solution’,’point’=0);
00 (_ 1)n4—nx2n
Formal_Solution := y(x) = C, /x —_—
__ y( ) 1 \/— ’12::0 F(n+ 1)2
#% For this ODE, only one formal solution is given. It seems that, in many cases,
Maple is not able to give all the formal solutions.

>0rder:=11: 2% Set the order of series expansion to o(x').
>sol:=dsolve(ODE,y(x),series,’point’=0): 2T Obtain series solution.

>sol:=convert(sol,polynom);

2 x4 x6 x8 xlO )

sol := y(x) = Clﬁ(l—x + —— + -
== 4 64 2304 147456 14745600

2 4 6 8 10
+_czﬁ[<1—x—+i— == a

— ) Inx
4 64 2304 147456 14745600
(x2 3x* 11x° 25x8 137x10 )i|

T 128 13824 1769472 ' 884736000

Example 12.22 (Problem 9.11)

Solve the Laguerre equation xy”(x) + (1—x)y'(x) + ky(x) =0, for k=4.

#% x is aregular singular point. The roots of the indicial equation are o; =, =0.
>0DE:=x*diff (y(x),x$2)+(1-x)*diff (y(x),x)+k*y(x)=0: 2% Define the ODE.
>k:=4: 2% Setthevalue of k to 4.

#4% Solve the ODE without any option. The solution is given in terms of the
exponential integral Ei(1, —x).

>dsolve (0DE,y(x));

C2
y(x) = _C1(24—96x+72x* —16x> +x*) + = [(24—96x+72x> —16x°

+x*) Ei(1, —x) + e*(— 504 58x —15x* +x°)]

#7 Obtain formal solutions using dsolve with option ’formal_solution’.
>Formal_Solution:=dsolve(0DE,y(x),’formal_solution’,’point’=0);

3 X4

2
Formal_Solution := y(x) = _C1 (1 —4x+43x2— % + ﬂ) +_C2 [( 600

625x*

—2400x +1800x* —400x” 4-25x*) In x + 5400x — 6450x° +1900x° —

o0 x}’l
+ 14400 ) ]
n=5 I'(n+1) n(n—1)(n—2)(n—3)(n—4)
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# For this ODE, Maple does give two formal solutions. The second solution can
be simplified by converting the Gamma function to factorial, and absorbing the
constant 600 into _C2 by using _C2=_C3/600. This makes the polynomial in
front of In x the same as the first solution, consistent with Fuchs' Theorem.

>collect(collect(collect(simplify(subs(_C2=_C3/600,
convert (Formal_Solution,factorial))),1ln(x)),_C3),_C1);

(x) Cl(l 4x+3x2 2x3+x4)+ C3 (1 4x+3x2 2x3+x4)1
x) = —4x+3x"— —+ — —4x+3x"—=—+—)Inx
) - 3 24 - 3 24
43x2  19x°  25x* & x"
+9x— + - +24)°
4 6 96 —shln(n—1)(n—-2)(n—3)(n—4)
>0rder:=10: 2% Set the order of series expansion to O(x!?).
>sol:=dsolve(0DE,y(x),series, ’point’=0): /2% Obtain series solution.

>convert (sol,polynom) ;

5 2x3 x4 5 2x3 &t
y(x) = _Cl1 (1—4x+3x ——+ﬂ)+_C2 (1—4x+3x ———I——) Inx

3 3 24
49 43x2 n 19x3  25x* " x° x® n x/ x8 + x°
x J— J— — p—
4 6 96 600 21600 529200 11289600 228614400

12.3 Numerical Solutions of Differential Equations

Numerical solution of an ordinary differential equation is accomplished by dsolve
with the option numeric or type=numeric. The default method for initial value
problems is a Runge-Kutta-Fehlberg method that produces a fifth-order accurate
solution. If the option stiff=true is specified, then the differential equation is
regarded as a stiff equation, and the default method is a Rosenbrock method.

For most initial value problems, the default approach is sufficient. However, if an
equation is known to be stiff, it is more efficient to specify the stiff=true option
as illustrated in the following example.

>with(LinearAlgebra): 2% Loadthe LinearAlgebra package.
>A:=Matrix([[99998,99999], [-199998,-199999]1); 2% Define matrix A.

99998 99999
| —199998 —199999

> (lambda,v) :=Eigenvectors(A) ; 2T Evaluate the eigenvalues and eigenvectors.

—100000 —-1/2 -1
A, V= R
—1 1 1
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#4 Define the ODEs as z'(x) = Az(x) with ICs z,(0) =2, z,(0) = —3.
>0DE[1] :=diff (z[1] (x),x)=A[1,1]1*=z[1] (x)+A[1,2]*z[2] (x):
>ODE[2] :=diff (z[2] (x),x)=A[2,1]1*z[1] (x)+A[2,2]*z[2] (x):
>ICs :=2z[1]1(0)=2, z[2] (0)=-3:

245 Solve the system of ODEs with ICs using dsolve.
>sol:=dsolve({0DE[1] ,0DE[2],ICs},{z[1] (x),z[2] (x)});

sol = {Zl (x) = e~ 100000x | o—x 2,(x) = 9 e—100000x _ e—x}
2 z,(x) is assigned to y, as a function of x.
>y [1] :=unapply(eval(z[1] (x),s0l[1]),x);

g, = x —> ¢ 100000x | o

#Z% Solve the system of ODEs with ICs numerically using dsolve with the op-
tion numeric. The system is solved using the default Runge-Kutta-Fehlberg
method. The maximum number of evaluating the right-hand side functions is
set to maxfun=1000000 with the default being 30000.
>yn_nonstiff:=dsolve({0DE[1],0DE[2],ICs},{z[1] (x),z[2] (x)},numeric,

maxfun=1000000) ;
yn_nonstiff := proc(x_rkf45) ... end proc

2% Solve the system numerically again using dsolve with the option numeric.
The option stiffness=true is specified so that the system is regarded as stiff and
solved using the default Rosenbrock method.
>yn_stiff:=dsolve({0DE[1] ,0DE[2],ICs},{z[1] (x),z[2] (x)},numeric,
stiff=true);
yn_stiff := proc(x_rosenbrock) ... end proc

/¢ Evaluate the value of z,(x) = y,(x) at x=10.0 using three approaches.
>y[1]1(10.0); 2% Numerical value evaluated from the analytical expression

0.00004539992976

#5 Numerical value for which the system is not regarded as stiff.
>yn_nonstiff (10.0);

Error, (in yn_nonstiff) cannot evaluate the solution further right

of 6.1284837, maxfun limt exceeded (see ?dsol ve, maxfun for details)
#Z7 Due to the extremely small stepsizes that the Runge-Kutta-Fehlberg method
has to take, the solution cannot go beyond x=6.1284837 when maxfun=10°.
When maxfun= 107, the solution cannot go beyond x=61.294082. The Runge-
Kutta-Fehlberg method is not efficient for this stiff equation.

>yn_stiff(10.0); 2% Numericalvalue for which the system is regarded as stiff.
[x = 10.0, z,(x) = 0.000045480505899753, z,(x) = —0.000045480505899753]
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Example 12.23 — Dynamical Response of Parametrically Excited System

Consider the parametrically excited nonlinear system given by
¥+ Bx— (1+ucos Q) x +ax® =0.

Examples of this equation are found in many applications of mechanics, especially
in problems of dynamic stability of elastic systems. In particular, the transverse
vibration of a buckled column under the excitation of a periodic end displacement
is described by this equation. The system is called parametrically excited because
the forcing term p cos 2t appears in the coefficient (parameter) of the equation.

24 It is a good practice to put restart at the beginning of each program so that

Maple can start fresh if the program has to be rerun.

>restart:

>with(plots): 27 Load the plots package.

>0DE:=diff (x(t),t$2)+beta*diff (x(t),t)-(1+mu*cos(Omega*t))*x(t)
+alphaxx(t)~3=0: 2% Define the ODE.

>ICs:=x(0)=0,D(x) (0)=0.1: 25 Define the ICs: x(0) =0, x(0)=0.1.

Periodic Motion (1 =0.3)
>alpha:=1.0: beta:=0.2: Omega:=1.0: mu:=0.3: 2T Assign the parameters.

2% Solve the system numerically using dsolve with option numeric.

>sol:=dsolve({0DE,ICs},x(t) ,numeric,maxfun=1000000) :

# Plot the time series x(t) versus t, (x; =x). /% Figure 12.1(a)
>odeplot(sol, [t,x(t)],t=0..500,numpoints=10000,labels=["t","x1"],
tickmarks=[[0,100,200,300,400,500],[-1.5,-1,-0.5,0,0.5,1,1.5]1);

# Plot the time series X(t) versus t, (x,=%). /% Figure 12.1(b)
>odeplot(sol, [t,D(x) (t)],t=0..500,numpoints=10000,labels=["t", "x2"],
tickmarks=[[0,100,200,300,400,500],[-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,

0.6,0.811);

#245 Plot the phase portrait x(t) versus x(t). 2% Figure 12.1(c)
>odeplot(sol, [x(t),D(x) (t)],t=0..500,numpoints=10000,view=[-1.8..1.8,
-1.0..1.0], tickmarks=[[-1.8,-1.2,-0.6,0.6,1.2,1.8],[-1,-0.75,-0.5,

-0.25,0.25,0.5,0.75,1]1] ,axes=normal,labels=["x1","x2"]);

27 When 1 =0.3, after some transient part, the response of the system will settle
down to periodic motion.

Chaotic Motion (1 =0.4)
>alpha:=1.0: beta:=0.2: Omega:=1.0: mu:=0.4: 2T Assignthe parameters.
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Figure 12.1 Periodic motion.

2% Solve the system numerically using dsolve with option numeric.

>sol:=dsolve({0DE,ICs},x(t) ,numeric,maxfun=1000000) :

# Plot the time series x(t) versus t. 2T Figure 12.2(a)

>odeplot(sol, [t,x(t)],t=0..500,numpoints=10000,labels=["t","x1"],
tickmarks=[[0,100,200,300,400,500],[-1.5,-1,-0.5,0,0.5,1,1.511);
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Figure 12.2 Chaotic motion.

#45 Plot the time series X(t) versus t. /2% Figure 12.2(b)

>odeplot(sol, [t,D(x) (t)],t=0..500,numpoints=10000,labels=["t","x2"],
tickmarks=[[0,100,200,300,400,500],[-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,
0.6,0.811);

#45 Plot the phase portrait x(t) versus x(t). 2% Figure 12.2(c)
>odeplot (sol, [x(t),D(x) (t)],t=0..500,numpoints=10000,view=[-1.8..1.8,

-1.0..1.0], tickmarks=[[-1.8,-1.2,-0.6,0.6,1.2,1.8],[-1,-0.75,-0.5,
-0.25,0.25,0.5,0.75,1]] ,axes=normal,labels=["x1","x2"]);
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257 When n=0.4, the values of x(t) or x(f) change from positive to negative or
viceversa in an obviously random manner; this seemingly random motion is called
chaotic motion.

Example 12.24 — Lorenz System

In 1963, Edward N. Lorenz, a meteorologist and mathematician from MIT, presented

an analysis of a coupled set of three quadratic ordinary differential equations repre-
senting three modes (one in velocity and two in temperature) for fluid convection
in a two-dimensional layer heated from below. The equations are

x=0(y—x), y=px—y—xz, z=—PBx+xy,

where o is the Prandtl number, p is the Rayleigh number, and S is a geometric
factor. All o, p, >0, but usually 0 =10, §=8/3 and p is varied. Study the
behavior of the system for p =28.

>restart:

>with(plots): /¢ Load the plots package.

>ODE[1] :=diff(x(t),t)=sigmax(y(t)-x(t)): 25 Define the ODEs.
>0DE[2] :=diff (y(t),t)=rhoxx(t)-y(t)-x(t)*z(t):

>0DE[3] :=diff (z(t),t)=-betaxz(t)+x(t)*y(t):
>ICs:=x(0)=-8,y(0)=8,z(0)=27: 2T Define the ICs.

>beta:=8/3: sigma:=10: rho:=28: 2% Assign the parameters.

>sol:=dsolve({0DE[1] ,0DE[2],0DE[3],ICs},{x(t),y(t),z(t)},numeric,
maxfun=1000000) : 2T Solve the system numerically using dsolve with numeric.

2% To understand the structure of sol, the solution sol1(1.0) at time t=1.0 is
displayed. t=1.0 is the first element of s01(1.0). x(1.0), y(1.0), z(1.0) are the
second, third, and fourth elements of s01(1.0), respectively.

>s501(1.0);

[t=1.0, x(t) =9.057106766983, y(t)=14.55890078678, z(t)=18.41514672820]

#45 Plot the time series x(t), y(t), and z(t) versus t. 2% Figure 12.3
>odeplot(sol, [t,x(t)],t=0..100,numpoints=10000,labels=["t","x"],
tickmarks=[[0,20,40,60,80,100],[-15,-10,-5,0,5,10,15]1);
>odeplot(sol, [t,y(t)],t=0..100,numpoints=10000,labels=["t","y"],
tickmarks=[[0,20,40,60,80,100],[-20,-10,0,10,20]11);
>odeplot(sol, [t,z(t)],t=0..100,numpoints=10000,labels=["t","z"],
tickmarks=[[0,20,40,60,80,100],[0,10,20,30,4011);
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Figure 12.3 Lorenz system.

2 Plot z(t) versus x(t). 2% Figure 12.4(a)
>odeplot(sol, [x(t),z(t)],t=0..150,numpoints=100000,labels=["x","z"],
view=[-20..20,0..50],tickmarks=[[-20,-10,0,10,20], [0,10,20,30,40,50]]);

245 3D plot of the variations of x(t), y(t), z(t) with time t. 2% Figure 12.4(b)

>odeplot(sol, [x(t),y(t),z(t)],t=0..150,numpoints=100000,
orientation=[-45,65],view=[-30..30,-30..30,0..50],thickness=0,
tickmarks=[[-30,-20,-10,0,10,20,30], [-30,-20,-10,0,10,20,30],
[0,10,20,30,40,50]] ,axes=normal,labels=["x","y","z"]);

When the solution is plotted in the xz-plane, the butterfly pattern
is traced in "real time": the moving solution point P(x(t), y(t),z(t)) appears to
undergo a random number of oscillations on the right followed by a random
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509 z

Figure 12.4 Lorenz system.

number of oscillations on the left, then a random number of oscillations on the
right followed by random number of oscillations on the left, and so on. Given
the meteorological origin of the Lorenz system, one naturally thinks of a random
number of clear days followed by a random number of rainy days, then a random
number of clear days followed by a random number of rainy days, and so on.

Solutions of Lorenz system are sensitive to the initial conditions—small varia-
tions of the initial condition may produce large variations in the long-term behavior
of the system. This notion of sensitive dependence on initial conditions is the so-
called butterfly effect in chaos theory—the flap of a butterfly’s wings in Brazil may
set off a tornado in Texas.

The difference between the solutions with only small difference in the initial

conditions can be plotted to demonstrate sensitive dependence of the solutions of
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Lorenz system to the initial conditions. Initially, the two solutions seem coincident.
After a period of time, the difference between the two solutions is as large as the
value of the solution.

2 Define a new set of ICs. x(0) is changed from —8 to —8.00001.

>ICs2:=x(0)=-8.00001,y(0)=8,z(0)=27:

>s012:=dsolve({0DE[1] ,0DE[2] ,0DE[3],ICs2},{x(t),y(t),z(t)},numeric,
maxfun=1000000) : 2T Solve the system again with new initial conditions ICs2.

>N:=3000: 2% Number of points in the plot.
>for n from O by 1 to N do

> T[n] :=n/100.: 2T t=0.00, 0.01, 0.02,...,29.99, 30.00.
> delta[n] :=rhs(s0l(T[n]) [2])-rhs(s012(T[n]) [2]):
>end do:

/25 deltaln] is the difference between the solutions of x(t) solved with two
different sets of ICs at time T [n].

>T_list:=[seq(T[n],n=0..N)]; /2% Createa list of times.

T_list := [0.00, 0.01, ..., 29.99, 30.00]
>X_list:=[seq(deltaln],n=0..N)]; 2% Create a list of the differences of x(t).
X_list := [0.00001, 0.9056 x 107>, ..., 16.81918330, 16.71847501]
>P:=zip(‘[1¢,T_list,X_list); 2% Merge thelists T_list and X_list using zip.
P :=[[0.,0.00001],[0.01,0.9056 x 10~>], .. .,[29.99, 16.81918330], [30., 16.71847501]]

# Plot data points using pointplot in the plots package with the data in a list

of lists of the form [[t,, x,1, [£;, ;1. . ., [t %,11.

>pointplot(P,style=line,color=black,tickmarks=[[0,5,10,15,20,25,30],
[-30,-20,-10,0,10,20,30]],1labels=["t","delta"],
labelfont=[TIMES,ITALIC,14],axesfont=[TIMES,ROMAN,12]);
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Problems

Most of the exercise and example problems presented in this book can serve as
practicing problems using Maple.

12.1 For the example of dynamical response of parametrically excited system, study
the dynamics of the system for ;. =0.34, 0.35, and 0.57 by plotting the time series
x(t), x(t), and phase portraits x-x using Maple. Discuss the results obtained.

12.2 Coulomb Dry Friction
Consider the mass-spring system moving on a rough surface as shown.

|——x,5c,5€
k

FysinQt
W]

The equation of motion is given by
mX + nF,sgn(x) + kx = F;sin Qt,
where sgn(-) is the signum function defined as
+1, x> 0;
sgn(x) =40, x=0;
-1, x<0.
The term wF, sgn(x) is the dry friction between the mass and the rough surface,
and is called Coulomb damping. However, it is not proportional to the velocity, but
rather depends only on the algebraic sign (direction) of the velocity. The equation

of motion is consequently nonlinear.
Rewrite the equation of motion as

. . 2 . MFn 2 k FO
X = f, sin Qt, = , = - = —
X+ &sgn(x) + wyx = fysi £ — wp = — fo -

Suppose the parameters £ =0.1, w,=2, f,=1, and the system is at rest at time
t=0. Plot the response x(t) of the system, for 2=1.5, 1.9, 1.97, 2, 2.1, 2.3, 2.5,
and 4, using Maple. Discuss the results obtained.

2T Note that sgn(x) is signum(x) in Maple.

12.3 The Damped Mathieu Equation
Consider the damped Mathieu equation of the form
X(t) +2elwyx(t) + a)(z) (1—2¢epcosvt)x(t) =0,

which is a parametrically excited single degree-of-freedom system. The system is
parametrically excited because the forcing term 2&u cos vt appears in the coeffi-
cient (parameter) of the differential equation.
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The Mathieu equation finds many applications in engineering applications. In
particular, the transverse vibration of an elastic column subjected to harmonic axial
load P(t) = p, cos vt is governed by the Mathieu equation.

It can be shown that, approximately, when the excitation frequency v is in the
following region

2 2
" 21/2 v 1’ 21/2
() L ()
¢ 4 ¢ <20)0< te 4 ¢

where ¢ >0 is a small parameter, parametric resonance occurs, in which the re-
sponse x(t) grows exponentially.

For the parameters £ =0.1, { =0.1, u =1, w, = 1, the instability region is shown
in the following figure

4 Unstable

0 T Y
0.9 1 1.1

@ For Case A, v=1.8 and the system is in the stable region, in which the
amplitude of the response decays exponentially.

w For Case B, v=2.0 and the system is in the unstable region, in which the
amplitude of the response grows exponentially.

Case A: v=1.8

204 Case B: v=2.0

-10+

20+
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1. For these two cases, verify the stability of the response by numerically solving
the equation of motion and plotting the responses using Maple. Use the initial
conditions x(0) =0 and x(0) =0.1.

2. Numerically determine by trial-and-error (accurate to the thousandth deci-
mal place) the instability region, i.e., the value of v; and vy; such that the
system is in parametric resonance when v; <v < vy

12.4 The van der Pol Oscillator

The van der Pol oscillator is the second-order ordinary equation with nonlinear
damping given by
X+ ,B(xz—l)a'c + x = a cos Qt,

where >0 is a parameter indicating the strength of nonlinear damping. This
model was proposed by the Dutch electrical engineer and physicist Balthasar van
der Pol (1889-1959) in 1920s to study circuits containing vacuum tubes. He found
that these circuits have stable oscillations or limit cycles. When they are driven
with a signal with frequency near that of the limit cycle, the resulting periodic
response shifts its frequency to that of the driving signal, i.e., the circuit becomes
“entrained” to the driving signal. However, the waveform or signal shape can be
quite complicated and contain a rich structure of harmonics and subharmonics.

Van der Pol built a number of electronic circuit models of the human heart to
study the stability of heart dynamics. A real heart driven by a pacemaker is modeled
by the circuit driven by an external signal. He was interested in finding out, using
his entrainment work, how to stabilize a heart’s irregular beating.

Van der Pol and his colleague van der Mark reported that an “irregular noise” was
heard at certain driving frequencies between the natural entrainment frequencies.
This is probably one of the first experimental reports of deterministic chaos.

The Unforced van der Pol Oscillator

When a=0, the van der Pol system is not externally driven. Using the initial
conditions x(0) =0.01 and x(0) =0, the wave forms (x-¢ plots) and phase portraits
(x-x plots) of the system are shown in the following figures for $=0.2, 1, and 5.
The existence of limit cycle is clearly seen. Use Maple to numerically solve the van
der Pol equation and reproduce these results.

The Forced van der Pol Oscillator

When a#0, the van der Pol system is externally driven by a sinusoidal signal.
Using the initial conditions x(0) =0.01 and x(0) =0, the wave forms (x-¢ plots)
and phase portraits (x-x plots) of the system are shown in the following figure for
a=1.2 and =6, 8.53,and 10. The phenomenon of entrainment can be observed.
For B =8.53, the system exhibits chaotic behavior. Use Maple to numerically solve
the van der Pol equation and reproduce these results.
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Tables of Mathematical Formulas

A.1 Table of Trigonometric Identities

Trigonometric Functions

1. sin0 + cos?0 = 1
= 1+ tan%60 = sec?6

= 1+ cot?f = csc?6

1 — cos 26
2

2. sin?6 =

1+ cos 26
2

3. cos? 6 =

4. sin260 = 2sinH cos 6
5. c0s20 = cos? 0 — sin 6
=2cos2H—1

=1-—2sin%0

6. sin(A &+ B) = sin A cos B & cos A sin B

7. cos(A &+ B) = cos A cos B F sin A sin B

Hyperbolic Functions

cosh? x — sinh?x = 1
—s 1 — tanh® x = sech’x

— coth’?x — 1 = csch’x

cosh2x — 1
2

sinh? x =
cosh2x + 1
cosh? x = ————
2
sinh 2x = 2 sinh x cosh x

cosh 2x = cosh? x + sinh? x
= 2cosh’x—1

=1+ 2sinh®x
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10.

11.

12.

13.

14.

15.

16.

17.

APPENDIX A. TABLES OF MATHEMATICAL FORMULAS

1
. sinAsin B = —E[cos(A+B) — cos(A—B)]

1
. cosAcosB = E[cos(A—FB) + cos(A—B)]
1
sin A cos B = E[Sin(A—i—B) + sin(A—B)]
. 1. .
cosAsinB = 3[sm(A+B) — sm(A—B)]
. . . A+B A—B
sinA + sin B = 2 sin cos 3
. ) A+B . A-B
sin A — sin B = 2 cos sin >
A+B A—B
cos A + cos B =2 cos cos 3
) . A-B
CoSA — cosB= —2sin sin >

% — cos® +1isin6

Euler’s Formula: e!
Z" =a(cos6 +1isinf)

- z = %(cos

0+2k 0+2k
n+' i n), k

Lon—1



A.2 TABLE OF DERIVATIVES

A.2 Table of Derivatives

10.

11.

12.

d

ax"znx" 1

d

aexZCx - aa’C:axlna,
d1 1 1 1
—Inx== =— —log x =

dx x dx 8a Ina

Trigonometric Functions

— sin X = cos x

dx
d .
— COSX = — sinx
dx
d 1 5
- tanx = 5= = sec”Xx
dx cos? x
d 1 )
—— COtX = —=——=— = —csC"'x
dx sin” x

sin x
—_secx = s— = tanx secx
dx cos? x
d . cos X
—_cotx = —
dx sin® x

= — cotxcscx

Inverse Trigonometric Functions
d . 1
—sin” x =
dx 1—x2
d tan—"! 1
—tan " x =
dx 1+x2
d _ 1
—sec X =
dx xvVxt—1
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a
Inx
" log,x = ™

Hyperbolic Functions

— sinh x = cosh x
dx

d_ cosh x = sinh x

x
— tanhx = = sech’x
dx cosh? x
1 2

— cothx = ———— = —csch™
dx sinh” x

d sinh x
—sechx = — >
dx cosh” x

= — tanh x sech x
cosh x

—cschx = ——

x sinh” x

= — cothxcschx

d 1 1
—_Cc0s X = —
dx V1 —x2

d - 1
—cot” x = —
dx 1+4x2

d _ 1
—_cCcsc x= —
dx xvx2—1
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A.3 Table of Integrals

xn-i—l
1. | x"dx = , n#-—1
/ n+1 a
1
2./—dx=ln|x, x#£0
x
1
3. fe“xdxz—e“x
a

Trigonometric Functions

4, /sinxdx = — COSX
5. /cosxdx:sinx
6. /tanxdxz —ln’cosx‘

7. /cotxdx = ln‘ sinx‘

8. /secxdx = ln} secx + tanx|

= ln) tan (%—I—

9. /cscxdx = ln| cscx — cotx|

X
=ln‘tan—‘
2

X 1
10. /sinzxdx = = — =sin2x
2 4

X 1

11. /coszxdx= — + =—sin2x
2 4

12. /tanzxdxztanx—x

13. /cotzxdx: —cotx —x

14. / sec? xdx = tanx

15. /csczxdx= — cotx

X

2
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/lnxdx =x(lnx—1), x>0

/

ax

b™*dx = —

alnb’ b>0

Hyperbolic Functions

/ sinhxdx = coshx
fcoshxdx = sinh x
/ tanh xdx = In cosh x
/cothxdx = ln‘ sinhx‘

/ sechxdx = tan™! (sinh x)

)| =il eor(3-3)]

/cschxdx = ln) tanh %‘

1 X

/ sinh? xdx = — sinh2x — —
4 2

2 1 . x

cosh” xdx = = sinh 2x + —

4 2

1
/tanhzxdx = — tanhx + E In

/

tanhx + 1
tanhx — 1

1
coth? xdx = — cothx + 5 In

cothx +1
cothx — 1

/ sech’xdx = tanh x

/ csch’xdx = — cothx



A.3 TABLE OF INTEGRALS

.—
*

— e Y Y Y S S Y e — —

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

X

X

X

2

3

4

. I X
x sinaxdx = == sinax — = cos ax
2
a a
. 2x . a’x?—2
sin ax dx = — sin ax — =——— cos ax
a? a3
. 3a2x*—6 . a’x3 —6x
SiN ax dX = =———— SN 0X — =— COS X
at a3
. 4a°x3 —24x a*x*—12a%x%*+24
sin ax dx = =————sinax — Cos ax
at a’

1

X
x cosaxdx = — Sin ax + —zcosax
a

X

X

X

bx

€

€

xe™dx =

2

3

4

bx

a
a’x? -2 . 2x
COS X dX = = sin ax + == cOS ax
a3 a?
a’x> —6x | 3a%x*—6
cos ax dx = =————— sin ax + =—— cos ax
a’ at
a*x* —12a%x*+24 . 4a%x3 —24x
cosaxdx = SIN (X + = COS AX.
a’ at
by Dsinax — acosax

sinaxdx = e
a’+ b?
by @sinax + bcosax

cosaxdx = e
a? + b?

ax—1

ax
26

a

a3

2,2
a‘x“—2ax—+2
/xzeaxdxz —eax

3.3 2.2
a’x’—3a°x“+6ax—6
/x3e“xdx: e™

a?

5

4.4 3.3 2.2
29 / 4qax gy a*x*—4a’x’+12a°x*—24ax+24 oo

5,5 4,4 3,3 2,2
- 2 - 120ax—12
30 / 5p0x gy — TX S5a*x*+20a’x” —60a°x"+120ax 0e

31.

32.

a

ax

a6
1 1 X
= 2dx:—tan_l—, a>0
a4+ x a a
1 1 a+x 1 1 X
2dx=—ln or —tanh™ ' =, |x| < |q]
—Xx 2a a—x a a
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1 1 XxX—a 1 X
33. /—dx = —In or ——coth™' =, x| > |a]
x2 —q? 2a x+a a a
1 X X
34, / ———dx=sin"' = or —cos 1=
/az _x a a

/%dx:cosh_lg or ln!x—i-\/xz—az‘
x2 —a

35.

dx = sinh™! ad or In (x +vx2 + a2)

1
/\/xz—i—az N a
a x
37./\/a2—x2dx= \/az—xz—i—?sin_l—
a

36.

() I

2
x a x
38. /\/x2+a2dx=E x2+a2+?sinh_l—
a
2
x a
or E\/x2+a2+71n(x+ x2 + a?)
x a x
39. /\/xz—azdx=— x2— g2 — —cosh™ 1 =
2 2 a
2
x a
or E\/xz—az—?ln‘x+\/x2—a2|

1. |a++a?—x2

1 a
= —=cosh™' = or —=1In

| 7=
—_—dx
xva? — x2 a x a x

1 .. _,a
x = —=sinh™! = or —=1n

40.

1
41, / —d atvx ta
x+/x% + a? a X a X
42. / = cos -14 or sec ! X
x\/x2 — a2 x a a

43 / dx = cos~! <1 — x) or sin~! (x — 1>
") V2ax —x2 a a
2
x JR—
44, / V2ax — x2dx =

a . (X
2ax — x? + = sin (— — 1>
2 a
3 [sin" 6 _ (n=1)!! %n, if n is an even integer
df = —— x
0

45.

wl

cos" 6 n!! 1, if nis an odd integer
z 1 .
z n—DN(m—-=DN >, n, m even integers
46. / sin” 6 cos™ 6 dH = ( ) - ) { 2 &
0 (n+m!! 1, otherwise

n-(n—2)---5-3-1, n>0 odd integer
2t nl=3 n-(n—2)---6-4-2, n >0 even integer
1, n=0
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A.4 Table of Laplace Transforms

Properties of Laplace Transform 2| f(t)} = F(s)

1. Laplace Transform of Derivatives
2{f' )} = sE@s) — £(0)
2{f"®} = s Fs) — sf(0) — £ (0)

ZIfP®) = s"Fs) =" 0) — s"H0) — - - - — sf "D (0) — 7D (0),

n=1,2, ...

2. Laplace Transform of Integrals

t t
[ [ o) =22
0 0 S

3. Property of Shifting

2{e"f(t)} = F(s—a)
4. Property of Differentiation

2{"f (1)) = (=1)" an(S), n=1,2, ...

5. Property of Integration

{f(t)} / / FGs)(ds)", n=1,2,...

6. Convolution Integral

t
z {/ f(u)g(t—u) du} = F(s)G(s)
0
7. Heaviside Function

Z{H(t-a)} = %e—‘“, Z{ft—aH(it—a)} = e )

8. Dirac Delta Function

z{st—a} =" Z{fOst-a)}=e""f(a)
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Z{f®)} = F(s)

1
1. 11 - >0
s
. n!
2.1t n=1,2, S”T’ s>0
T(w+1)
vV
3.1t, v>-—1 SVT s>0
4. | sinwt = 0
. S w — s>
s2 + w?
5 t o 0
. ] cosw — >
$2 4+ w?
6. | tsinwr 205 0
. sin w —_— s>
(2 + w?)?
7.1 ¢t t s oo 0
. cosw —_ s>
(s? + w?)?
1
8. | e* , s>a
s—a
9. | sinh wt T s> ol
10. | cosh wt T s> |o|
2w?
11. | sinh? wt —_— s>2|o)|
s(s2 — 4w?)
2 2
s —2w
12. | cosh? wt —_— s>2|o)|
s(s2 — 4w?)
I'v 1 1
13. | " Lsinhot, Re(v)> —1, v#£0 ) - , §>|o
2 [—w) (s+w)
I'v 1 1
14. | " tcoshwt, Re(v)>0 ) + , s>l
2 [s—w) (st+w)
1 s
15. | f(a"), a>0 —F(—)
a \a
o0 u 1 S
16. / &du —/ F(uw)du
t u s Jo
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A.5 Table of Inverse Laplace Transforms

Properties of Inverse Laplace Transform 2~ '{F(s)} = f(r)

1. Property of Shifting
Z7HFs—a)} =e"f(1)

2. Property of Differentiation

d"F(s)

(29—1
{ ds"

} =(=D""f@®), n=12,...

3. Property of Integration

o[ [rover) <22, wena.

4. Convolution Integral

t t
.,Z)*I{F(s)G(s)} :/o f(u)g(t—u)duz/o g(u) f(t—u)du

5. Heaviside Function
ZHe ™ F(s)} = f(t—a)H(t—a)
6. Dirac Delta Function

i} =8, 2z e} =81t-a)
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ZLHEs)} = f®»

1 @ i t
. sin w
2 + w?
2 S t
. cosw
2 + w?
1 1
3.l = n=1,2, 1
s" (n—1)!
1 22" ! |
4. | —, n=01, —_—t
s JT2n)!
1 1
5. | =—— a#b e — elt
(s—a)(s—b) 7 a—b( )
1 1
— = sinh at
52 —qg? a
6. | ———o a#b ! (ae”t—bebt)
(s—a)(s—b)’ a—b
s
m cosh at
1 b—c)e + (c—a)e? + (a—b)e!
7 atbic (=0 (c—a) ( )
(s—a)(s—b)(s—¢) (a=b)(b—c)(c—a)
8 . . (sin ar cosh ar t sinh ar)
.| — — ( sin at cosh at — cos at sinh a
st+4a 4q3
9 - L gin at sinh at
.| — — sin at sinh a
st+4qa 2a?
10 s 1('1‘ hat + t sinh at)
| — — ( sin at cosh at + cos at sinh a
st 4q 2a
§3
11. | =— cos at cosh at
st 4+ 4qa
1 1 — cos at cosh at
12. | — —
s(s*+4a%) 4q*
13 1 2at — (sin at cosh at + cos at sinh at)
| s2(st+4ah) 8a°
u 1 a’t* — sin at sinh at
| s3(st 4 4at) 8a®
15 1 2a3t3 — 3(sin at cosh at — cos at sinh at)

st(st 4+ 4a%)

48a’
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-1
F(s) ZL7HEs)) =@
16 . . (sinar — at cos at)
| — — (sinat — at cosa
(s2 4 a?)? 2a3
17 u ! t sin at
| — — tsina
(s2 + a?)? 2a
18. ; L [(3 — aztz) sin at — 3at cos at]
(s> +a?)? 8a°
19 o ! t(sinat — at t)
| — — t(sinat — at cosa
(s2 4+ a?)3 8a3
20 1 asin bt — bsin at
|2+ a2 (s +b?) ab(a?—b?)
)1 s cos bt — cos at
|2+ a2 (s +b?) a?—b?
2 s asinat — bsin bt
2+ a2 (s + b?) a?—b?
- s3 a® cos at — b? cos bt
|+ a?) (s +b?) a?—b?
24 . . (sinh at — sin at)
| T 5= (sinhat —sina
25 2 . (cosh ar t)
. — (coshat — cosa
st —at 2a?
o _ (sinhat + sin at)
. — (sinh at + sina
st —at 2a
7. | =2 — (coshat + cos at)
. = (coshat + cosa
st —at 2
58 1 e“t(\/g sin v/3at — cos «/gat) 420t
| 3 +8a3 12a2
29 s e (/3 sin v/3at + cos +/3at) — e 24t
| 3 +8a3 6a
30 s 2e% cos+/3at + e 24t
| 3 +8a3 3
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Amplitude, 195, 201, 208

modulated, 208
Analytic function, 393
Ascending motion of a rocket problem, 421
Automobile ignition circuit problem, 209
Auxiliary equation, 144
Average slope method, 437, 446, 453

Backward Euler method, 436, 446, 449, 453
Bar with variable cross-section problem, 121
Base excitation, 190-191
Beam-column, 218
boundary conditions, 219
equation of equilibrium, 220
Laplace transform, 280
Beam
flexural motion, 465
equation of motion, 465
forced vibration, 471
free vibration, 466
Beams on elastic foundation, 283
boundary conditions, 284
equation of equilibrium, 284
problem, 284,288
Beat, 208
Bernoulli differential equation, 58,75
Bessel’s differential equation, 390, 408, 420,
424-426
application, 418
series solution, 408, 418
solution, 418
Bessel function, 418, 425
Maple, 512
of the first kind, 410-411, 415, 418, 425
of the second kind, 412-413, 415, 418, 425
Body cooling in air problem, 87
Boundary value problem, 10
Buckling of a tapered column problem, 418
Maple, 513
Buckling
column, 221
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tapered column, 418
Maple, 513
Bullet through a plate problem, 94

Cable of a suspension bridge problem, 100
Cable under self-weight, 102
Capacitance, 108
Capacitor, 108
Chain moving problem, 123, 125
Characteristic equation, 143-144, 147,151,180,
305,344, 460
complex roots, 147
linear differential equation, 144, 180
multiple degrees-of-freedom system, 344
real distinct roots, 143-144
repeated roots, 151
Characteristic number, 144, 460
Circuit, 108, 209, 275, 278, 372-373, 375
first-order, 113
parallel RC, 110
parallel RL, 111
parallel RLC, 209
RC,109
RL,109
second-order, 213
Laplace transform, 275,278
series RC, 110
series RL, 110
series RLC, 209
system of linear differential equations
Laplace transform, 373
matrix method, 375
Clairaut equation, 67
Complementary solution
linear differential equation, 142-144, 147,152,
180, 460
matrix method, 326, 350
complex eigenvalues, 328-329,349
distinct eigenvalues, 326-327, 349
multiple eigenvalues, 330-331,349
method of operator



INDEX

system of linear differential equations,
304-305,348
Complex numbers, 148
Constant slope method, 432-433, 445
Convolution integral, 258
Cooling, 87
Cover-up method, 260
Cramer’s Rule, 307
Critically damped system, 199
Laplace transform, 279
Cumulative error, 435, 452-453

D’Alembert’s Principle, 91, 223, 229, 358-359,
364-365
D-operator, 140,162
inverse, 162
properties, 141
Damped natural circular frequency, 194,196
Damped natural frequency,196
Damper, 189, 302
Damping, 189, 302
Damping coefficient, 193-194,198-199
modal, 347
Damping force, 189-190, 302
Dashpot damper, 189, 302
Defective (deficient) matrix, 331
Degree-of-freedom system
four, 362
infinitely many, 468
multiple, 301, 303, 344
damped forced vibration, 346
orthogonality of mode shapes, 345
undamped forced vibration, 346
undamped free vibration, 344
single, 188,191
Laplace transform, 268
response, 193
two, 357,377
Derivatives table, 533
Differential equation
boundary value problem, 10
definition, 6
existence and uniqueness, 11-12
general solution, 8
homogeneous, 7, 20
initial value problem, 10
numerical solution, 431
linear, 6-7, 140
constant coefficients, 7,140
variable coefficients, 7,178,183
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Maple, 498-499

Mathematica, 498

nonhomogeneous, 7

nonlinear, 6

numerical solution, 431
average slope method, 437, 453
backward Euler method, 436, 449, 453
constant slope method, 432-433
cumulative error, 435, 452—453
error analysis, 434
Euler method, 432-433, 449, 452
explicit method, 452
forward Euler method, 432-433, 452
GNU Scientific Library, 453
implicit method, 437-438, 453
improved Euler method, 437, 449, 453
improved Euler predictor-corrector method,

439, 452

IMSL Library, 453
local error, 434-435, 453
Maple, 453
Mathematica, 453
Matlab, 453
midpoint method, 441
NAG Library, 453
Numerical Recipes, 453
predictor-corrector technique, 438
roundoff error, 434
Runge-Kutta-Fehlberg method, 517-518
Runge-Kutta method, 440-444, 452
trapezoidal rule method, 438
truncation error, 434-435, 453

order, 6

ordinary, 6

partial, 8

particular solution, 8

series solution, 390
Frobenius series, 403, 405, 425
Fuchs’ Theorem, 405
indicial equation, 404, 425
Maple, 512
ordinary point, 394, 397
regular singular point, 403

singular solution, 19

stiff, 449-450, 453
Maple, 517

Dirac delta function, 254-256

concentrated load, 471
Laplace transform, 256
Maple, 507

properties, 255
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Direction field, 11

Displacement meter problem, 229

Dynamic magnification factor (DMF), 202, 370

Dynamical response of parametrically excited
system problem, 518

Earthquake, 190
Eigenvalue, 326, 328-331,349
Maple, 510
Eigenvector, 326,328-331, 349
generalized, 331,349
Maple, 510
Error analysis, 434
Euler’s formula, 147,149
Euler constant, 413
Euler differential equation, 178,183
Euler method, 432-433, 445, 449, 452
Exact differential equation, 31-33, 76
Example
ascending motion of a rocket, 421
automobile ignition circuit, 209
bar with variable cross-section, 121
beam-column
Laplace transform, 280
beams on elastic foundation, 284, 288
body cooling in air, 87
buckling of a tapered column, 418
Maple, 513
bullet through a plate, 94
cable of a suspension bridge, 100
chain moving, 123,125
displacement meter, 229
dynamical response of parametrically excited
system, 518
ferry boat, 120
float and cable, 107
flywheel vibration, 227
free flexural vibration of a simply supported
beam, 468
heating in a building, 88
jet engine vibration, 223
Lorenz system, 522
object falling in air, 95
particular moving in a plane, 300
piston vibration, 224
reservoir pollution, 127
second-order circuit
Laplace transform, 275
single degree-of-freedom system under blast
force, 273

INDEX

single degree-of-freedom system under
sinusoidal excitation, 270
two degrees-of-freedom system, 357
vehicle passing a speed bump, 213
Laplace transform, 272
vibration of an automobile, 362
water leaking, 126
water tower, 220
Excitation frequency, 202,204, 208
Existence and uniqueness theorem, 12
Explicit method, 452
Externally applied force, 189,191

Ferry boat problem, 120
Finned surface, 476-477, 488
First-order circuit, 113
problem, 111-112
First-order differential equation
Bernoulli, 58,75
Clairaut, 67
exact, 31-33, 76
homogeneous, 20, 75
inspection, 45,76
integrating factor, 31,39-40, 76
integrating factor by groups, 48,77
linear, 55, 75
Maple, 499
separation of variables, 16, 20, 75
solvable for dependent variable, 61, 77
solvable for independent variable, 61-62, 77
special transformation, 25, 77
Flexural motion of beam, 465
equation of motion, 465
forced vibration, 471
separation of variables, 471
free vibration, 466
infinitely many degrees-of-freedom system,
468
separation of variables, 466
Float and cable problem, 107
Flywheel vibration problem, 227
Forced vibration, 193
multiple degrees-of-freedom system, 346
single degree-of-freedom system, 200
Laplace transform, 270,278
two-story shear building, 380
Forward Euler method, 432-433, 445, 452
Fourier’s equation in one-dimension, 474, 480,
483
Fourier’s Law of Heat Conduction, 473
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Fourier integral, 485
cosine integral, 485
sine integral, 485-486
Fourier series, 470, 485
cosine series, 471
sine series, 469, 471, 479, 482, 491-492
Free flexural vibration of a simply supported
beam problem, 468
Free vibration, 193
multiple degrees-of-freedom system, 344
single degree-of-freedom system
critically damped, 199
Laplace transform, 269,278
overdamped, 199
undamped, 194-195
underdamped, 196
two-story shear building, 378
Frequency equation, 344,378
multiple degrees-of-freedom system, 344
Frobenius series, 403, 405, 425
Fuchs’ Theorem, 405
Fundamental Theorem, 141

Gamma function, 410
Maple, 512
Gauss-Jordan method, 335
General solution, 8,380
linear differential equation, 142
matrix method, 335, 350
method of operator, 312, 348
Generalized eigenvector, 331,349
GNU Scientific Library, 453
Grouping terms method, 34

Hanging cable, 97
cable under self-weight, 102
problem, 106
suspension bridge, 97
Heat conduction, 473-474, 476
boundary conditions, 475
homogeneous, 476
insulated, 475
of the first kind, 475
of the second kind, 475
of the third kind, 475
coefficient of thermal conductivity, 473
equation, 473
one-dimensional transient, 474
three-dimensional steady-state, 475
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two-dimensional steady-state, 474
finned surface, 476-477, 488
Fourier’s equation in one-dimension, 474, 480,

483
Fourier’s Law, 473
heat transfer coefficient, 476
Laplace’s equation

in three-dimensions, 475, 488

in two-dimensions, 474, 477
one-dimensional transient, 480

on a semi-infinite interval, 483
thermal diffusivity, 474
three-dimensional steady-state, 488
two-dimensional steady-state, 476

Heating, 87

Heating in a building problem, 88

Heaviside step function, 249-250, 255
inverse Laplace transform, 257
Laplace transform, 249, 252
Maple, s07

Higher-order differential equation
dependent variable absent, 70, 77
immediately integrable, 68, 77
independent variable absent, 72,78
Maple, 499

Homogeneous
differential equation, 7, 20
first-order differential equation, 20, 75

Hyperbolic functions, 145

Implicit method, 438, 453
Improved Euler method, 437, 446, 449, 453
Improved Euler predictor-corrector method,
439, 446, 452
Impulse-Momentum Principle, 91, 125, 254, 422
Impulse function, 254-255
IMSL Library, 453
Indicial equation, 404, 425
Inductance, 109
Inductor, 109
Inertia force, 91, 230-231, 359, 364-365
Inertia moment, 223, 229, 359, 364
Infinitely many degrees-of-freedom system, 468
Initial value problem, 10
numerical solution, 431
Inspection method, 45
Integral transform, 244
Integrals table, 534
Integrating factor, 31,39-40, 76
Integrating factor by groups, 48,77
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Inverse Laplace transform, 257
convolution integral, 258
Heaviside step function, 257
Maple, 507
properties, 257, 539
table, 257, 539-540

Jet engine, 192
Jet engine vibration problem, 223

Kirchhoff’s Current Law (KCL), 108, 110-113, 209,
212-213,277,373

Kirchhoff’s Voltage Law (KVL), 108, 110, 209, 211,
276-277,373

Landing gear, 192
Laplace’s equation
in three-dimensions, 475, 488
in two-dimensions, 474, 477
Laplace transform, 244
beam-column, 280
beams on elastic foundation, 283
convolution integral, 258
definition, 244
Dirac delta function, 256
Heaviside step function, 249, 252
inverse, 257
properties, 257, 539
table, 539
linear differential equation, 263
Maple, 507
properties, 245,537
second-order circuit, 275
single degree-of-freedom system, 268, 278
blast force, 273
forced vibration, 270, 278
free vibration, 269, 278
system of linear differential equations, 318, 348
table, 245, 537-538
vehicle passing a speed bump problem, 272
Legendre equation, 397
Linear differential equation, 140
auxiliary equation, 144
characteristic equation, 143-144, 147, 151,180,
460
complex roots, 147
real distinct roots, 143-144
repeated roots, 151
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characteristic number, 144, 460
complementary solution, 142-144, 147,152,180,
460
constant coefficients, 7,140
general solution, 142
Laplace transform, 263
Maple, 506,512
particular solution, 142,153,181
method of operator, 162-164, 166,169, 171,
181-182
method of undetermined coefficients, 153,
181,
method of variation of parameters, 173,
181-182
variable coefficients, 7,178,183
second-order homogeneous, 403
Linear first-order differential equation, 55,75
Lipschitz condition, 12
Local error, 434-435, 453
Lorenz system problem, 522

Maple, 453, 498

algsubs, 502-503

assuming, 502,504

BessellJ,512-513

BesselY,512-513

collect, 502,504,506, 508-510, 512, 514-515,

517

co0s, 506,508,510
exp, 506, 508-510
Heaviside, 508-509
1n,504,517
sin, 506,508,510

combine, 502,504,508

convert, 507, 512, 514-517
factorial, 512,517
parfrac,s07
polynom, 512, 514-517

€08, 499,502,509, 519

D, 506
(Deen) (y) (a),506
D(y) (a),506

diff, 499-504,506,508-509, 514-516, 518-519,

522

Dirac, 507

do loop, 525

dsolve, 498-510, 514-520, 522, 525
’formal_solution’,515,-516
implicit, 499-503,505
method=laplace, 507-508
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series,514,-517
Eigenvectors,510-511,517
eval, 505
evalf,s512,514,518
exp, 500, 506-509
fsolve, 514
GAMMA, 512
gamma, 512
Heaviside,507-509
I,510
implicitplot,s504
labels, 504
numpoints, 504
thickness, 504
tickmarks, 504
view, 504
invlaplace,s507
JordanForm, 511
laplace,s07
1hs,501-503
1n,501,506,512-513
map, 500
Matrix,s510-511,517
numer, 501-503
odeplot,519-523
axes, 519, 521, 523
labels,519-523
numpoints,519-523
orientation,s523
thickness, 523
tickmarks,519-523
view, 519,521,523
odetest, 500,504,510
Order, 515
plot,s513
numpoints, 513
pointplot,s25
axesfont, 525
color, 525
labelfont,s525
labels, 525
style,525
tickmarks,s525
positive, 502,504
restart, 519,522
rhs, 505,525
Root0f, 505
seq, 525
series,512,514

simplify, 502,505, 512,517
sqrt, 502
sin, 499, 502, 506-507,509
solve,504-505
sqrt, 501
subs, 504-505, 512-513, 517
unapply, 505, 518
with,504,507,510-511, 517, 519, 522
inttrans,s507
LinearAlgebra,510-511,517
plots, 504,519,522
zip, 525
Mass-spring-damper system, 191
Mathematica, 453, 498
Matlab, 453
Matrix method, 325,349
complementary solution, 326, 350
complex eigenvalues, 328-329, 349
distinct eigenvalues, 326-327, 349
multiple eigenvalues, 330-331,349
general solution, 335, 350
particular solution, 334, 350

method of variation of parameters, 334
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system of linear differential equations, 325,349

Matrix
Cramer’s Rule, 307
damping, 303,346-347
defective (deficient), 331
eigenvalue, 326, 328-331, 349
eigenvector, 326, 328-331, 349
Gauss-Jordan method, 335
generalized eigenvector, 331,349
inverse, 335-336
Gauss-Jordan method, 335
Maple, 510
mass, 303, 344-346
modal, 345, 380
stiffness, 303, 344-346
Mechanical vibration, 357
Method of grouping terms, 34
Method of inspection, 45,76
Method of operator
linear differential equations, 162, 181
polynomial, 166,181
Shift Theorem, 164, 182

system of linear differential equations,

304-305,307-308, 347-348
Theorem 1,163,182
Theorem 2,164,182
Theorem 3,169,182
Theorem 4,171,182
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Method of separation of variables
first-order differential equation, 16, 20, 75
partial differential equation, 458, 492
Method of undetermined coefficients, 153,181
exception, 159
Method of variation of parameters
linear differential equations, 173,181-182
system of linear differential equations, 314, 334
Midpoint method, 441
Modal damping coefficient, 347
Modal frequency, 344,378
Modal matrix, 345,380
Mode shape, 344,379-380, 468
orthogonality, 345,380
Moment-curvature relationship, 219, 419, 465
Moment of inertia, 223, 228, 358, 362, 419, 465
Parallel Axis Theorem, 223, 228
Motion, 91
Multiple degrees-of-freedom system, 301,344
damped forced vibration, 346
equations of motion, 303
orthogonality of mode shapes, 345
undamped forced vibration, 346
undamped free vibration, 344

NAG Library, 453
Natural circular frequency, 193,195
damped, 194
undamped, 193
Natural frequency, 195,204, 208
Natural purification in a stream, 114
Newton’s Law of Cooling, 87
Newton’s Second Law, 2, 91, 93, 95-96, 123,190,
214, 224,226, 301-302,366-367, 465
Numerical Recipes, 453
Numerical solution, 431
average slope method, 437, 446, 453
backward Euler method, 436, 446, 449, 453
conditionally stable, 449
constant slope method, 432-433, 445
cumulative error, 435, 452-453
error analysis, 434
Euler method, 432-433, 445, 449, 452
explicit method, 452
forward Euler method, 432-433, 445, 452
GNU Scientific Library, 453
implicit method, 437-438, 453
improved Euler method, 437, 446, 449, 453
improved Euler predictor-corrector method,

439, 446, 452
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IMSL Library, 453

local error, 434-435, 453

Maple, 453,517

Mathematica, 453

Matlab, 453

midpoint method, 441

NAG Library, 453

Numerical Recipes, 453

predictor-corrector technique, 438

roundoff error, 434

Runge-Kutta-Fehlberg method, 517-518

Runge-Kutta method, 440
fourth-order, 443-444, 446, 452
second-order, 441-442, 446, 452

stability, 449, 451, 453

stepsize, 431, 453

system of differential equations, 445

trapezoidal rule method, 438

truncation error, 434-435, 453

unconditionally stable, 449

unstable, 449

Object falling in air problem, 95
Ohm’s Law, 108
Operator
D, 140,162
inverse, 162
properties, 141
method, 162,304
linear differential equations, 162,181
polynomial, 166,181
Shift Theorem, 164,182
system of linear differential equations,
304-305,307-308, 347348
Theorem 1,163,182
Theorem 2,164,182
Theorem 3,169, 182
Theorem 4,171,182
Ordinary differential equation, 6
Ordinary point, 396, 424
Orthogonality
mode shape, 380
sine and cosine functions, 470, 472, 482
Overdamped system, 199
Laplace transform, 279

Parallel Axis Theorem, 223, 228
Parallel circuit
RC, 110
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RL, 111 fourth-order, 443-444, 446, 452

RLC, 209 second-order, 441-442, 446, 452
Partial differential equation, 8, 457

separation of variables, 458, 492

simple, 457 Second-order circuit, 213
Partial fractions, 259 Laplace transform, 275, 278
cover-up method, 260 problem, 211, 275
Maple, s07 Separation of variables method
Particular moving in a plane problem, 300 first-order differential equation, 16, 20, 75
polar coordinates, 301 partial differential equation, 458, 492
rectangular coordinates, 300 Series circuit
Particular solution, 8,193, 200 RL,110
linear differential equation, 142,153,181 RLC, 209
matrix method, 334, 350 RC, 110
method of variation of parameters, 334 Series solution, 390
method of operator Bessel’s differential equation, 408, 418
linear differential equations, 162,181 Frobenius series, 403, 405, 425
polynomial, 166,181 Fuchs’ Theorem, 405
Shift Theorem, 164,182 indicial equation, 404, 425
system of linear differential equations, Legendre equation, 397
307-308,348 linear differential equation, 403
Theorem 1,163,182 Maple, 512,514
Theorem 2,164,182 ordinary point, 394,397
Theorem 3,169,182 regular singular point, 403
Theorem 4,171,182 Shear building
method of undetermined coefficients, 153,181 multiple story, 301
exception, 159 single story, 188-191
method of variation of parameters two-story, 377
linear differential equations, 173,181-182 forced vibration, 380
system of linear differential equations, 314, free vibration, 378
334 Shear force, 189-190, 302
Period, 195 Single degree-of-freedom system, 188,191,193
Phase angle, 195,201 blast force
Piston vibration problem, 224 Laplace transform, 273
Power series, 391 problem, 273
convergence, 391 critically damped, 199
Maple, 512 Laplace transform, 279
operation, 392 Laplace transform, 268, 278
radius of convergence, 391 blast force, 273
Predictor-corrector technique, 438 forced vibration, 270, 278

free vibration, 269, 278
sinusoidal excitation, 270

RC circuit, 109 overdamped, 199
Reservoir pollution problem, 127 Laplace transform, 279
Resisting medium, 91 problem, 226
Resonance, 203-204, 208,382-383 response, 193

RL circuit, 109 sinusoidal excitation
RLC circuit, 209 Laplace transform, 270
Roundoff error, 434 problem, 270
Runge-Kutta-Fehlberg method, 517-518 undamped, 194, 204,208

Runge-Kutta method, 440 underdamped, 194, 200
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Laplace transform, 278
Singular point, 403
irregular, 403
regular, 403, 425
Singular solution, 19
Sinusoidal excitation, 200,204
Special function
Maple, 512
Special transformation
first-order differential equation, 25, 77
Steady-state solution, 200
Stepsize, 431, 453
Stiff differential equation, 449-450, 453
Maple, 517
Stiffness, 189
Stream, 114
Suspension bridge, 97
System of differential equations
Maple, 509
numerical solution, 445
average slope method, 446
backward Euler method, 446
constant slope method, 445
Euler method, 445
forward Euler method, 445
fourth-order Runge-Kutta method, 446
improved Euler method, 446
improved Euler predictor-corrector method,
446
second-order Runge-Kutta method, 446
System of linear differential equations
complementary solution
complex eigenvalues, 328-329, 349
distinct eigenvalues, 326-327,349
matrix method, 326, 350
method of operator, 304-305, 348
multiple eigenvalues, 330-331,349
general solution
matrix method, 335, 350
method of operator, 312, 348
Laplace transform, 318,348
matrix method, 325,349
method of operator, 304,347
characteristic equation, 305
particular solution
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matrix method, 334, 350
method of operator, 307-308, 348
method of variation of parameters, 314, 334

Table
derivatives, 533
integrals, 534
inverse Laplace transform, 539
Laplace transform, 537
trigonometric identities, 531
Taipei 101,371-372
Taylor series, 432, 440
Transient solution, 200
Trapezoidal rule method, 438
Trigonometric identities table, 531
Truncation error, 434-435, 453
Tuned mass damper (TMD), 366-367,370-372
Two degrees-of-freedom system
problem, 357
shear building, 377
forced vibration, 380
free vibration, 378

Undamped system, 194,204,208
Underdamped system, 194, 200

Laplace transform, 278
Undetermined coefficients method, 153,181

Variation of parameters method
linear differential equations, 173,181-182
system of linear differential equations, 314, 334

Vehicle passing a speed bump problem, 213
Laplace transform, 272

Vibration, 188-191, 193, 213, 272, 301, 344, 357, 377,

468

Vibration absorber, 366-367,370-372

Vibration of an automobile problem, 362

Viscous dashpot damper, 189

Water leaking problem, 126
Water tower problem, 220
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